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GEOMETRY. 



Definitions. 



43. A polygon of nine sides is called a nonagon. 

44. A polygon of ten sides is called a decagon. 

45. A polygon of twelve sides is called a dodecagon. 

46. There are several kinds of triangles. 



First, An equilateral triangle, which has 
its three sides all equal. 




Second. An isosceles triangle, which has 
two of its sides equal. 



Third. A scalene triangle, which has its 
three sides all unequal. 






Fourth. A right angled triangle, which 
has one right angle. 

In the right angled triangle ABC, the 
side AC, opposite the right angle, is called 
the hypothenuse. 

47. The base of a triangle is the side on 
which it stands. Thus, AB is the base of 
the triangle ACB. 

The altitude of a triangle is a line drawn 
from th^ angle opposite the ba3e and pcr-^ 
pendicular to the base. Thus, CD is the altitude of the tri 
angle ACB. 
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48. There are three kinds of quadrilaterals. 



1. The trapezium^ which has none of 
Iti sides parallel. 



2. The trapezoid^ which has only two 
of its sides parallel. 



8< The parallelogram^ which has its 
opposite sides parallel. 
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49. There are four kiuds of parallelograms : 

1. The rhomboid, which has no right 
angle. 



2. The rhombus, or lozenge, : 
an equilateral rhomboid 



tenge, .whic^h is / / 

z / 



9. The rectangle, which is an equian- 
gular parallelogram. 



4. The square, which is both equilat- 
eral and equiangular. 
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PREFACE 



Those who are conversant with the preparation of el©- 
^nentary text^books, have experienced the difficulty of 
adapting them to the various wants which they are in- 
tended to supply. 

The institutions of education are of all grades, from the 
college to the district school, and although there is a wide 
diffefence between the extremes, the level, in passing 
from one grade to the other, is scarcely broken. 

Each of these classes of seminaries requires text-books 
adapted to its own peculiar wants ; and if each held its 
proper place in its own class, the task of supplying suit- 
able works would not be difficult. 

An indifferent college is generally inferior, in the system 
and scope of its instruction, to the academy or high school; 
while the district school is often found to be superior to 
its neighboring academy. 

The Geometry of Legendre, embracing a complete 
course of Geometrical science, is all that is desired in 
the colleges and higher seminaries ; while the Practical 
Mathematics for Practical Men, recently published, is 
designed to meet the wants of those schools which are 
strictly elementary and practical in their systems of 
instruction, .# 
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But still a large class of seminaries remained nnsup- 
plied with a suitable text-book on Elementary Geometry 
and Trigonometry : viz., those where the pupils are car- 
1 ied beyond the acquisition of facts and mere practical 
Icnowledge, but have not time to go through with a ful 
nourse of mathematical studies. 

Tt is loi sacn, thai the following work is designed. I 
hiii been the aim of the author to present the striking 
and important truths of Geometry in a form more simple 
and concise than could be adopted in a complete treatise, 
and yet to preserve the exactness of rigorous reasoning. 

In this system of Geometry nothing has been taken for 
granted, and nothing passed over without being fully de- 
monstrated. 

Tlie Trigonometry, including the applications to the 
measurements of heights and distances, has been writ- 
ten upon the same plan and for the same objects: it 
embraces all the important theorems and all the striking 
examples. 

In order, however, to render the apphcations of Ge- 
ometry to the mensuration of surfaces and sohds complete 
in itself, a few rules have been given which are not de- 
monstrated. This forms an exception to the general plan 
of the work, but being added in the form of an appendix, it 
does not materially break its unity. 

That the work may be useful in advancing the interest* 
of education, is the hope and ardent wish of the author. 
F18HKILL Landing, 
May, 1861 
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BOOK I. 



DEFINITIONS AND REMARKS. 



1. Extension has three* dimensions, length, breadth, and 
thickness. 

Geometry is the science which has for its object: 

1st. The measurement of extension ; and 2dly, To discover, 

by means of such measurement, the properties and relations 

of geometrical figures. 

2. A Point is that which has place, or position, bdt net 
magnitude. 

3. A Line is length, without breadth or thickness. 

4. A Straight Line is one which lies 

in the same direction between any two of ■ ■ 

its points. 

6. A Curve Line is one which changes 
is direction at every point. 

The word line when used alone, will designate a straight 
line ; and the word curve^ a curve line. 

6. A Surface is that which has length and breadth, with- 
out height or thickness. 

Y. A Plane Surface is that which lies even throughout its 
whole extent, and with which a straight line, laid in any 
direction, will exactly coincide in its whole length. 

8. A Curved Surface has length and breadth without thick- 
ness, and like a curve line is constantly changing its direction. 

9. A Solid or Body is that which has length, breadth, and 
thickness. Length, breadth, and thickness are called dimf 
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sions. Hence, a solid has three dimensions, a surface two, 
and a line one. A point has no dimensions, but position onljT 

10. Geometry treats of lines, surfaces, and solids. 

11. A Demonstr<Uian is a course of reasoning which estab- 
lishes a truth. 

12. An Hypothesis is a supposition on which a demonstra- 
tion may be founded. 

13. A Theorem is something to be proved by demonstration. 

14. A Problem is something proposed to be done. 

15. A Proposition is something proposed either to be done 
or demonstrated — and may be either a problem or a theorem. 

16. A Corollary is an obvious consequence, deduced from 
something that has gone before. 

17. A Scholium is a remark on one or more preceding propo- 
sitions. 

18. An Axiom is a self evident proposition. 

OF ANGLES. 

19. Xn Angle is the portion of a plane included between 
two straight lines which meet at a common point. Tho 
two straight lines are called the sides of the angle, and 
Ihe common point of intersection, the vertex. 

Thus, the part of the plane included 
between AB and AC \^ called an angle: 
AB and AO are its sides^ and A its vertex, J^ 5 

An angle is generally read, by placing the letter at the ver- 
tex in the middle. Thus, we say, the angle CAB, We may, 
however, say simply, the angle A. 

20. One line is said to be perpendicular to another when it 
mtlines no more to the one side than to the other 
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The two angles formed are then equal to 
each other. Thus, if the line DB is per- 
pendicular to AC, the angle DBA will 
be equal to DBC. 

21. When two lines are perpendicular 
to each other, the angles which they form 
are called right angles. Thus, DBA and 
DBC are called right angles. 

22. An acute 'angle is less than a right 
angle. Thus, DBC is an acute angle. 

23. An ohtuse angle is greater than a 
right angle. Thus, DBC is an obtuse 
angle. 

24. The circumference of a circle is a 
curve line all the points of which are 
equally distant from a certain point within 
called the centre. 

Thus, if all the points of the curve AUB 
are equally distant from the centre C, this 
curve will be the circumference of a circle. 

25. Any portion of the circumference, 
as AED, is called an arc. 

26. The diameter of a circle is a 
straight line passing through the centre 
and terminating at the circumference. 
Thus, ACB is a diameter. 

27. One half of the circumference, as 
ACB is called a semicircumference ; and 
one quarter of the circumference, as AC, 
is called a quadrant 
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sions. Hence, a solid has three dimensions, a surface two, 
and a line ono. A point has no dimensions, but position only 

10. Geometry treats of lines, surfaces, and solids. 

11. A Demonstration is a course of reasoning which estab- 
lishes a truth. 

13. An Hypothesis is a supposition on which a demonstra- 
tion may be founded. 

13. A Theorem is something to be proved by demonstration, 

14. A Problem is something proposed to be done. 

15. A Proposition is something proposed either to be done 
or demonstrated — and may be either a problem or a theorem. 

16. A Corollary is an obvious consequence, deduced from 
something that has gone before. 

17. A Scholium is a remark on one or more preceding propo- 
sitions. 

18. An Axiom is a self evident proposition. 

OF ANGLES. 

19. An Angle is the portion of a plane included between 
two straight lines which meet at a common point. The 
two straight lines are called the sides of the angle, and 
Ihe common point of intersection, the vertex. 

Thus, the part of the plane included C 

between AB and AC \s called an angle: ^y^ 
AB and AQ are its sides^ and A its vertex, j^ 5 

An angle is generally read, by placing the letter at the ver- 
tex in the middle. Thus, we say, the angle CAB. We may, 
however, say simply, the angle A. 

20. One line is said to be perpendicular to another when it 
inclines no more to the one side than to the other 
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OF PLANE FIGURES. 

35. A Plane Figure is a portion of & plane terminated on all 
■ides by lines, either straight or curved. 

36. If the lines which bound a figure are straight, the space 
which they inclose is called a rectilineal figure, or polygon. 
The lines themselves, taken together, are called the perimeter 
of the polygon. Hence, the perimeter of a polygon is the sum 
of all its sides. 



37. A polygon of three sides is called 
a triangle. 



38. A polygon of four sides is called 
, quadrilateral. 




39. A polygon of five sides is called a 
pentagon. 



40. A polygon of six sides is called 
1 hexagon. 




41. A polygon of seven sides is called a heptagon. 

42. A polygon of eight sides is called an octagon. 

2 
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43. A polygon of nine sides is called a nonagon. 

44. A polygon of ten sides is called a decagon. 

45. A polygon of twelve sides is called a dodecagon. 

46. There are several kinds of triangles. 



First. An equilateral triangle, which has 
its three sides all equal. 




Second. An isosceles triangle, which has 
two of its sides equal. 



Third. A scalene triangle, which has its 
three sides all unequal. 






Fourth. A right angled triangle, which 
'lias one right angle. 

In the right angled triangle ABC, the 
side AC, opposite the right angle, is called 
the hypolhenuse. 

47. The base of a triangle is the side on 
which it stands. Thus, AB is the base of 
the triangle ACB. 

The altitude of a triangle is a line drawn 
from thp angle opposite the baae and per-^ 
pendicular to the base. Thus, CD is the altitude of the tri 
angle ACB. 
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48. There are three kinds of quadrilaterals. 



1. The trapezium, which has none of 
its sides parallel. 



2. The trapezoid^ which has only two 
of its sides parallel. 



3i The parallelogram, which has its 

opposite sides parallel. 
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49. There are four kinds of parallelograms j 

1. The rhomboid, which has no right / 

angle. / 



2. The rhombus, or lozenge, .which is 
an equilateral rhomboid. 



3. The rectangle, which is an equian- 
gular parallelogram. 



4. The square, which is both equilat- 
eral and equiangular. 
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50. A Diagonal of a figure is a line which 
joins the vertices of two angles not adjacent. 



61. The base of a figure is the side on which it is supposed 
to stand ; and the altitude is a line drawn from the opposite 
side or angle, perpendicular to the base. 

AXIOMS. 

1. Things which are equal to the same thing are equal to 
each other. 

2. If equals be added to equals, the wholes will be equal. 

3. If equals be taken from equals, the remainders will be 
equal. 

4. If equals be added to unequals, the wholes will be un- 
.equal. 

5. If equals be taken from imequals, the remainders will be 
unequal. 

6. Things which are double of equal things, are equal U 
each other. 

7. Things which are halves of the same thing, are equal to 
each other. 

Q. The whole is greater than any of its parts 

9. The whole is equal to the sum of all its parts. 

10. All right angles are equal to each other. 

11. A^ straight line is the shortest distance between two 
points. 

12. Magnitudes, which being applied to each other, coin- 
cide throughout their whole extent, are equal. J\^ 
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PROPERTIES OF POLYGONS. 




THEOREM I, 

Every diameter of a circle divides the circumference into two 
equal parts. 

Let A DBE be the circumference of a 
circle, and ACB & diameter: then will 
the part ADB be equal to the part AEB. 

Fcr, suppose the part AEB to be turn-' 
ei aicund AB^ until it shall fall on the 
part ADB. The curve AEB will then 
exactly coincide with the curve ADB, or else there would 
be some point in the curve AEB or -4 D-B, unequally distant 
from the centre C, which is contrary to the definition of a 
circumference (Def. 24). Hence, the two curves will bo 
equal (Ax. H). 

Corollary 1. If two lines, AB, DMt 
be drawn through the centre C perpen- 
dicular to each other, each will divide the 
circumference into two equal parts ; and 
the entire circumference will be divided 
into the equal quadrants DB, DA, AE, 
and EB. 

Cor, 2. Hence, a right angle, as DCB, is measured by one 
quadrant, or 90 degrees ; two right angles by a semicircumfer- 
ence, or 180 degrees ; and four right angles by the whole cir- 
cumference, or 360 degrees 
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THEOREM II. 

If one straight line meet anotlier straight line, the sum of ths 
two adjacent angles will he equal to ttoo right angles. 

Let the straight line CD meet the 
straight line AB, at the point C; then 
will the angle DCB plus the angle DC A 
**e equal to two right angles. A C~ B 

About the centre C, with any radius as CB, suppose a 
semicircumference to be described. Then, the angle DCB 
will be measured by the arc BD, and the angle DC A by the 
arc AD. But the sum of the two arcs is equal to a sumicir 
cumference : hence, the sum of the two angles is equal to t'«* o 
right angles (Th. i, Cor. 2). 

Cor. 1. If one of the angles, as DCB, 
is a right angle, the other angle, DC A 
will also be a right angle. 

Cor. 2. Hence, all the angles which 
can be formed at any point (7, by any 
number o^ lines, CD, CE, CF, &c., 
drawn on the same side of AB, are equal 
to two right angles : for, they will be 
measured by a semicircumference. 

Cor. 3. li DC meets two lines CB, CA, making DCB 
plus DCA equal to two right angles, ACB will form one 
straight line. 

Cor. 4. Hence, also, all the angles 
which can be formed round any point, as 
(7, are equal to four right angles. For, 
the sum of all the arcs which measure 
them, is equal to the entire circumference, 
which is the measure of four right angles (Th. i. Cor. 2), 
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• THEOREM III* 

If two Straight lines intersect each other ^ the opposite or 
tical angles which they form, are equal. 

Let the two straight lines AB and P 

CD intersect each other at the point 
E : then will the opposite angle AEC 
be equal to BEB, and AED=CEB. 

For,- since the line AE meets the x? 

line CD, the angle AEC-\-AED= two right angles. But 
since the line DE meets the line AB, we have DEB-\-AED=z 
two right angles. Tajiing away from these equals the com- 
mon angle AED, and there will remain the angle AEC equal 
to the angle DEB (Ax. 3). 

In the same manner we may prove that the ahgle AED is 
equal to the angle CEB. 

THEOREM IV. 

Jf two triangles have two sides and the included angle of iliB 
one, equal to two sides and the included angle of the other, each ' 
to each, the two triangles will be equal. 

Let the triangles ABC and DEF 
have the side AC equal to DF, CB 
to FE, and the angle C equal to the 
angle F : then will the triangle A CB 
be equal to the triangle DEF. 

For, suppose the side A C, of the -^ ^ ^ '^ 

triangle ACB, to be. placed on DF, so that the extremity C 
shall fall on the extremity R: rtien, since the sides are equal, 
A will fall on D. 

But since the angle C is equal to the angle F, the line C.R 
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will fall on FE ; and since CB is equal 
to FE, the extremilyJ? will fall on E ; 
and consequently the side AB will fall 
on the side BE (Ax. «)'. Hence, the 
iwo triangles will fill the same space, 
and consequently are equal (Ax. 12.). 

Scholium, Two triangles are said to be equal, when being^y^, 
applied the one to the other they exactly coincide (Ax. 12). 
Hence, equal triangles have their like parts equal, each to 
each, since those parts coincide with each other. The converse 
of the proposition is also true, namely, that two triangles 
which have all the parts of the one equal to the corresponding 
parts of the other, each to each, are equal : for if applied the 
one to the other, the equal parts will coincide. 



^ THEOREM V. 

If two triangles have two angles and the,included side of, the 
one, equal to two angles and I lie included side of the other, each to 
each, the two triangles will he equal. 

Let the two triangles ABC and 
DEF have the angle A equal to the 
angle D, the angle B equal to the 
ar.gle E, and the included side AB 
equal to the included side DE : then 
will the triangle ABC be equal to the 
triangle DEF. 

For, let the side AB be placed on the side DE, the extrem- 
ity A on the extremity D >• and since the sides are equal, the 
point B will fall on the point E. 

Thrn since the angle A is equal to the angle D, the side 
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AC will take the direction DF: and since the angle B is 
equal to the angle E, the side BC will fall oaihe side EF: 
hence, the point C will be found at the same time on DF and 
EF, and therefore will fall at the intersection F: consequently, 
all the parts of the triangle ABC will coincide with the parts 
of the triangle DEF, and therefore, the two triangles are equal. 

THEOREM VI. 

tn an isosceles triangle the angles opposite the equal sides aft 
\ equal to each other. 

Let ABC be an isosceles triangle, hav- 
ing the side AC equal to the side CB: 
then will the angle A be equal to the an- 
gleB. ^.- 

For, suppose the line CD to be drawn dividing the angle C 
into two equal parts. 

Then, the two triangles ACD and DCB, have two sides and 
the included angle of the one equal to two sides and the in- 
cluded angle of the other, each to each: that is, the side AC 
equal to BC, the side CD common, and the included angle 
ACD equal to the included angle DCB : hence the two trian- 
gles are equal (Th. iv) ; and hence, the angle A is equal to 
the angle B, 

Cor, 1 . Hence, the line which bisects the vertical angle of 
nn isosceles triangle, bisects the base. It is also perpendicu- 
lar to the base, since the angle CD A is equal to the angle 
CDB, 

Cor. 2. Hence, also, every equilateral triangle, must also 
be equiangular: that is, have all its ang es equal, each to each. • 
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THEOREM VII. 

Conversely. — If a triangle has tvx> of its angles equalf ike 
sides opposite those angles wUl also be equal. 

In the triangle ABC, let the angle A be 
equal to the angle B : then will the side 
i?C be equal to the side AC, 

For, if the two sides are not equal, one 
of them must be greater than the other. 
Suppose -A C to be the greater side. Then 
take a part AD equal to BC ^ 

Now, in the two triangles ADB and ABC^ we have the 
aide AD=zBC, by hypothesis •, the side AB common, and the 
angle A equal to the angle B: hence, the, two triangles have 
two sides and the included angle of the one equal to two sides 
and the included angle of the other, each to each : hence, the 
two tnangles are equal (Th. iv), that is, a part ADB is 
equal to the whole ABC, which is impossible (Ax. 8) : conse- 
quently, the side AC cannot be greater than the side CB, and 
hence, the triangle is isosceles. 

Scholium 1. The method of reasoning pursued in the last 
theorem, is called the " reductio ad absurdum," or a proof that 
leads to a known absurdity. 

Let us analyze this method of reasoning. We wished to 
prove that the two sides A C, CB were equal. We supposed 
them* unequal, an i -4 C the greater — that was an hypothesis 
(See Def. 12). We then reasoned on the hypothesis, and 
proved a part equal to the whole, which we know to be false 
(Ax. 8). Hence, we conclude that the hypothesis is untrue, 
because after a correct chain of reasoning it leads to a result 
which we know to be absurd. 
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Scholium 2. Generally, — ^If the demonstration is based on 
Known principles, previously proved, or admitted in the ax- 
ioms, the conclusion will always be true. But, if the demon- 
•tration is based on an hypothesis, (as in the last theorem, that 
AC was the greater side), and the conclusion is contrary to 
what has been previously proved, or admitted in the axioms, 
then, it follows, that the hypothesis cannot be true. 

The former is called a direct, and the latter an indirect 
demonstration. , 






/ 



THEOREM VIII. 
If two triangles have the three sides of the one eqval to the 
three sides of the other^ each to each, the three angles vnU cd^ k^ 
equal, each to ^ach. 

Let the two triangles ABC, ABD, 
have the side AB equal to the side AB, 
the side AC equal to AD, and the side 
CB equal to DB: then will the corres- 
ponding angles also be equal, viz: the 
angle A will be equal to the angle A, the 
angle B to the angle B, and the angle C 
to the angle D. 

For, suppose the triangles to be joined 
by their longest equal sides AB, and the 
line CD to be drawn. 

Then, since the side AC is equal to AD, by hypothesis, the 
mangle ADC will be isosceles ; and therefore, the angle A CD 
will be equal to the angle ADC ^fTh. vi). In like manner, 
in the triangle CBD, the side CB is equal to DB : hence, the 
^ngle BCD is f qual to the angle BDC, 

Now, by the addition of equals, we have 
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ACD+BCD=ADC+BDC ^ 

that is, the angle ACB=ADB. >/T\ 

Now, the two triangles ACB and ADB -A^H — 7* - 
have two sides and the included angle of \i/^ 

the one equal to two sides and the in- ^ 

eluded angle of the other, each to each: hence, the remainisg 
angles will be equal (Th. iv) : consequently, the angle CAB 
IB equal to BAD, and the angle CBA to the angle ABD. 

Sch, The angles of the two triangles which are equal to 
each other, are those which lie opposite the equal sides, f- 

THEOREM IX. 

If one side of a triangle is produced^ the outward angle is 
greater than either of tlie inward opposite angles. 

Let ABC be a triangle, having the side 
AB produced to D : then will the outward 
angle CBD be greater than either of the 
inward opposite angles -4 or C. "* ^^G 

For, suppose the side CB to be bisected at the point E, 
Draw AE, and produce it until EF is equal to AE, and then 
draw BF, 

Now, since the two triangles AEC and JBjEFhave AEx:^ 
EF and EC=EB, and the included angle AEC equal to the 
included angle BEF (Th. iii), the two triangles will be equal 
in all respects (Th. iv) : hence, the angle EBFwiU be equal 
to the angle C. But the angle CBD is greater than the angle 
CBF, consequently it is greater than the angle C 

In like manner, if CB be produced to G, and AB be hh 
gected, it may be proved that the outward angle A BG, or itt 
Wjual CBD (Th iii), is greater than the angle A. 
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THEOREM X. 

Thu sum of any two sides of a triangle is spresfl^ tkm tk^ 
third side. 

Let ABC he 9. triangle : then will the 
rem of two of its sides, as AC, CB, be 
greater than the third side AB. __ 

For, the straight line AB is the short- f 

est distance between the two points A and B (Ax. xi): hence, 
J\C+ CB is greater than AB, 

THEOREM XT. 

The greater side of every triangle is opposite tJie greater angU • 
oTid conversely, the greater angle is opposite the greater side. 

First, In the triangle CAB, let the an- 
gle C be greater than the angle B : then, 
will the side AB be greater than the side 
AC. 

For, draw CD, making the angle BCD 
, equal to the angle B. Then, the triangle CBD will be 
isosceles: hence, the side CP=DB (Th. vii.) 

But, by the last theorem ACi^ less than AD+CD; that 
is. less than AD+DB, and consequently less than AB, 

Secondly. Let us suppose the side AB to be greater thaa 
">' AC ; then will the angle C be greater than the angle B, 

For if the angle C were equal to B, the triangle CAB 
would be isosceles, and the side AC would be equal to AB 
(Th. vii) , which would be contrary to the hypothesis. 

Again, if the angle C were less than B, then, by the first 
part of the theorem, the side AB would bo less than A C, 
which is also contrary to the hypothesis Hence, since C 
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i^annot bo equal to B, nor less than B, it follows that it musl 
bo greater. 

THEOREM XII. 

If a straight line intersect two parallel lines, the alternate ctngU% 
will be equal. 

If two parallel straight lines, AB CD, 

are intersected by a third line GH, the £*/ 

angles AEF and EFD are called alternate -^ y^-"" ^ 
angles. It is required to prove that these C /J^ l^/ 

angles are equal. "" 

If they are unequal one of them must be ^eater than the 
other. Suppose EFD to be the greater angle. 

Now conceive FB to be drawn, making the angle EFB 
equal to the angle AEF, and meeting AE in B, 

Then, in the triangle FEB the outward angle FEA is greater 
than either of the inward angles B or EFB (Th. ix.) ; and 
therefore, EFB can never be equal to >l£i^so long as jF5 meets 
EB. 

But since we have supposed EFD to be greater than AEF, 
it follows that EFB could not be equal to AEF, if FB fell be- 
low FD. Therefore, if the angle EFB is equal to the angle 
AEF, ' FB cannot meet AB, nor fall below FD, and conse- 
quently must coincide with the parallel CD (Def. 30) : and 
hence, the alternate angles AEF and EFD are equal. 

Cor, If a line be perpendicular to one ^•' 't^^i^ 

of two parallel lines, it will also be per-, j^'. ^Z- > J 
pendicular to the other. \^^^;^^ 
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THEOREM XIII. 

Conversely, — If a line intersect two straight lines^ making tk$ 
dUemate angles equals those straight lines will be parallel. 

Let the line EF meet the lines AB^ 

CD. making the angle AEF equal to the e/ 

angle EFD: then will the lines AB and ^ 7 B 



CD be parallel. C /jf^^,^^ D 

For, if they are not parallel, suppose €r 

through the point F the line FG to be drawn parallel to AB. 
Then, because of the parallels AB^ FG^ the alternate angles, 

AEF and EFG will be equal (Th. xii). But, by hypothesis, 

the angle AEF is equal to EFD : hence, the angle EFD ia 

equal to the angle EFG (Ax. 1) ; that is, a part is equal to the . 

whole, which is absurd (Ax. 8) : therefore, no line but CD can 

be parallel to AB. 

Corl.li two lines are perpendicular to 

the same line, they will be parallel to 
each other. 



"- — ^ * " THEOREM XIV. 

If a line cut two parallel lines, the outward angle is equal to 
the inward opposite angle on the same side; aid the two inward - 
angles, on the same side, are equal to two right angles* 

Let the line EF cut the two parallels 
A5, CD : then will the outward angle y 

EGB be equal to the inward opposite an- A y^ 5 

gle EHD ; and the two inward angles, C y^ -^ 

BGH and GHD, will be equal to two ^ 
right angles. 
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First. Since the lines AB, CD, are parallel, the angle AGH 
is equal to the alternate angle GHD ^ 

(Th. xii) ; but the angle A GH is equal i \/Q J3 

to the opposite angle EGB: hence, the j, y^ -. 

angle EGB is equal to the angle EHD -p 
(Ax. 1). 

Secondly, Since the two adjacent angles EGB and BGH 
are equal to two right angles (Th. ii) ; and since the angle 
EGB has been proved equal to EHD, it follows that the sum 
of BGH plus GHD, is also equal to two right angles. 

Cor, 1. Conversely, if one straight line meets two other 
straight lines, making the angles on the same side equal to 
«ach other, those lines will be parallel. 

C(yr. 2. If a line intersect two other lines, malting the suna 
of the two inward angles equal to two right angles, those two 
lines will be parallel. 

Cor, 3. If a line intersect two other lines, makmg the sum 
of the two inward angles leiSs than two right angles, those 
lines will not be parallel, but will meet if sufficiently produced. 

THEOREM XV. 

AU straight lines which are parallel to the same line, are paraOd* 
to each other. 

Let the lines AB and CD be each par- (jy 

allel to EF: then will ihey be parallel 

to each other. * 

For. let the line GI be drawn perpen- C 
dicular to EF : then will it also be per- £ 
pendicular ta the parallels AB, CD (Th. 
rii Cor.). 



T) 
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Then, since the lines AB and CD are perpendicular to the 
line GI, they will be parallel to each other (Th. xiiL Coi^. 

THEOREM XVI. 

If one side of a triangle he produced, the outward angle witt tf 
equal to the sum of the inward opposite angles. 

In the triangle ABC, let the side AB 
be produced to B : then will the outward 
angle CBD be equal to the sum of the in- 
ward opposite angles A and C. ^ - ^ ^ 

For, conceive the line BE to be drawn 
parallel to the side AC. Then, since BC meets the two pa- 
rallels A C, BE, the alternate angles A CB and CBE will be 
equal (Th. xii). 

And since the line AD cuts the two parallels BE and AC 
the angles EBD and CAB are equal to each other (Th. xiv). 
Therefore, the inward angles C and A, of the triangle ABC^ 
are equal to the angles CBE and EBD ; and consequently, 
the sum of the two angles, A and C, is equal to the outward 
angle CBD (Ax. 1). 

^y^ THEOREM XVII. 

In any triangle the sum of the thre^ angles is equal to two figki 

angles. 

Let ABC be any triangle: then will 
the sum of the three angles 

A'i-B+C=iwo right angles. 

For, let the side AB be produced to D 
Then, the outward angle ' 

CPl :^A+C{T\i, xvi). 
3* 
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To each of these equals add the angle 
CBA, and we shall have 

CBD+CBA=A+C+B. 
But the sum of the two angles CBD 
and CBA^ is equal to two right angles "^ 
(Th. ii) : hence 

A+B+C=iwo right angles (Ax. 1)^ 

Cor. 1. If two angles of one triangle be equal to two angles 
of another triangle, the third angles will also be equal (Ax. 3). 

Cor, 2. If one angle of one triangle be equal to one angle, 
of another triangle, the sum of the two remaining angles in 
each triangle, will also be equal (Ax. 3). 

Cor. 3. If one angle of a triangle be a right angle, the sum 
of the other two angles will be equal to a right angle ; and 
each angle singly, will be acute^ jA^ 

Cor. 4. No triangle can have more than one right angle, nor 
more than one obtuse angle ; otherwise, the sum of the three 
angles would exceed two right angles : hence, at least two 
angles of every triangle must be acute. 

THEOREM XVIII. 

I. A perpendicular is the shortest line that can be drawn from 
a given point to a given line. 

II. If any number of lines be drawn from the same pointy those 
which are nearest the perpendicular are less than those which are 
more remote. 

Let ^ be a given point, and DE a 
' straight line. Suppose AB to be drawn 
perpendicular to DE^ and suppose the 
oblique lines AC and AD also to be if~c7 




,\. 



ffife? 
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drawn : Then, AB will be shorter than either of the oblique 
lines, and AC will be less than AD 

First. Since the angle B, in the triangle ACB^ is aright 
angle, the angle C will be acute (Th. xvii. Cor. 3) : and since 
the greater side of eyery triangle is opposite the greater anglft 
(Th. xi), the side AP will be greater than AB. 

Srcondly, Since the angle ACB is acute, the adjacent angle 
ACD will be obtuse ffh. ii) : consequently, the angle D ia 
acute (Th. xvii. Cor. #)* and therefore less than the angle 
ACD. And since the greater side of every triangle is oppo- 
site the greater angle, it follows that AD is greater than AC. 
Cor. A perpendicular is the shortest distance from a point 
to a line. 



THEOREM XIX. 

If troo right angled triangles have the hypothenuse and a side 
of the one equal to the hypothenuse and a side of the otlier, the 
r€maiiing parts will also he equal y each to each. 

Let the two right angled triangles A 
ABC and DEF, have the hypothe- 
nuse AC equal to DF, and the side 

AB equal to DE : then will the re- ^ 

maining parts be equal, each to each. -^ ^ 

For, if the side BC is equal to EF, the corresponding an- 
gles of the two triangles will be equal (Th. viii). If the sides 
are unequal, suppose BC to be the greater, and tate apart, 
BG, equal to EF. and draw AG. 

Then, in the two triangles ABG and DEF, the angle B is 
equal to the angle E, the side AB to the side DE, and the side 
BG to the side EF : hence, the two triangles are equal in all 
respects (Th. iv) and consequently, the side AG is equal to 
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DF, But DF is equal to AC^ by ^^eflresis ;* therefore, 
AG is equal to -4C (Ax. 1). But this is impossible (Th- 
xviii) ; hence, the sides BCf and EF cannot be unequal ; oon- 
fiequentlj, the tfianglog ^ a/e equal (Th. viii). I 

THEOREM XX. | 

The sum of the four angles of every quadrilateral is equal tofom 

right angles. 

Lot A CBD be a quadrilateral : then will 
^4-5+C+D=four right angle^^ 
Let the diagonal DC he drawn dividing 
the quadrilateral AB, into two triangles, 
BDC, ADC. 

Then, because the sum of the three angles of each triangle 
b equal to two right angles (Th. xvii), it follows that the suin 
of the angles of both triangles is equal to four right angles. 
But the sum of the angles of both triangles, make up the angles 
of the quadrilateral. Hence, the sum of the four angles of the 
quadrilateral is equal to four right angles. 

Cor. 1. If then three of the angles be right angles, the 
fourth angle will also be a right angle. 

Cor. 2. If the suna of two of the four angles be equal to two 
right angles, the sum of the remaining two will also be equal 
to two right angles. 

Cor. 3. Since all the angles of a square or rectangle, are 
equal to each other (Def. 4|), and their sum equal to fo?c 
right angles, it follows that each angle is equal to one right 
anr^le. 

THEOREM XXI. 

The sum of all the interior angles of any poly^Jt is equal Iv 
twice as many right angles, wanting four^ as the fgiire ha$ 
sides 



iditt 
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Let ABCDE be any polygon: then will 
the sum of its inward angles 

A+B+C+D+E 
be equil to twice as many right angles, 
wanting four, as the figure has sides. 

For, from any point P, within the poly- A" 
gon, draw the lines PA, PB, PC, PD, PE, to each cf th9 
angles, dividing the polygon into as many triangles as thd 
figure has sides. 

Now, the sum of the three angles of each of these triangle f 
b equal to two right angles (Th. xvii) : hence, the sum of th. 
angles of all the triangles is equal to twice as many right ai. 
gles as the figure has sides. 

But the sum of all the angles about the point P is equal to 
four right angles (Th. ii. Cor. 4) ; and since this sum make£ 
no part of the inward angles of the polygon, it must be sul 
tracted from the sum of all the angles of the triangles, before 
found. Hence, the sum of the interior angles of the polygop 
is equal to twice as mcjLny right angles ^ wanting four ^ as thefiguf 
has sides, ./< &^ j^y^ irffA'^i' • 

Sch. This proposition is not applicable 
to polygons which have re-entrant angles. 



The reasoning is limited to polygons 
.with salient angles, which may properly 
be named convex polygons. 




THEOREM XXII. 



lfe\>ery Side of a polygon he produced ouLthe sum of all the oni 
ward angles thereby formed, will he equal to four right angles. 
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Let A^ B, C, D, and -B, be the outward 
angles of a polygon formed by producing 
all the sides. Then will 
A+B+C+Z)+JE:=four right angles. 

For, each 'interior angle, plus its exte- 
rior angle, bs A+a,is equal to two right 
angles (Th. ii). But there are as many exterior as interior 
angles, and as many of each as there are sides of the polygon , 
hence, the sum of all the interior and exterior angles will be 
equal to twice as many right angles as the polygon has sides. 

But the sum of all the interior angles together with four right 
angles, is equal to twice as many right angles as the polygon 
lias sides (Th. xxi) : that is, equal to the sum of all the in- 
ward and outward angles taken together. ♦ 

From each of these equal sums take away the inward angles, 
and there will remain, the outward angles equal to four right 
angles (Ax. 3). \' 



y 
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The opposite sides and angles of every parallelogram are equals 
each to each : arid a diagonal divides the parcdUhgram into two 
tqucU triangles. 

Let ABCD be any parallelogram, and 
DB a diagonal : then will the opposite- 
sides and angles be equal to each other, 
each to each, and the diagonal DB will 
divide the parallelogram into two equal 
triangles. 

For, since the figure is a parallelogram, the sides AB, DC 
are parallel, as also the sides AD, BC. Now, since th« 
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parallels are cut by the diagonal DB, the alternate angles will 
be equal (Th. xii) : that is the angle 

ADB=iDBC and BDC=ABD. 

Hence, the two triangles ADB BDC, having two angles in 
<he one equal to two angles in the other, will have their third 
angles equal (Th. xvii. Cor. 1), viz. the angle A equal to the 
angle C, and these are two of the opposite angles of tho 
parallelogram. 

Also^ if to the equal angles ADB, DBC, we add the equals 
BDC, ABD, the sums will be equal (Ax. 2) ; viz. the whole 
angle ADC to the whole angle ABC, and these are the other 
two opposite angles of the parallelogram. 

Again, since the two triangles ADB, DBC, have the side 
DB common, and the two adjacent angles in the one equal to 
the two adjacent angles in the other, each to each, the two 
triangles will be • equal (Th. v) : hence, the diagonal divides 
*he parallelogram into two equal triangles. 

Cer, 1. If one angle of a parallelogram be a right angl**, 
each of the angles will also be a right angle, and the parallelo- 
gram will be a rectangle. 

Cor. 2. Hence, also, the sum of either two adjacent angles 
of a parallelogram, will be equal to two right angles, v- 



TflEOREM XXIV. 

If the opposite sides of a quadrilateral, are equal, each to each, 
the equal sides wiU be parallel, and the Jigure toiU be a jpo' 
rdUelogram. 
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Let ABCD be a quadrilateral, having 
ito opposite sides respectively equal, viz. 
AB=CD and AD=BC 

yhen will these sides be parallel, and the ^ 
figure will be a parallelogram. 

For, draw the diagonal ED. Then, the two triangles ABD, 
BDCy have all the sides of the one equal to all the sides of 
the other, each to each : therefore, the two triangles are equal 
(Th. viii) ; hence, the angle ADB, opposite the side ABy is 
equal to the angle DBC opposite the side DC; therefore, the 
sides AD, BC, are parallel (Th. xiii). For a like reason DC 
]j parallel to AB, and the figure ABCD is a parallelogram. 

THEOREM XXV. 

ff two opposite sides of a quadrilateral are equal and paraUe* 
ike remaining sides toill also be equal and parallel, and thefigurt 
wHl he a parallelogram. 

Let ABCD be a quadnlaterai, having jy 
the sides AB, CD, equal and parallel: 
then will the figure be a parallelogram: 

For, draw the diagonal DB, dividing 
the quadrilateral into two triangles. Then, 
since AB is parallel to DC, the alternate angles, ABD and 
BDC are equal (Th. xii) : moreover, the side BD is common ; 
hence the two triangles have two sides and the included angle 
of the one, equal to two sides and the included angle : f the 
other: the triangles are therefore equal, and consequently, 
AD is equal to BC, and the angle ADB to the angle DBC\ 
and consequently, AD is also parallel to jBC (Th xiii). 
Therefore, the figure ABCD is a parallelogram. 
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THEOREM XXVI. 

Theivjo diagonals of a parallelogram divide each other into equal 
parts, or mutually bisect each other. 

Let ABCD be a parallelogram, and 
AC, BD its two diagonals intersecting at 
E. Then will 

AE^EC and BE=zED, ^- 

Comparing the two triangles AED and 
BEC, we find the side AD=BC (Th. xxiii), the angk 
ADE=EBC and EAD=ECB : hence, the two triangles are 
equal (Th. v): therefore, AE, the side opposite ADE, !■ 
eqaal to -EC, the side opposite EBC; and ED is equal to EB 

Seh. In the case of a rhombus (Def. 48), 
the sides AB, BC being equal, the trian- 
gles AE^ and BEC have all the sides of 
the one equal to the corresponding sides 
of the other, and axe therefore • equal.A 
Whence it follows that the angles AEB 
and ^jEC are equal. Therefore, the diagonals of » rhombns 
bisect each other at right aigles. 




// 
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OF THE CIRCLE 



DEFINITIONS. 



i The ciicumference of a circle is a curve line, all iha 
poi!i A of which are equally distant from a certain point within 
called the centre. 

2. The circle is the space bounded by this curve line. 

3. Everystraightline,C^, CD, CJB, drawn 
from the centre to the circumference, is 
called a radius or semidiameter. Every 
line which, like AB, passes through the 
centre and terminates in the circumfe- 
rence, is called a diameter. 




4. Any portion of the circumference, 
as EFGy is called an arc, 

5. A straight line, as EGy joining the*^ 
extremities of an arc, is called a chord, 

6. A segment is the surface or portion 
of a circle included between an arc and 
its chord. Thus EFG is a segment. 
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7. A sector ia the part of the circle in- 
claded between an arc and the two radii 
drawn through its extremities. Thus, 
CAB is a sector 



8. A straight line is said to be in- 
scribed in a circle, when its extremities 
are in the circumference. Thus, the 
line AB is inscribed in a circle. 



9. An inscribed angle is one which 
is formed by two chords that intersect 
each other in the circuftiference. Thus, 
j5 AC is an inscribed angle. 



10. An inscribed triangle is one 
which has its three angular points in 
the circumference. Thus, ABC is an 
inscribed triangle. 




11. Any polygon is said to be in- 
scribed in a circle when the vertices of 
all the angles are in the circumference. 
The ciicle is then said to circumscribe 
the polygon. 
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cuts. 
1 2. A secant is a line which «ects the 

circumference m-twe peints, and. lies 

partly within and partly without the 

circle. Thus ^JB is a secant. j[ 



13. A tangent is a line which -baor- 
but one point in common with the cir- 
cumference. Thus, CMB is a tangent. 




14. Two circles are said to touch 
each other internally, when one lies 
within the other, and their circumfe- 
rences have but one point in conunon. 




15. Two circles are said *tQ^ touch 
eaph other externally, when -«ae lies 
wkheui the other, and their circumfe- 
rences have but one point in conunon 
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J, ' THEOREM I». f),^ 

B xi W^ ubuid is' less than a dume$». 
Let AD be any chord. Draw 
»Lo radii CA, CD to its extremities. 
We shall then have, AD less than 
AC+CD (Book I. Th. x*). But 
AC-\-CD is equal to the diameter 
AB : hence, the chord AD is less than 
the diameter. 



^/ ( 




THEOREM II. 

If from the jxntre of a circle a line he drawn to the middle of 
a chord, 

I. // tcill be perpendicular to the chord; 

II. And it wiUlisect the arc of the chord. 
Let C be the centre of a circle, and 

AB any chord. Draw CD through 
D, the middle point of the chord, and 
produce it to E: then will CD be 
perpendicular to the chord, and the 
arc AE equal to EB, 

First Draw the two radii CA, CB 
Then the two triangles ACD DCS, 
have the three sides of the one Ov|aal «a too three sides of the 




*Note. When reference is made from one theor'^.n to another, m the 
.8.-ime Book, the number of the theorem referrpd tp is a* n,c ^iven • but 
vvhni the theorem referred to is fo»*nU in a pre^'^t^m*^ I^,>«* i>« ^uya>^ oi 
*■« Book is also g'ven. 
4* 
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Dthcr, each to each: viz. AC equal to 
CB, being radii, AD equal to DB, by 
hypothesis, and CD common: hence, 
the corresponding angles are equal 
(Book I. Th viii) : that is, the angle 
CD A equal to CDB, and the angle 
ACD equal to the angle DCB. 

But, since the angle CD A is equal 
to the angle CDB, the radius CE is perpendicular to the 
chord AB (Bk. I. Def. 20). 

Secondly, Since the angle ACE is equal to BCE, the 
arc AE^ will be equal to the arc EB, for equal angles must 
have equklineasiires (Bk. I. Def. 29). "* 

Hence, the radius drawn through the middle point of a chord, 
is perpendicular to the chord, &nd bisects the arc of the chord. 

Cor, Hence, a line which bisects a chord at right angles, 
bisects the arc of the chord, and passes through the centre of 
the circle. Also, a line drawn through the centre of the cir- 
cle and perpendicular to the chord, bisects it 

THEOREM III. 

If more than two equal lines can be dravmfrom any point withtn 
a circle to the circumference, that point will be the centre. 

Let D be any point within the circle 
ABC. Then, if the three lines DA, 
DBy and DC, drawn from the point D 
to the circumference, are equal, the 
point D will be the centre. 

For, draw the chords AB, BC, bi- 
sect them at the po'r-s E and F, and 
join DE and DF 
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Then, since the two triangles DAE and DEB have the side 
AE equal to EB, AD equal to DB, and DE common, they 
will be equal in all respects ; and consequently, the angle 
DEA is equal to the angle DEB (Bk. I. Th. viii); and 
therefore, DE is perpendicular to AB (Bk. I. Def. 20) But, 
if DE bisects AB at right angles, it will pass through the 
centre of the circle (Th. ii. Cor). 

In like manner, it may be shown that DF passes through 
tlie centre of the circle, and since the centre is found in the 
two lines ED^ DF, it will be found at their common inter- 
section D, 

THEOREM IV. 

Any chords which are equally distant from the centre of a clTcl^ 
are equal. 

Let AB and ED be two chords equally 
distant from the centre C ; then will the 
•two chords AB, ED be equal to each 
other. 

Draw CF perpendicular to AB, and 
CG perpendicular to ED, and since these 
perpendiculars measure tlie distances from 
the centre, they will be equal. Also draw 
CB and CE. 

Then, the two right angled triangles CFB and CEG hav 
ing the hypothenuse CB equal to the hypothenuse CE, and 
the side CF equal to CG, will have the third side BF equal to 
EG (Bk. I Th. xix). But, BF is the half of BA, and EG 
he half of DE (Th. \\. Cor) ; bence BA is equal to DE 
(Ax 6). 
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THEOREM V. 

A Une which is perpendicular to a radius at its extremittf, il 
tangent to the circle. 

Let the line ABD be perpendicular 
to the radius CB at the extremity B : 
then will it be tangent to the circle at 
the point B, 

For, from any other point of the 
line, as D, draw DFC to the centre, 
cutting the circumference in F, 

Then, because the angle B, of the 
triangle CDB^ is a right angle, the angle at D is acute (Bk. I. 
Th. xvii. Cor. 3), and consequently less than the angle B. 
But the greater side of every triangle is opposite to the greater 
angle (Bk. I. Th. xi) ; therefore, the side CD is greater than 
CBy or its equal CF, Hence, the point D is without the cir- 
cle, and the same may be shown for every other point of the 
hue AJ), Consequently, the line ABD has but one point in 
common with the circumference of the circle, and therefore 
is tangent to it at the point B (Def. 13) 

Car, Hence, if a line is tangent to a circle, and a radius be 
drawn through the point of contact, the radius wiU be perpen 
dicular to the tangent. 



THEOREM TI. 

If the distance between the centres of two circles is equal b*^ . 
the stim of their radii, the two circles wiM touch each other 
naUemaUy. 
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Lot C and D be the two centres, and 
suppose the distance between them to 
be equal to the sum of the radii, that is, 
to CA-{'AD, 

The circumferences of the circles 
will evidently have the point A common, and they will have no 
other. B ocause, if they had two points common, that, is if they 
cut each other in two points, G and H, the distance CD be- 
tween their centres would be less than the sum of their radii 
CH, HD (Bk. I. Th- x) ; but this would be contrary to the 
supposition. '. 

THEOREM VII. 

If the distance between the centres of two circles is equal t$ 
the difference of their radii, the two circles tviU touch each othef 
wtemally. 

Let C and D be the centres of two 
circles at a distance from each other 
equal to AD^AC= CD. 

Now, it is evident, as in the last theo- 
rem, that the circumferences will have the 
point A common ; and they can have no 
other. For, if thoy had two points common, the difference be- 
tween the radii AD and FC would not be equal to CD, the 
distance between their centres: therefore, they cannot have 
two points in common when the difference of their radii is 
equal to the distance between their centres : hence, they are 
tangent to each other. 

Sch If two circles touch each other, either externally oi 
internally, their centres and the point of contact will be in th« 
same straight linej^ 
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THEOREM VIII. 

An angle ai the circumference of a circle is meastired by half thi 
arc that subtends it * 

Let BAD be an inscribed angle : then 
will it be measured by half the arc BED, 
which subtends it. 

For, through the centre C draw the 
diameter ACE, and draw the radii BC, 
CD. 

Then, in the triangle ABC, the exte- 
rior angle BCE is equal to the sum of 
the interior angles B and A, (Bk. I. Th. xvi). But since the 
triangle BAC is isosceles, the angles, A and B are equal 
(Bk. I. Th. vi) ; therefore, the exterior angle BCE is equal 
to double the angle BA C. 

But, the angle BCE is measured by the arc BE, which 
subtends it ; and consequently, the angle BAE, which is half 
of BCE, is measured by half the arc BE, 

It may be shown, in like manner, that the angle EAD is 
measured by half the arc ED : and hence, by the addition of 
equals, it would follow that, the angle BAD is measured by 
half the arc BED, which subtends it. 

Cor, 1. Hence, if an angle at the centre, and an angle at the 
circumference, both stand on the same arc, the angle at the 
centre will be double the angle at the circumference. 

Cor. 2. If two angles at the circumference stand on equal 
wcs they will be equal to each other, y 
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THEOREM IX. 

AU angles at the circumference, which stand upon the soma art 
are equal to fioch other. 

Lei the angles BAC^BBC, BF^, have 
their vertices in the circumference, and 
stand on the same arc BEC : then will 
they be equal to each other. 

For, each angle is measured by half 
th^ arc BEC (Th. viii) ; hence, the an- 
gles are all equal. 




THEOREM X. 

An angle in a semicircle, is a right angle. 

Let ABBC be a semicircle : then will 
every angle, as B, B, inscribed in it, be 
a right angle. 

For, each angle is measured by half ^ 
the semicircumference ADC, that is, by a, 
quadrant, which measures a right angle. 
fBk I. Th. i. Cor. 2). 




THEOREM XI. 

If a quadrilateral be inscribed in a circle, the sum of either two 
of its opposite angles is equal to two right angles. 

Let A BCD be any quadrilateral in- 
•cribed in a circle ; then will the sum of 
tho two opposite angles, A and C, or B J 
and D, be equal to two right angles. 

For, the angle A is measured by half -^^ — ^^ 

the arc DCB, which subtends it (Th. viii) ; 
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and the angle C is measured by half the 

arc DAB, which subtends it. Hence, 

the sum of the two angles, A and C. is . / 

measured by half the entire circumference. 

But half the entire circumference is the 

measure of two right angles; therefore, 

the sum of the opposite angles A and C is equal to two rigbl 

angles. 

In like manner, it may be shown, that the sum of tha 
two angles B and D is equal to two right angles \^ 

THEOREM XII. 

If the side of a quadrilateraly inscribed in a ctrde, be prth 
duced out, the exterior angle will be equal to the inward opposite 
angle ^ 

Let the side BA, of the quadrilateral 
ABCD be produced to jE, then will the 
outward angle DAE he equal to the in- 
ward opposite angle C _ 

E 

For, the angle DAB plus the angle C, 

is equal to two right angles (Th. xi). But 
DAB plus DAE is also equal to two right angles (Bk. I. Th. ii). 
Taking from each the common angle DAB, and we shall have 
the angle DAE equal to the interior opposite angle G, 



THEOREM XIII. 

Two parallel chords intercept equal arcs. 
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Let the chords AB and CD be parallel: 
then will the arcs AC and BD be equal. 

For, draw the line AD, Then, because 
the lines AB and CD are parallel, the 
alternate angles ADC and DAB will be 
equal (Bk. I. Th. xii). But the angle 
ADC is measured by half the arc AC, 
and the angle DAB by half the arc BD (Th. viii) : hence 
the two arcs AC and BD are themselves equal. 




THEOREM XIV. 

The angle formed by a tangent and a chord, is measured by half 
the arc of the chord. 

Let BAE be tangent to the circle at the 
point A, and AC any chord. 

From Aj the point of contact, draw the 
diameter AD, 

Then, the angle BAD will be a right 
angle (Th, v. Cor), and therefore will be 
measured by half the semicifele t -4MD B 
(Bk. I, Th. i. Cor. 2). 

But the angle DA C being at the circumference, is measured 
by half the sic DC; hence, by the addition of equals, the two 
angles BAD and DAC, or the entire angle 5^ C will be meas- 
ured by half the arc AMDC, 

It may be shown, by taking the difference between the two 
angles DAE and DAC, that the angle CAE is measured by 
haUthe arc AC included between its sides. 
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THEOREM XV. 

If a tangent and a chord are parallel to each other, they wiU 
intercept equal arcs. 

Let the tangent ABC he parallel to the 
chord DF: then will the intercepted arcs '*- 
/ ^ />, BFj be equal to each other. 

For, draw the chord DB. Then, since 
A C and DF are parallel, the angle ABD 
will be equal to the angle BDF. But 
ABD being formed by a tangent and a 
chord, will be measured by half the arc 
DB ; and BDF being an angle at the circumference will be 
measured by half the arc BF (Th. viii). But since the angles 
are equal, the arcs will be equal : henf e DB is equal to BF. w 

THEOREM XVI. 

The angle formed within a circle by the intersection of ttoo 
chords, is measxired by half the sum of the intercepted arcs. 

Let the two chords AB and CD inter- 
sect each other at the point E : then will 
the angle AEC, or its equal DEB, be 
measured by half the sum of the inter- 
cepted arcs AC, DB. 

For, draw the chord AF parallel to 

CD, Then because of the parallels, the 

< ngle DEB will be equal to the angle FAB (Bk L Th. xiv), 

nd the arc FD to the arc A C. But the angle FAB is meas- 

'.red by half the arc FDB, that is, by half the sum of the arcs 

FD, DB. Now, since FD is equal to AC, it follows that the 

ingle DEB, or its equal AEC, will be measured by lialf ihe 

• um of the. arcs DB and AC . 
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THEOREM XVII. 

The angle formed vnthout a circle hy the intersection of 
two secants is measured by half the difference of the intercepted 
arcs. 

Let the two secants DE and EB inter- 
sec, each other at E : then will the angle 
DEB be measured by half the intercepted 
arcs CA and DB, 

Draw the chord AF parallel to ED. D^ 
Then, because AF and ED are parallel, 
and EB cuts them, the angles FAB and 
and DEB are equal (Bk. I. Th. xiv). 

But the angle FAB, at the circumference, is measured by 
half the arc FB (Th. viii), which is the difference of the arcs 
DFB and CA : hence, the equal angle E is also measured by 
half the difference of the intercepted arcs DFB and CA 




THEOREM XVIII. 

An angle formed hy two tangents is measured hy hoi, iJiM 
difference of the intercepted arcs. 

Let CD and DA be two tangents to 
the circle at the points C and A : then 
will the angle CDA be measured by half 
he difference of the intercepted arcs CEA 
and CFA. 

For, draw the chord AF parallel to the 
tangent CD. Then, because the lines 
CD and AF are parallel, the angle BAF 
will be equal to the angle BDC (Bk. I. Th. xiv). But the 
angle BAF, formed by a tangent and a chord, is measured by 




52 



GEOMETRY. 



Of the Circle. 



half the arc AF^ that is, by half the 
diifference of CFA and CF. 

But since the tangent DC and the 
chord AF are parallel, the arc CF is 
equal to the arc CA: hence the angle 
BAF^ or its equal BDC^ which is meas- 
ured by half the difference of CFA and 
CF, is also measured by half the differ- 
ence of the intercepted arcs CFA and CA. 



Ccr. In like manner it may be proved 
that the angle £, formed by a tangent and 
secant, is measured by half the difference 
of the intercepted arcs A C and DBA, 



> 




THEOREM. XIX. 

^he chard of an arc of sixty degrees is equal to the radius of 
the circle. 

Let AEB be an arc of sixty degrees 
and AB its chord : then will AB be equal 
to the radius of the circle. 

For, draw the radii CB and CA, 
Then, since the angle ACB is at the 
centre, it will be measured by the arc 
AEB: that is, it will be equal to sixty 
degrees (Bk. I. Def. 29). 

Again, since the sum of the three angles of a triangle is 
equal Vi one hundred and eighty degrees (Bk. I. Th. xvii), it 
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follows that the sum of the two angles A and B will be equal 
to one hundred and twenty degrees. But the triangle CAB 
is isosceles : hence, the angles at the base are equal (BL I. 
rh. vi) : hence, each angle is equal to sixty degrees, and 
consequently, the side ABia equal to -AC or CB (Bk. I. Th. vi). 



PROBLEMS 



RELATING TO THE FIRST AND SECOND BOOKS. 



The Problems of Geometry explain the methods of coa* 
structmg or describing the geometrical figures. 

For these constructions, a straight ruler and the common 
compasses or dividers, are all the instruments that are ab 
solutely necessary. 

DIVIDERS oil COMPASSES. 




The dividers consist of the two legs ha, be, which turn 
0asi1v abo'it a common joint at h. The legs of the divider* 
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are extended or brought together by placing the forefinger or 
the joint at b, and pressing the thumb and fingers against th« 
legs. 



PROBLEM I. 

On <iny line, as CD, to lay off a distance equal to AB, 

Take up the dividers with the 
thumb and second finger, and place 
the forefinger on the joint at b. 

Then, set one foot of the dividers 
at Af and extend the legs with the 
thumb and fingers, until the other 
foot reaches B. 

Then, raise the dividers, place one foot at C, and marie 
with the other the distance CE : and this distance will evi- 
dently be equal to AB, 



I 



D 



PROBLEM. II. 

To describe from a given centre the circumference of a circle 
having a given radius. 

Let C be the given centre, and 
CB the given radius. 

Place one foot of the dividers at 
C, and extend the otner leg until it 
reaches to B. Then, turn the di- 
viders around the leg at C, and the 
other leg will describe the required 
circumference. 
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A ruler of a convenient size, is about twenty inches in 
ength, two inches wide, and one fifth of an inch in thickness. 
t should be made of a hard material, and perfectly straight 
and smooth. 



PROBLEM III. 

To draw a straight line through two given points A and B. 

Place one edge of the ruler on 
A and slide the ruler around until 
the same edge falls on B, Then, . 

with a pen, or pencil, draw the 
line AB, 



M 



PROBLEM IV. 
To bisect a given line: that is, to divide it into two equal parts. 

Let AB be the given line to be 
d:-\ided. With ^ as a cenire, and 
radius greater than half of AB, 
describe an arc IFE, Then, with 
Z? as a centre, and an equal radius 
BI describe the arc THE. Join 
the points / and E by the line IE : 
the point D, where it intersects 
AB, will be the middle point of the 
Une AB, 
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For, draw the radii Aly AE 
BIy and BE. Then, since these 
radii are equal, the triangles AIE 
and BIE have all the sides of the 
one equal to the corresponding sides 
of the other ; hence, their corres- 
ponding angles are equal (Bk. I. 
Th. viii) ; that is, the angle AIE is equal to the angle BIE 
Therefore, the two triangles AID and BID, have the side 
AI=IB^ the angle AID=BID, and ID common: hence, 
they are equal (Bk. I. Th. iv), and AD is equal to DB. 

PROBLEM V. 
To bisect a given angle or a given arc. 

Let ACB be the given angle, 
and AEB the given arc. 

From the points A and B, as 
centres, describe with th same 
radius two arcs cutting each other 
in D, Through D and the centre 
C, draw CED^ and it will divide 
the angle ACB into two equal parts, and also bisect the arc 
AEBa.tE, 

For, draw the radii AD and BD, Then, in the two triangles 
ACD, CBD, we have 

AC=CB, AD=BD 

and CD common : hence, the two triangles have their corres- 
ponding angles equal (Bk I. Th. viii), and consequently, A CD 
is equal to BCD. But since ACD is equal to BCD, h fol- 
lows that the arc AE, which measures the former, is equal to 
the arc BE, which measures the latter 
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Pfte^EM VI, 

At a given point in a straight line to erect a perpendicular to thk 

line. 

Let A be the given point, and BC 
the given line. 

From A lay off any two distances, 
AB and AC, equal to each other 
Then, from the points B and C, as 
centres, with a radius greater than 
AB, describe two arcs intersecting each other at D : draw 
DAy and it will be the perpendicular required. 

For, draw the equal radii BD, DC, Then, the two trian 
gles, BDA, and CDA^ will have 

AB=AC BD=DC 

and AD common : hence, the angle DAB is equal to the angle 
DAC (Bk. I. Th. viii), and consequently, DA is perpendicu- 
lar to JBC. (Bk.IDef. 21). 



SECOND METHOD. 

When the point A is near the extremity of the line. 

Assume any centre, as P, out of 
the given line. Then with P as a 
centre, and radius from P to A, de- 
Bcribe the circumference of a circle 
Through C, where the circumference 
cuts BAy draw CPD. Then, through 
D, where CP produced meets the 
circumference, draw DA : then will 

DA be perpendicular to 5-4, since C^li) is an angle in a 
emicirclc (Bk. II. Th. x). 
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PROBLEM VII. 

From a given point without a straight line to let fall a perpen- 
dicular on the line. 

Let A be the given point, and BD 
•4ie given line. 

From the point -A as a centre, with 
a radius greater than the shortest 
distance to BD, describe an arc cut- 
ting BD m the points B and D. 
Then, with B and D as centres, and 
the same radius, describe two arcs intersecting each other at 
E. Draw AFE, and it will be the perpendicular required. 

For, draw the equal radii AB, AD, BE and DE, Then, 
the two triangles EAB and EAD will have the sides of the 
one equal to the sides of the other, each to each ; hence, their 
corresponding angles will be equal (Bk. I. Th. viii), viz. the 
angle BAE to the angle DAE. Hence, the two triangles 
BAF and DAF will have two sides and the included ai^gle of 
the one, equal to two sides and the included angle of the other, 
and therefore, the angle AP'B will bo equal to the angle 
A FD (Bk. I. Th. iv) : hence, AFE will be perpendicular 
to BD. 

SECOND METHOD. 

When the given point A is nearly 
opposite the extremity of the line. 

Draw A C, to any point C of the 
line BD. Bisect ^C at P. Then, 
with P as a centre and PC as a ra- 
dius, describe the semicircle CDA ; 
draw AD, and it will be perpendicular 
to CD since CDA is an angle in a semicircle (Bk. II. Th. x). 
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"PROBLEM VIII. 

U a given point in a given line, to make an angle equal to a 
given angle. 

Let A be the given point, AE 
the given line, and IKL the given 
angle. ^__ 

From the vertex Jl, as a centre, -^ A 

with any radius, describe the arc IL, terminating in the two 
sides of the angle : and draw the chord IL. 

From the point A, as a centre, with a distance AE, equal 
to KI, describe the arc DE ; then with E, as a centre, and a 
radius equal to the chord IL, describe an arc cutting DE at 
D; draw AD, and the angle EAD will be equal to the 
angle K. 

For, draw the chord DE, Then the two triangles IKL 
and EAD, having the three sides of the one equal to the three 
sides of the other, each to each, the angle EAD will be equal 
to the angle K (Bk. I. Th. viii). 

PROBLEM IX. 

Through a given point to draw a line that shall he parallel to a 
given line. 

Let A be the given point and p ^ 

BC the given line. 1 ^ ,.--''' \ 

With A as a centre, and any ra- \ ^^-' ' I y. 

dius greater than the shortest dis- 
tance from A to BC, describe the indefinite arc DE. From 
the point E, as a centre, with the same radius, describe the 
arc AF : then, make ED equa to AF and draw AD, and i 
will be the required parallel. 
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For, since the arcs AF and ED 
are equal, the angles EAD and 
AEF, which they measure, are 
equal : hence, the line AD is 
parallel to BC (Bk 1. Th; xiii). 



PROBLEM X. 

Two angles of a triangle being given or knovm, to find the third. 

Draw the indefinite line 
DEF, 

At any point, as E, make 
the angle DEC equal to one 
of the given angles, and then CEH equal to a second, by 
Prob. VIII ; then will the angle HEF be equal to the third 
angle of the triangle. 

For, the sum of the three angles of a triangle is equal to 
two right angles (Bk. I. Th. xvii) ; and the sum of the three 
angles on the same side of the line DE is equal to two right 
angles (Bk. I. Th. ii. Cor. 2) ; hence, i^ DEC and CEH are 
equal to two of the angles, the angle HEF will be equal to the 
remaining angle of the triangle. 

PROBLEM XI. 

Three sides of a triangle being given, to describe the triangle. 

Let A, B, and C, be the given 
sides. 

Draw DEj and make it equal to 
the side A. From the point D, as 
a centre, with a radius equal to the ^^ 




^H 



second side -B, describe an arc : cv 
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firom £ as a centre, with the third side C, describe another arc 
intersecting the* former in F: draw DF and FE: then will 
DEF be the required triangle. 

For, the three sides are respectively equal to the three linea 
A, B;^and #. 




TAc adjacent sides of a parallelogram, with the angle tohieh thetf 
contain, being given, to describe the parallelogram. 

Let A and B be the given sides 
and C the given angle. 

Draw the line DE and make it 
equal to A. At the point D make 
the angle EDF equal to the angle 
C. Make the side DF equal to B. Then describe two arcs, 
one from F, as a centre, with a radius FG equal to Z)-B, the 
other from E, as a centre, with a radius EG equal to DF. 
Through the point G, the point of intersection, draw the lines 
EG and FG, and DEGF will be the required parallelogram. 

For, in the quadrilateral DFGE, the opposite sides DE 
and FG are each equal to A : the opposite sides DF and 
EG are each equal to B, and the angle EDF is equal 
to C But, since the opposite sides are equal, they are 
also parallel (Bk. I. Th. xxiv), and therefore the figure \a a 
parallelogram. 



PROBLEM XIII. 

To describe a square on a given line. 
6 
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Let AB be the given line. 

At the point B draw BC perpendicu- 
ir to AB, by Problem VI, and then 
make it equal to AB, 

Tlien, with ^ as a centre, and ra- 
dius equal to AB, describe an arc ; and 
with C as a centre, and the same 
radius AB, describe another arc ; and through D, their poift 
of intersection, draw AD and CD : then will ABCD be the 
required square. 

For, since the opposite sides are equal, the figure will be a 
parallelogram (Bk. I. Th. xxiv) : and since one of the angles 
is a right angle, the others will also be right angles (Bk. I. 
Th. xxiii. Cor, 1) ; and since the sides are all equal, the figure 
will be a square. 



PROBLEM XIV. 



To construct a rhomhus, having given tJie length of one of the 
equal sides, and one of the angles. 



"jyi 




Let AB be equal to the given side, 
and E the given angle. 

At B lay off an angle, ABC, equal 
to E, by Prob. VIIL and make BC 
equal to AB. Then, with A and C 
s centres, and a radius equal to AB, 
describe two arcs. Through D, their point of intersection, 
draw the lines AD, CD: then will ABCD be he required 
rliomb-as. 

For, since the opposite sides are equal, they will oe parallel 
(Bk. I , Th. xxiv). But they are each equal to AB^ and the 
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aogle B is equal to the angle E: hence, ABCD is the re- 
quired rhombus. 



PROBLEM XV. 

To find the centre of a circle 

Draw any chord, as AB, and bisect it 
Dy Problem IV. Then, through -F, the 
middle point, draw DCE, perpendicular 
to AB, by Problem VI. Then DCE 
will be a diameter of the circle (Bk. II. 
Th. ii. Cor.). Then bisect DE at C, 
and C will be the centre of the circle. 




PROBLEM XVI. 

To describe the circumference of a circle through three given 
points not in the same straight line. 

Let A, B, C, be the given points. 

Join these points by the straight 
lines AC AB, BC, 

Then, bisect any two of these 
straight lines, as AB, BC, by the 
perpendiculars OD, OP (Prob. iv) ; 
and the point O, where these per- 
pendiculars intersect each other, 
will be the centre of the circle. 

Then with O as a centre, and a radius equal to OA, de- 
scribe the circumference of a circle, and it will pass through 
the points A, B, and C. 

For, the two right angled triangles OAP and OBP have the 
gide AP equal to the side BP, OP common, and the included 
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angles OP A and OPB equal, being 
right angles ; hence, the side OB is 
equal to OA (Bk. 1. Th. iv). 

In like manner it may be shown, 
that OC is equal to OB. Hence, a • 
circumference described with the 
radius OA, will pass through the 
points B and C. 

Sch. This problem enables us to describe the circumference 
of a circle about a given triangle. For, we may consider the 
vertices of the three angles as the three points through which 
the circumference is to pass. 




PROBLEM XVII. 

Through a given point in the circumference of a circle^ to draw 
h tangent line to the circle, 

L^t A be the given point j^ 

Through A, draw the radius AC Xo the 
centre, and then draw DAE perpendicu- 
lar to AC, by Problem VI. Then will 
DAE be tangent to the circle at the point 
A (Bk. II. Th. v). 




PROBLEM XVIII. 



Through a given point without the circumference, <o draw 9 
tangent line to the circle. 
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Let C be the centre of the circle, and 
A the given point without the circle. 

Join A and the centre C, and on AC^ 
as a diameter, describe a circumference, 
llirough the points B and D where 
the two circumferences intersect each / 
'jther, draw the lines AB and AD: \ 
these lines will be tangent to the circle 
whose centre is C. 

For, since the angles ABC and 
ADC are each inscribed in a semicircle, they will be right 
angles (Bk. 11. Th. x). Again, since the lines AB, AD^ 
are each perpendicular to a radius at its extremity, they will 
be tangent to the circle (Bk. II. Th. v). 




PROBLEM XIX 

To inscribe a circle in a given triangle^ 

Let ABC be the given tri- 
angle. 

Bisect the angles A and B 
by the lines AG and BO, meet- 
ing at the point O. From O, 
let fall the perpendiculars CD, ^ 
OEj OF, on the three sides of 
the triangle — these perpendiculars will be equal to each other. 

For, in the two right angled triangles DAO and FAO, we 

hnve the right angle D equal the right angle F, the angle FAO 

equal to DAO, and consequently, the third angles AOD and 

A OF are equal (Bk. I. Th. xvii. Cor 1). But the two 

triangles have a common side AO, hence, they are equal 

tBk. 1. Th. v), and consequently, OD is e ual to OF 
6* 
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In a similar manner, it may 
be proved that OE and OD are 
equal; hence, the three per- 
pendiculars, OD, OFj and OE, 
are aU equal. 

Now, if with O as a centre,j 
and OF as a radius, we describe 

the circumference of a circle, it will pass through the points 
D and £. and since the sides of the triangle are perpendicular 
to the radii OF, OD, OE, they will be tangent to the circum- 
ference (Bk. 11. Th. v). Hence, the circle will bo inscribed 
in the triangle. 





PROBLEM XX. 

To inscribe an equilateral triangle tn a circle. 

Through the centre C draw any diam- 
eter, as ACB, From J5 as a centre, with 
a radius equal to EC, describe the arc 
DCE, Then, draw AD, AE, and DE, 
and DAE will be the required triangle. 

For, since the chords BD, BE, are 
each equal to the radius CB, the arcs BD, BE, are each equal 
to sixty degrees (l»k. II. Th. xix), and the arc DBE to one 
hundred and twenty degrees ; hence, the angle DAE is equal 
to sixty degrees (Bk. 11. Th. viii). 

Again, since the arc BD is equal to sixty degrees, and the 
arc BDA equal to one hundred and eighty degrees, it follows 
that DA will be equal to one hundred and twenty degrees : 
hence, the angle DEA is equal to sixty degrees, and conse- 
ouently, the third angle ADE, is equal to sixty degrep.<*. 
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Therefore, the tria,ngle ADE is equilateral (Bk. I. Th. tL 
Cor. 2). 



PROBLEM XXI. 

To inscribe a regular hexagon in a circle. 

Draw any radius, as AC. Then ap- 
ply the radius AC around the circum- 
ference, and it will give the chords AD, 
DE, EF, FG, GH, and HA, which will 
be the sides of the regular hexagon. For, ^^^^^^^ 

the side of a hexagon is equal to the radius (Bk. II. Tn. 




PROBLEM XXII. 

To inscribe a square tn a given circle. 

Let ABCD be the given circle. 
Draw the two diameters AC, BD, at 
right angles to each other, and through 
the points A, B, C and D draw the 
lines AB, BC, CD, and DA: then 
will ABCD be the required square. 

For, the four right angled triangles, 
AOB, BOC, COD, and DOA are 
equal, since the sides AG, OB, OC, and OD are equal, being 
radii of the circle ; and the angles at O are equal in each, 
being right angles : hence, the sides AB, BC, CD, and Da 
are equal (Bk. I. Th. iv). 

But each of the angles ABC, BCD, CDA, DAB, is a right 
angle, being an angle in a semicircle (Bk. II. Th x) : hence, 
the figure ABCD is a square (Bk. I. Def. 48) 
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Sch. If we bisect the arcs AB, 
BC, CD, DA, and join the points, 
we shall have a regular octagon in- 
scribed in the circle. If we again 
bisect the arcs, and join the points of 
bisection, we shall have a regular 
polygon of sixteen sides. 




PROBLEM xxm. 
To describe a square about a given circle. 
Draw the diameters AB, DE, ^^ w K 



M 



right angles to each other. Through 
the extremities A and B draw FAG 
and HBI parallel to DE^ and through 
E and D, draw FEH and GDI par- 
allel to AB: then will FGIHhe the 
required square. 

For, since ACDG is a parallelogram, tlie opposite sides are 
equal (Bk. I. Th. xxiii) : and since the angle at C is a right angles 
all the other angles are right angles (Bk. I. Th. xxiii. Cor. 1): 
and as the same may be proved of each of the figures CI, CH 
and CF, it follows that all the angles, F, G, I, aid //, are 
right angles, and that the sides GI, IH, HF, and FGy are 
equal, each being equal to the diameter of the circle. Hence 
the figure GIHF is a square (Bk. I. Def. 48). 
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b'MIk III, 

OF RATIOS AND PROPORTIONS. 

DEFINITIONS. 

1. Ratio is the quotient arising from dividing one quantity 
by another quantity of the same kind. Thus, if the numbers 
3 and 6 have the same unit, the ratio of 3 to 6 will be 
expressed by 

And in general, if A and B represent quantities of the same 
iund, the ratio of ^ to £ will be expressed, by 

B 
A] 

2. If there be four numbers, 2, 4, 8, 16, laving such values 
that the second divided by the first is equal to the fourth di- 
nded by the third, the numbers are said to be in proportion. 
And in general, if there be four quantities A, B, C, and 2),* 
having su:h values that 

B D 
A=C' 

then, A is said to have the sam^ ra^u> to B, that C has to D, 
or, the ratio of A io B is equal to the ratio of C to D When 



70 GEOMETRY. 



Of Ratios and Proportions. 



four quantities have this relation to each other, ihey are said to 
be in proportion. Hence, the proportion of four quantities 
results from an equality of their ratios taken two a?nd two. 

To express that the ratio of -4 to B is equal to the ratio . 
of C to i>, we write the quantities thus : ; 

A I B \: C^ \ D; 
and read, A is to B^ as C to D. 

The quantities which are compared together are called the 
terms of the proportion. The first and last terms are called 
the extremes^ and the second and third terms, the means. 
Thus, A and J) are the extremes, and B and C the means. 

3. Of four propoi.tional quantities, the first and third are 
called the antecedents, and the second and fourth the conse- 
quents; and the last is said to be a fourth proportional to the 
other three taken in order. Thus, in the last proportion, A 
and C are the antecedents, and B and D the consequents. 

4. Three quantities are in proportion when the first has the 
same ratio to the second, that the second has to the third ; and 
then the middle term is said to be a mean proportional between 
the other two. For example, 

3 : 6 : : 6 : 12 ; 
and 6 is a mean proportional between 3 and 12. 

5. Quantities are said to be in proportion hy tnversum^ or 
inversely, when the consequents are made the ant«^»#*(l^«»t'», ^nd 
the antecedents the consequents. 

Thus, if we have the proportion 

3 : 6 : : 8 • 16. 
the inverse proportion would be 

6 .• 3 : : 16 : 8. 
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6. Quantities are said to be in proportion by ahemation^ or 
alternately f when antecedent is compared with antecedent and 
consequent with consequent. 

Thus, if we have the proportion 

3 : 6 . : : 8 : J6, 
the alternate proportion would be 

3 : 8 : : 6 : 16. 

7. Quantities are said to be in proportion by compositiortj 
when the sum of the antecedent and consequent is compared 
either with antecedent or consequent. 

Thus, if we have the proportion 

^. : 4 : : 8 : 16, 
the proportion by composition would be 

2+4 : 4 :: 8+16 : 16; 

that is, 6 : 4 : : 24 : 16. 

8. Quantities are said to be in proportion by division, vfh.en 
the difference of the antecedent and consequent is compared 
either with the antecedent or consequent. 

Thus, if we have the proportion 

3 : 9 : : 12 : 36, . 
the proportion by division will be 

9-3 : 9 :: 36-12 : 36; 

that is, 6 : 9 : : 24 : 36. 

9. Equimultiples of two or more quantities are the products 
irhich arise from multiplying the quantities by the same 
number. 

Thus, if we have any two numbers, as 6 and 5, and multiply 
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them both by any number, as 9, the equimultiples will be 54 
and 45 ; for 

6x9=54 and 5x9=45. 
Also, mxA and mxB are equimultiples of A and B^ the 
common multiplier being m. 

10. Two variable quantities, A and j5, are saia to be re* 
dprocally proportional^ or inversely proportionaly when one 
increases in the same ratio as the other diminishes. When 
this relation exists, either of them is equal to a constant 
quantity divided by the other. 

Thus, if we had any two numbers, as 2 and 4, so related 
to each other that if we divided one by any number we must 
multiply the other by the same number, one would increase 
in the same ratio as the other would diminish, and their 
product would not be changed. ), 

THEOREM I. 

ff four quantities are in proportion, the product of the two ex- 

tremes will he equal to the product of the two ipeans. 

If we have the proportion 

A : B i: C i D 

we have, by Def. 2, 

B_D 
A^C 
and by clearing the equation of fractions, we have .i^ 

BC=zAD 
Sch, The general principle is verified in the proportion 
between the numbers 

2 : 10 : : 12 : 60 
which gives 

2x60=10xli?=120 
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THEOREM II. 
If four quantities are so related to each other, that tJieprodud 
of two of them is equal to the product of the other two ; then 
two of them may he made the means, and the other two tk$ 
§xiremes of a proportion. 

Let A, B, C, and D, have such values that 

BxC=AxD 
Divide both sides of the equation by A, and we havo 

A 
Then divide both sides of the last equation by C, and wc 
have 

B_D 
A^C 
hence, by Def. 2, we have 

A : B :i C : D. 

Sch. The general truth may be verified by the numben • 
2xl8:;=9x4 
nrhich give 

2 : 4 : : 9 : 18 

THEOREM III. 

ff three quantities are in proportion, the product of the iwo 
extremes mil be equal to the square of the middle term. 

Let us suppose that we have 

A : B .: B : C 
Then, by Def. 2, we have 

B_C 

A'^B 
and by clearing the equation of its fractions,. we havii 
7 
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Sck. The proposition may be verified by the numbers 
3 : 6 : : 6 : 12 
which give 

3X12=6X6=36 ^^^,.^^ 

THEOREM IV. 

If four quantities are in proportion, they will he in proportion 
when taken alternately. 

Let A : B '. '. C I D 

Then, by Def. 2, we have 

B__D 

Q 

Multiplying both members of this equation by — ., we have 

B 

C_D 
A^B 
and consequently, 

A : C : : B : D. 

Sch* The theorem may be verified by the proportion 
10 : 15 : : 20 : -30 
Twr, we have, by alternation, 

10 : 20 : : 15 : 30. 

THEOREM v. 

If there he two sets of proportions, having an antecedent and 
a consequent in the one, equal to an antecedent and a consequem 
in the other; then, the remaining terms will he proportional. 

If we have 
^ : J5 : . C . A and A : 5 : E : F\ 
shall have 
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B F 
A~E 


Hence, by Ax. 1, we have 




D F 
ind consequently, 




C I D :: E 


: F. 


Sch. The proposition may be verified by the foUowiEg 


proportions, 




2 : 6 : : 8 : 24 and 2 


: 6 :: 10 : 30 


which give 





8 : 24 : : 10 : 30. 

THEOREM VI. 

J/faur quantities are in proportion, they will be in proportion 
when taken inversely. 
If we have the proportion 

A : B :: C : D 
we have, by Th. I, 

AxD^BxC, 
or BxCz=AxD. 

Hence, we have, by Th. II, 

B : A :: D : C. 
Sch, The proposition may be verified by the proportion 
7 : 14 :: 8 : 16; 
wliich, when taken inversely, gives 

14 : 7 : : 16 : 8. 

THEOREM VII. 

If four qiumtities are in proportion^ they wUl he in proportion (y 
composition. 
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Let us suppose that we have 

A I B II C I D 
we shall then have 

AxDz^BxC. 
To each of these equals, add BxD, and we have 
{A+B)xDz=(C+D)xB; 
and by separating the factors by Th. II, we have 
A+B : B :: C+D : D. 

Sch, The proposition may be verified by the following 
proportion, 

9 : 27 : : 16 : 48. 
We shall have, by composition, 

9+27 : 27 : : 16+48 : 48, 
that is, 36 : 27 : : 64 ; 48, 

in which the ratio is three fourths. 

THEOREM VIII. 

If four quantities are in proportion, they wiU be in proportion by 
division. 

Let us suppose that we have 

A : B :: C : D; 
we shall then have 

AxD=BxC. 
From each of these equals let us subtract BxD, and we 
have 

{A--B)xD={C-D)xB; 
■nd by separating the factors by Th. II, we have, 
A-B : B :: C-D : 2>. 

Sck The proposition may be verified by the proportion, 
24 • 8 : : 48 : 16. 
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We have, by division, 

24-8 : 8 :: 48-16 : 16; 
chat is, 16 : 8 :: 32 : 16; 

in which the ratio is one-half. J / 

THEORE^l [X. 

Eqml multiples of two quantities have the same ratio as the 
quantities themselves. 

If we have the proportion 

A I B XX C I D 
we shall have 

B_D 

Now, let M be any number, and by it multiply the nu- 
merator and denominator of the first member of the equation 
which will not change its value : we shall then have 

MxB D 
MxA^ C 
and hence we have 

MxA : MxB : : C : D, 
that is, the equal multiples MxA and MxB, have the same 
ratio as A to B, 

Sch The proposition may be verified by the proportion, 
5 : 10 :: 12 : 24; 

for, by multipl5ring the first antecedent and consequent by any 
number, as 6, we have 

30 : 60 : : 12 : 24, 
It* which the ratio is still 2. 
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THEOREM X. 

If four quantities are proportional, and one antecedent and tts 
consequent be augmented by quantities which have the same ratio 
as the antecedent and consequent, the four quantities will still he 
in proportion. 

Let us take the proportions 

A : B : ; C : D, Sind A : B : i E : F, 
which give 

AxD=zBxC and AxF=BxE; 

adding these equals we have 

Ax{D+F)=Bx{C+E); 
and by Th. II, we have 

A : B : : C+E : D+F 
in which the antecedent C and its consequent D, are augment- 
ed by the quantities E and F, which have the same ratio. 
Sch, The proposition may be verified by the proportion, 
9 : 18 : : 20 : 40, 
in which the ratio is 2. 

If we augment the antecedent and its consequent bv 15 and 
30, which have the same ratio, we have 

9 : 18 :: 20+15 : 40+30 

that is, 9 : 18 : : 35 • 70, 

in which the ratio if> fttiU 2. 

THEOREM XI. 

If four quantities are proportional, and one antecedent and its 
consequent be diminished by quantities which have the same ratio 
as the antecedent and consequent, the four quantities will still be 
<n proportion 
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Let US take the proportions 
A : B :: C : D, and A : B : : E i F, 
which give 

AxD=BxC and AxF=BxE. 
By subtracting these equalities, we have 
Ax{D-'F)=:Bx(C^E); 
and by TK II, we obtain 

^A : B :: C--E : D-^F, 
in which the antecedent and consequent, C and 27, are dimin- 
ished by E and P, which have the same ratio. 

Sck. The proposition may be verified by the proportion, 
9 : 18 : : 20 : 40, 
for, by diminishing the antecedent and consequent by 15 and 
30, we have 

9 : 18 :: 20-15 : 40—30; 

that is 9 : 18 : : 5 : 10 

in which the ratio is still 2. 

THEOREM XII. 

If we have several sets of proportions, having the same ratw^ 
any antecedent vnll he to its consequent, as the sum of the ant^' 
cedents to the sum of the consequents. 

If we have the several proportions, 

which gives AxD=BxC 
which gives AxFz=,BxE 
which gives A X H=B X G 

We shall then have, by addition, 

Ax{D+F+H)=Bx{C^E+G)', 
xnA ''.tjHsequently, by Th. II. 

A : B :: C-\^E+G : D+F+H, 



A 


: B : 


: C : 


D 


A 


• B : 


: E 


F 


A 


: B : 


: G 


. H 
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Sch. The proposition may be verified by the following 
proportions : viz. 
2 : 4 : : 6 : 12 and 1 : 2 : : 3 : 6 

Then, 2:4:: 6+3 : 12 +6; 
that is, 2 : 4 : : 9 : 18, 

in which the ratio is still 2. 

THEOREM XIII. 

If four quantities are in proportion, their squares or cubes lotfi 
also be proportional. 

If we have the proportion 

A : B :: C : D, 
it gives 

A'^C 
Then, if we square both members, we have 







2)» 


and if we 


cube both members. 


we have 




^ 


D' 



A^~ C? 
and then, changing these equalities into a proportion, we h&?6 
for the first, 

^' : B* :: C* : D'; 
tnd for the second 

A^ I B^ X : C^ : D^. 

Sch. We may verify the proposition by the proportion, 
2 : 4 : : 6 : 12, 
and by squaring each lenii we have, 

4 : 16 : . 36 ; 144 
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numbers which are still proportional, and in which the rati* 
is 4. 
If we cube the numbers we have, 

2^ : 4^ :: 6' : 12* 
that is, 8 : 64 : : 2.6 : 1728, 

in which the ratio is 8. 

THEOREM XIV. 

If Vie have two sets of proportional qxiantitieSy the products (f 
the corresponding terms will be proportional 

Let us take the proportions, , 

S D 
A : B : : C : D which gives '7=77 



E : F : : G : H ^ which gives 

Multiplying the equalities together, we have 
BxF DxH 



F_H 



Ax^~CxG 
md this by Th. II, gives 

AxE : BxF :: CxG : DxH. 

Seh. The proposition may be verified by the following 
proportions : 

8 : 12 : : 10 : 15, 
and 3 : 4 : : 6 : 8 ; 

t* e shall then have 

24 : 48 : : 60 : 120 
which are proportional, the ratio being 2. 
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01 ffiE MEASUREMENT OF AREAS, AND THX 
PROPORTIONS OF FIGURES. 

DEFINITIONS. 

1. Similar figures, are those which have the angles of the 
one «qual to the * angles of the other, each to each, and the 
sides about the equal angles proportional. 

2. Any two sides, or any two angles, which are like placed 
in the two similar figures, are called homologous sides or 
angles. 

3. A polygon which has all its angles equal, each to each, 
and all its sides equal, each to each, is called a regular polygon^ 
A regular polygon is both equiangular and equilateral. 

4. If the length of a line be computed in feet, one foot is 
the unit of the line, and is called the linear unit. If the length 
of a line be computed in yards, one yard is the linear unit 

5. If we describe a square on the unit 
of length, such square is called the unit of 
surface. Thus, if the linear unit is one 
foot, one square foot will be the unit of 
surface, or superficial unit. 



1 foot. 
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I yd. «3 feet. 





















6. If the linear unit is one yard, one 
•quare yard will be the unit of surface ; 
and this square yard contains nine square 
feet. 



7. The area of a figure is the measure pf its surface. The 
unit of the number which expresses the area, is a square, the 
side of which is the unit of kngth. 

8. Figures have equal areas, when they contain the same 
measuring unit an equal number of times. 

9. Figures which have equal areas are called equwaleni. 
The term equals when applied to figures, implies an equality 
in all respects. The term equivalent^ implies an equality in 
one respect only : viz. an equality in their areas. The sign 

=, denotes equivalency, and is read, w equivalent io. 



THEOREM I. 

Parallelograms which have equal hoses and equal altitudes, ore 
equivalent. 

Place the base of one parallel- 
ogram on that of the other, so that 
AB shall be the common base of 
the two parallelograms ABCD 
and ABEF. Now, since the par- 
allelograms have the same altitude, their upper bases, DC and 
FH, will fall on the same line FEDC, parallel to AB. Simce 
the opposite sides of a parallelogram are equal to each other 
(Bk. I. Th. xxiii),^D is equal to BC. Also, DC and FE are 
each equal to AB : and consequently, they are equal to each 
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Other (Ax. 1 ). To each, add ED : 
then will CE be equal to DF, 

But since the line FC cuts the 
wo parallels CB and DA, the 
angle BCE will be equal to the 
angle ADF (Bk. I. Th. xiv) : hence, the two triangles ADF 
and BCE have two sides and the included angle of the one 
equal to two sides and the included angle of the other, each 
to each ; consequently, they are equal (Bk. I. Th, iv). 

If then, from the whole space ABCF we take away the tri- 
angle ADF, there will remain the parallellogram ABCD; but 
if we take away the equal triangle BEC, there will remain the 
parallelogram ABEF : hence, the parallelogram ABEF is 
equivalent to the parallelogram ABCD (Ax. 3). 



Cor, A parallelogram and a 
rectangle, having equal bases and 
equal altitudes, are equivalent. 



THEOREM II. 

Triangles which have equal hoses and *iqual altitudes, otj 
equivalent. 

Place the base of one triangle F I>....^E_ 

on that of the other, so that ABC 
ttd ABJ) shall be two trian- 
gles, having a common base AB, 
and for their altitude, the distance 
between the two' parallels AB, FC : then will the trianglo 
ABC be equivalent to the triangle ADB, 

For, through A draw AE parallel to BC, aftd AF parallel ta 
BD, forming the twp ipalrallelograms BE and BF Then, 
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since these parallelograms have a common base and equal 
altitudes, they will be equivalent (Th. i). 

But the triangle ABC is half the parallelogram BE (Bk. I. 
TL xxiii) ; and -A-SD is half the equal parallelogram BF* 
hence, the triangle ABC is equivalent to the triangle ABD. 




THEOREM III. 

(f a triangle and a parallelogram have equal bases and equal 
cdtitudes, the triangle will he half the p/arallelogram. 

Place the base of the triangle on the 
base of the parallelogram, so that AB 
shall be the common base of the tri- 
angle and parallelogram : then will the 
triangle ABE be half the parallelogram 
BD. 

For, draw the diagonal A C. Then, since the altitude of 
the triangle AEB is equal to that of the parallelogram, the 
vertex will be found some where in CD, or in CD produced. 
Now the two triangles ABC and ABE, having the same base 
AB, and equal altitudes, are equivalent (Th. ii). But the tri- 
angle ABC is half the parallelogram BD (Bk. I. Tkxxiii): 
hence, the triangle ABE is half the parallelogram BD (Ax. 1), 

Cor, Hence, if a triangle and a rect- 
angle have equal bases and equal alti- 
tudes, the triangle will be half the 
wctangle. 

For the rectangle would be equiva- 
lent to a parallelogram of the same base 
and altitude (Th. i. Cor.), and since the triangle is half thf 

parallelogram, it is also equivalent to half the rectangle. ^.» 
8 
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D 



A 



-? ¥- 



"B 



1 



THEOREM IV. 

Rectangles which are described on equal lines are equivalent. 

Let BD and FHbe two rectangles, 
having the sides AB, BC, equal to 
the two sides EF, FGj each to 
each : then will the rectangle ABCD^ 
described on the lines AB, BC, be 
equivalent to the rectangle EFGH, 
described on the lines EFj FG. 

For, draw the diagonals AC, EG, dividing each parallel- 
ogram into two equal parts. 

Then the two triangles, ABC, EFG, having two sides and 
the included angle of the one equal to two sides and the in- 
cluded angle of the other, each to each, are equal (Bk. I. 
Th. iv). But these equal triangles are halves of the respective 
rectangles (Th. iii. Cor.) : hence, the rectangles are equal 
(Ax. 1^) ; and consequently equivalent. 

Car. The squares on equal lines are equal. For a square ' 
is but a rectangle having its sides eqaal. 



THEOREM V. 



Two rectangles having equal altitudes are to each other as then 

bases. 



Let AEFD and EBCF be two 
rectangles having the common alti- 
ihide AD ; then will they be to each 
•ther as the bases AE and EB. 



D 



"F- 



.i; 



t 



For, suppose the base ^ £ to be to the base EB, as any two 
numbers, say the numbers 4 and 3. Let AE be then divided 
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into four equal parts, and EB into three equal parts, and 
through the points of division draw parallels to AD We 
shall thus form seven rectangles, all equivalent to each other 
since they have equal bases and equal altitudes (Th. iv). 

But the rectangle AEFD will contain four of these partial 
rectangles, while the rectangle EBCF will contain three ; 
hence, the rectangle AEFD will be to the rectangle EBCF as 
4 to 3 ; that is, as the base AE to the base EB, 

The same reasoning may be applied to any other rect* 
angles whose bases are whole numbers : hence, 

AEFD z EBCF : : AE : EB. 

theohem VI. 

Any two rectangles are to each other as the products of thetf 
bases and altitudes. 

Let ABCD and AEGF be ^ II 

*wo rectangles : then will 
ABCD : AEGF : lABxAD 
: AFxAE 

For, having placed the two 
rectangles so that BAE and 



DAF shall form straight lines, produce the sides CD and G£ 
imtil they meet in H. 

Then, the two rectangles ABCD, AEHD, having the com- 
mon altitude AD, are to each other as their bases AB and 
AE (Th. v). In like manner, the two rectangles AEHD 
AEGF, having the same altitude AE, are to each other aa 
their bases AD and AF, Thus, we have the proportions 

ABCD : AEHD : : AB : AE, 
AEHD •: AEGF : . AD : AF, 
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SL 



If, now, we multiply the cor- 
responding terms together, the 
products will be proportional 
(Bk. III. Th. xiv.) ; and the S 
common multiplier AEHD may 
be omitted (Bk. III. Th. ix.) : 
hence, we shall have 

ABCD : AEGF : : ABy^AB : AExAF. 



Q 



Sch, Hence, the product of the base 
by the altitude may be assumed as the 
measure of a rectangle. This product 
will give the number of superficial units 
in the surface : because, for one unit in 
height, there are as many superficial units 
as there are linear units in the base ; for two units in height, 
twice as many; for three units in height, three times aa 
many, &c. 



THEOREM VII. 

The sum of the rectangles contained by one line, and ike 
several parts of another line any way divided, is equivalent to th$ 
rectangle contained by the two whole lines. 

Let AD be one line, and AB the other, 
divided into the parts AE, EF, FB : then 
will the rectangles contained by AD and 
AE, AD and EF, AD and FB, be equiv- 
alent to the rectangle A which is con- 
tained by the lines AD and AB, .. j ^ . 

Tor, through E ^d F draw; >' ^''^ J ■ \ 



DG H_C 



E 



-it. 



>, 



y^^ 
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be equal to the jcgrtswagle of^ADxAEj EH will be equal to 
EGx EF, or to AD x EF; and FC will be equal to FHx FBj 
or to ADxFB, 

But the rectangle AC in equal to the sum of the partial 
rectangles: hence, 

AD X AB=O^AD X AE+AD x EF-^AD x FB, 

THEOREM VIII. 

The area of any parallelogram is equal to the product of its hasf 
ty its c^ltitude, 

hei ABCD be any parallelogram, and 
BE its altitude : then will its area be 
equal to^5xJ5E. 

For, draw AF perpendicular to the 
base AB, and produce CD to F. Then, 
the parallelogram BD and the rectangle BF, having the same 
base and altitude are equivalent (Th. i. Cor.). But the area 
of the rectangle BF is equal to the product of its base AB by 
the altitude AF (Th. vi. Sch.) : hence, the area of the paral- 
lelogram is equal to AB X BE. 

Cor. Parallelograms of equal bases are to each other as theii 
altitudes ; and if their altitudes are equal, they are to each 
other as their bases. 

For, let B be the common base, and C and D the altitudes 
of two parallelograms. Then, by the theorem, their areas are 
to each other, as 

B\C ; BxD, 
that IS, (Bk.. III. Th ix), as C,: D. 

If A and B be their bases, find C their common altitudo, 
then they will be to eacli oiher as 

AxC BxC' hat is, as A : B. 

8* 
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THEOREM IX. 

The area of a triangle is equal to half the product of its base bt^ 
its altitude. 

Let ABC be any triangle and CD its 
altitude : then will its area be equal to 
half the product of AB x CD, ' 

For, through B draw BE parallel to 
AC J and through C draw CE parallel 
to AB : we shall then form the parallelogram AE, having the 
same base and altitude as the triangle ABC, 

But the area of the parallelogram is equal to the product of 
the base AB by its altitude DC ; and since the parallelogram is 
double the triangle (Th. iii), it follows that the area of the tri 
angle is equal to half this product : that is, to half the product 
o(ABxCD, 

Cor. Two triangles of the same altitude are to each othei 
as their bases ; and two triangles of the same base are to each 
other as their altitudes. And generally, triangles are to each 
other as the products of their bases and altitudes. 



THEOREM X. 

T%c arka of a trapezoid is equal to half the product of its altituds 
multiplied by the sum of its parallel sides. 

Let ABCD be a trapezoid, CG 
its altitude, and AB, DC its par-* 
allel sides : then will its area be 
equal to half the product of 
: CGx{AB-\-DC), 



D O H P 


i \ 
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For, produce AB until BE is equal to DC, and complete 
fhe rectangle AF; also, draw BH perpendicular to AB, 

Then, the rectangle A C will be equivalent to BF, since they 
have equal bases and equal altitudes (Th. iv). The diagoaul 
BC will divide the rectangle GH into two equal triangles ; 
and hence, ihe trapezoid ABCD will be equivalent to the 
trapezdd BEFC ; and consequently, the rectangle AF, is 
double the trapezoid ABCD, 

But the rectangle AF is equivalent to the product of 
ADxAE; that is, to CGx{AB-\-DC); and consequently, 
he trapezoid ABCD is equal to half that product. 



THEPREM XI. 7], 

If a line be divided into two parts, the square described on tht 
whole line is equivalent to the sum of the squares described on th$ 
two parts, together with twice the rectangle contained by the parts. 

Let the line AB be divided into two 
parts at the point E: then will the square 
described on AB be equivalent to the two 
squares described on AE and EB, to- 
gether with twice the rectangle contained 
oy AE and EB : that is 



D 



AB^<y=AF?+ EB^+2AE X EB. 

For, let ^G be a square on AB, and AF a square on AE^ 
ind produce the sides E9 and GF to H and /. 

Then, since Elf is equal to AD, being the opposite side of 
a rectangle, it is also equal to AB ; and GI is likewise equal 
to AB. If, tlirrefore, froin these equals we take away EF ?' 
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GF, there will remain FH equal to Fly 
and each will be equal to HC or IC ; and 
since the angle at P is a right angle, it 
follows that PC is equal to a square de-» 
scribed on EB. It also follows, that DF 
and FB are each equal to the rectangle 
of AE into EB. 

But the square ABCD is made up of four parts, viz., the 
square on AE ; the square on EB ; the rectangle DF , and 
the rectangle FB, Hence, the square on AB is equivalent 
to the square on AE plus the square on EB^ plus twice the 
rectangle contained by AE and EB. 



Cor. If the line AB be divided into Of 
two equal parts, the rectangles DF and 
FB would become squares, and the square 
described on the whole line would be 
equivalent to four times the square de- 
scribed on half the line. /^^ 






f- 



'-p. 



Sch, The property may be expressed in the language of '^ 
algebra, thus. 



THEOREM XII. 



The square described on the hypothenuse of a right angUi 
triangle^ is equivalent to the sum of the squares described on the 
other two sides. 
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Let BAC be a right an- 
gled triangle, right angled at 
A : then will the square de- 
scribed on the hypothenuse 
5C, be equivalent to the two 
squares described on BA 
andw4C. 

Having described the 
squares BG^ BL aiid AI^ 
let fall from A^ on the hy- 
pothenuse, the perpendicular 
ADy and produce it to JS; then draw the diagonals AF^ CH. 

Now, the angle ABF is made up of the right angle FBO 
and the angle CBA ; and the angle CBH is made up of the 
right angle ABH and the same angle CBA : hence, the angle 
ABF is equal to CBH. But FB is equal to BC, being sides 
of the same square ; and for a like reason, BA is equal to 
HB. Therefore, the two triangles ABF and CBH, having 
two sides and the included angle of the one equal to two sides 
and the included angle of the other, each to each, are equal 
(Bk. I. Th. iv). 

Since the angles BAO and BAL are right angles, as 
also the angle ABH, it follows that CAL is a straight line 
parallel to BH, (Bk. I. Th. ii. Cor. 3). Hence, the square 
HA and the triangle HBO, stand on the same base and be- 
tween the same parallels ; therefore, the triangle is half the 
square (Th. iii. Cor.). For a like reason, the triangle ABF 
18 half the rectangle BK 

But it has already been proved that the triangle ABF is 
equal to the triangle CBH : hence, the rectangle BE, which 
is double the former, is equivalent to the square BL, which is 
double the latter (Ax. fi 
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In the same manner it 
may be proved, that the rect- 
angle DG is equivalent to 
the square CK, 

But the two rectangles 
BE, DG, make up the 
square BG : therefore, the 
square BG, described on 
the hypothenuse, is equiva- 
lent to the squares BL and 
CK, described on the other 
two sides. 

Cor. Hence, the square of either side 
of a right angled triangle is equivalent to 
the square of the hypothenuse diminished 
by the square of the other side. That is, 
in the right angled triangle ABC 

AB^^OAC^-Bd^ 
or BC^OAC^-AS?. 

Sch, The last theorem 
may be illustrated by de- 
scribing a square on the hy- 
pothenuse BC, equal to 5, 
also on the sides BA, AC, 
respectively equal to 4 and 3 ; 
and observing that the num- 
ber of small squares in the 
large square is equal to the 
number in the two small 
squares. 
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THEOREM XIII. 

Ij a line be drawn parallel to the base of a triangle, it wUl dividi 
the other two sides proportionally. 

Let ABC be any triangle, and DE a 
straight line drawn parallel to the base 
BC: then will 

AD : DB I : AE : EC, 




For, draw BE and DC. Then, the 
two triangles BDE and DCE have the 
same base DE, and the same altitude, 
since their vertices B and C, lie in the line BC parallel to 
DE : hence, they are equivalent (Th. ii). 

Again, the triangles ADE and BDE, have a common ver- 
tex E, and the same altitude ; consequently, they are to each 
other as their bases (Th. ix. Cor.) ; hence, we have 
ADE : BDE : : AD : DB, 

But th© triangles ADE and CDE, having a common vertex 

D, are to each other as their bases AE andJEC: hence, we 

have 

ADE^ : CDE : : AE : ' EC. 

But the triangles BDE and CDE have been proved equiva- 
lent: hence, in the two proportions, the first antecedent and 
consequent in each are equal : therefore, by (Bk. III. Th. v) 

we have 

AD : BD :: AE : EC. 

Cor. The sides AB, AC, are also proportional tc the parts 
AD, AE, or to BD, CE. ^ 

For, by composition (Bk. III. Th. vii), we have • 

AD+BD : BD :: AE+EC : EC. 

Then, by alternation (Bk. III. Th. iv). 
AB: AC:: BD: EC, hence, also, AB : AC : : AD : AF 
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THEOREM XIV. 

A line which bisects the vertical angle of a triangle divides 
the base into two segments which are proportional to the (idjacent 
sides. 

Let ACB be a triangle, hav- 
ing the angle C bisected by the 
ine CD : then will 
AD I DB i: AX:) I CB. 

For, draw BE parallel to 
CD and produce AC \o E, 
Then, since CB cuts the two 
parallels CD^ EB, the alternate angles BCD and CBE are 
equal (Bk. I. Th. xii): hence, CBE is equal to angle ACD. 

But, since AE cuts the two parallels CD, BE, the angle 
-4 CD is equal to CEB (Bk. I. Th.xiv): consequently, the 
angle CBE is equal to the angle CEB (Ax. 1): hence, the 
side CB is equal to CE (Bk. I. Th. vii). 

Now, in the triangle ABE the line CD is drawn parallel 
lo BE : hence, by the last theorem, we have 

AD : DB :: AC : CE, 
and by placing for CE, its equal CB, we have 
AD : DB :: AC : CB. 




THEOREM XV 

Equiangular triangles have their sides pi^oportional, and 
are similar. 

Let ABC and DUFhe two equi- 
angular triangles, having the angle 
A equal to the angle D, the angle 
to the angle F, and the angle B to 
the angle E: then will 

AB : AC : : DE , DF. 




B O O K I V . 97 

Proportions of Triangles. 



* For, on the sides of the larger triangle DEF, make Dl 
equal to -AC and DG equal to AB, and join IG, Then the 
two triangles ABC and D/G, having two sides and the in- 
cluded angle of the one equal to two sides and the included 
angle of the other, each to each, will be equal (Bk. I Th. iv) 
Hence, the angles / and G are equal to C and B, and conse- 
quently, to the angles F and E : therefore, IG is parallel Ui 
EF (Bk. I. Th. xiv. Cor. 1). 

Now, in the triangle 3EF, since IG is parallel to the base, 
we have (Th. xiii). 

Da : DI II DE 2 DF, 
that is, AB ' AC :x .DE : DF. 

THEOREM XVI, 

Two triangles which have their sides proportio7ial are equian- 
gutar and similar. 

Let BAC and. EDF be two 
triangles having 

BC : EF :: AB : ED, 
n;^ BC : EF : : AC : DF; 

then will they have the corres- 
ponding angles equal, viz., the angle 

B=E, A=D and C=F. 

For. at the point E make FEG equal to the angle B, 
9iid at F make the angle EFG equal to the angle C : Then 
will the angle at G be equal to Ay and the two triangles BAV' 
and EGF will be equiangxilar (Bk. I. Th. xvii. Cor 1). • ' 

'f herefore, by the last theorem we shall have 

BC : EF :: AB : EG; 
9' 
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but by hypothesis, 

BC : EF :: AB : DE : 
lience, EG is equal to ED, 

By the last theorem we also 
Icivo 

BC : EF :: AC 

and by h3rpoihesis, 

BC : EF :: AC : DF; 
honce, FG is equal to DF. 

Therefore, the triangles DEF and EGF, having their three 
sides equal, each to each, are equiangular (Bk. I. Th. viii). 
But, by construction, the triangle EFG is equiangular with 
BAG : hence, the triangles BAG and EDF are equiangular, 
and consequently they are similar. 

Sch By Theorem XV, it appears that if the corresponding 
angles of two triangles are equal, each to each, the correspond- 
ing sides will be proportional ; and in the last theorem it was 
proved that if the sides are proportional, the corresponding 
angles will be equal. 

Now, these proportions do not hold good in the quadrilate- 
rals. For, in the square and rectangle, the corresponding 
angles are equal, but the sides are not proportional ; and the 
angles of a parallelogram or quadrilateral, may be varied al 
pleasure, without altering the lengths of the sides. ^ 



THEOREM XVII. 

If two triangles have an angle in the one equal to an angle in 
the other, and the sides containing these angles provor^n/d 'M 
two triangles mil he equiangular and similar * 
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Let ABC and DEF be two tri- 
angles having the angle A equal to 
the angle D, and 

AB I DE I AC I DF; 

then will the two triangles be 
similar. 

For, lay of[ AG equal to DE, and through G draw GI par- 
allel to BC Then the angle AG I will be equal to the angle 
ABC (Bk. I. Th. xiv) ; and the triangles AGI and ABC will 
be equiangular. Hence, we shall have 

AB : AG II AC I AL 

But, by hypothesis, we have 

AB : DE :; AC : DF, 

and by construction, AG \s equal to DE ; thereforo, AI is 
equal to DF, and consequently, the two triangles AGI and 
DEE are equal in all their parts (Bk. I. Th. iv). But the tri- 
angle ABC is similar to AGI, consequently it is similar to 
DEF. / 



THEOREM XVIII. 

If from the right angle of a right angled triangle, a perpen^ 
dicular be let fall on tlw hypothenuse, then 

I. The two partial triangles thus formed will he similar to 
tach other and to the whole triangle, 

II. Either side including the right angle mil be a mean prih 
portional bctxjoeen the hypoth^nuse and the adjacent segment, 

III. The perpendicular will be a mean proportional between t} 
segments of the hypothenuse. 
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Let ABC be a right angled 
tfiangle, and AD perpendicular 
10 the hypothenuse. 

The two triangles BAG and 
BAD having the common angle 
B,and the right angle BAG equal 
to the right angle at D, will be equiangular (Bk. I. Th. xvii 
Cor. 1); and, consequently, similar (Th. xv). For a .like 
reason the triangles BAG and GAD are sirfiilar. 

Now, from the triangles BA G and BAD, we have 

BG : BA : : BA : BD, 

From the triangles BAG and GAD, we have 
BG : GA :: GA : CD ; 
and from the triangles BAD and DAG, we have 
BD : AD :: AD : DC. 

Car. If from a point A, in the 
circumference of a circle, AD be 
drawn perpendicular to any diam- 
eter ds BG, and the chords AB 
AC be also drawn, then the an- 
gle BAG will be a right angle 
(Bk. II. Th. x): and by the 
theorem we shall have, 

1st The perpendicular AD a medn proportional between 
the segments BD and DC. 

2d Each chord will be a mean proportional between the 
diameter and the adjacent segment. 

That is, AD^=BDxDC 

AB^=BCxBD 
AX?-BGxGD. 
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Proportions of Triangles. 
THEOREM XIX. 

Similar triangles are to each other as the squares described on 
their homologous sides 

Let ABC and DEF be 
two similar triangles, and 
AL and DN the squares de- 
scribed on the homologous 
sides ABy DE: then will 
the triangle 

ABC : DEF : : AL : DN, 

For, draw CG and FH perpendicular to the bases AB, DE^ 
and draw the diagonals BK and EM, 

Then, the similar triangles ABC and DEF^ having theii 
homologous sides proportional, we have 

AC \ DF \\ AB 
and the two ACG^ DFR, give 

AC : DF :: CG 
henca, (Bk. III. Th. v), we have 

AB : DE :: CG 
Of (Bk. III. Th. iv), 

AB : CG :: DE 

Now, the two triangles ABC and AKB have the common 
base AB ; and the triangles DEF and DEM have the common 
base DE ;. and since triangles on equal bases are to each othoi 
B3 their altitudes (Th. ix. Cor.), we have 
Jie triangle 

ABC : ABK : : CG : AK or AB 
and the triangle, . 

DEF : DME : : FH : DM or DE. 



DE; 



FH; 



FH. 



FH. 
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But we have proved 



CG 


: AB : 


: FH : 


DE; 


hence, ABC : 


ABK : 


: DEF 


: DME, 


or, alternately, 








ABC : 


DEF : 


: ABK 


: DME. 




But the squares AL and 
DN, being each double of the 
triangles AKB and DME 
have the same ratio ; hence, 

ABC : DEF : : AL : DN. 



THEOREM XX. 

Two similar polygons may be divided into an equal number of 
triangles, similar each to each, and similarly placed. 

Let ABCDE and FGHIK be two similar polygons. 

From the angle A draw 
the diagonals -4.C, AD: 
and from the homologous 
angle F, draw FH, FL 

Now, since the poly- 
gons are similar, the ho- 
mologous angles B and G 
will be equal, and the sides about the equal angles propor- 
tional (Def. 1): that is, 

AB : BC : : FG i GH: 

Hence, the triangles ABC and FGi7 have an angle in each 
equal, and the sides about the equal angles proportional : there 
fore, they are similar (Th. xvii), and consequently, the angle 
ACB is equal to FHG. Taking these from the equal angles 
BCD and GUI, there will remain ACD equal to FHL The 
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rwo triangles ACD and FHI will then have an angle in each 
equal, and the sides about the equal angles proportional: hence, 
they will be similar. 

In the same manner it may be shown that the triangles 
AED and FKI are similar: and, hence, whatever be tho 
number of sides of the polygons, they may be divided into an 
equal number of similar triangles. 

THEOREM XXI. 

Simihr polygons are to each other as the squares described on 
their homologous sides. 

Let ABCDE and FGNIK^ be two similar polygons ; then 
will they be to each other 
as the squares described 
on ABy FG, or any other 
two homologous sides. 

For, let the polygons be 
divided, as in the last the- 
orem, into an equal num- 
ber of similar triangles. Then, by Theorem XIX, we have 
the triangles 

ABC : FGN : : IS^ : FG^ 




D<f IN 



3 



DE^ : IK^ 



ADC : FIN 
ADE : FIK 
But since the polygons are similar, the ratio of the last ante* 
cedent to its consequent, in each of the proportions, is the 
same : hence, we have (Bk. III. Th. xii). 
ABC+ADC+ADE : FGN+FIN+FIK : : aS^ : FG\ 
Ihatis, ABCDE : FGNIK :: AB^' : F(?; 

Hence, the areas of similar polygons are to each other an 
^e squares described on their homologous sides. 
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THEOREM XXII. 

If similar polygons are inscribed in circles^ their homologous 
sides, and also their perimeters^ mil have the same ratio to each 
other as the diameters of the circles in which they are inscribed. 

Let ABCDE, FGNIK, 
be two similar figures, in- 
scribed in the circles whose 
diameters are AL and FM: 
then will each side, AB, 
BC, (fee, of the one, be to 
the homologous side JPG, GN. &c., of the other, as the 
diameter AL to tho diameter i^'Itf. AIro, the perimeter 
AB{-BC+CD &c., will be to the perimeter FG+GN+NI 
(fee, as the diameter AL to the dianeter FM 

For, draw the two corresponding diagonals A C, FN, as also 
the lines BL and GM, 

Then, the two triangles ACB and FNG will be similar 
(Th. xx) ; and therefore, the angle A CB is equal to the angle 
FNG. But, the angle ACB is equal to the angle ALB, and 
the angle FNG to the angle FMG (Bk. II. Th. ix) : hence, 
the angle ALB is equal to the angle FMG (Ax. 1) ; and since 
ABL and FGM are right angles (Bk. 11. Th. x), the two tri- 
angles ALB and FMG will be equiangular (Bk. I. Th. xviL 
Cor. I), and consequently similar (Th. xv). 

Therefore, 

AB : FG :: AL : FM, 

Again, since ai^y two homologous sides are to each other ir 
the same ratio as ALio FM, we have (Bk. III. Th xii), 

AB-^-BC+CD &c. : FG-]-GN-\-Nl Slc. : : AL : FM, 
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THEOREM XXIII. 

Similar polygons inscribed in circles are to each other as tki 
squares of the diameters of the circles. 

Let ABCDE, FGNIK, 
b? two polygons inscribed 
in the circles whose diam- 
eters are AL and FM: 
then will the polygon 
ABCDE, be to the poly- 
gon FGNIK as the square of AL to the square of FM. 

For, the polygons being similar, are to each other as tht 
squares of their like sides (Th. xxi) ; that is, as AB^ to jPGr* 

But, by the last theorem. 




AB i FG '. 
therefore (Bk III. Th. xiii). 



AL 



FM; 



A& 
consequently, 

ABODE 



FG"" 



FGNIK 



AU 



FW 



aV 



FM\ 



Sch. If any regular polygon, 
ABDEFGf be inscribed in a circle, 
and then the arcs AB, BE, &c., be 
bisected, and lines b^ drawn through 
these points of bisection, a new poly- 
gon will be formed having double the 
nunjber of sides. It is plain that this -^ B 

new polygon will differ less from the circle than the first 
polygon, and its sides will lie nearer the circumference than 
the sides of the first polygon. 

If now, we suppose the number of sides to be continually 
increased, the length of each side will constantly diminish 
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until filially the polygon will become 
equal to the circle, and the perimeter 
will coincide with the circumference. 
When this takes place, the line CH^ 
drawn perpendicular to one of the 
sides, will become equal to the radius 
of the circle. J^^ 





THEOREM XXIV. 

The circumferences of circles are to each other as their diameUrs , 

Let there be two circles 
whose diameters are AL 
and FM: then will their 
circumferences be to each 
other as AL to FM. 

For, suppose two similar polygons to be inscribed in the 
circles : their perimeters will be to each other as AL to FM 
(Th. xxii). 

Let us now suJ>pose the arcs which subtend the sides of the 
polygons to be bisected, and new polygons of double the num« 
her of sides to be formed : their perimeters will still be to 
each other as AL to FM, and if the number of sides be in- 
creased until the perimeters coincide with the circumference, 
we shall have the circumferences to each other as the diam- 
eters AL and FM, 



THEOREM XXV. 

The areas of circles are to each other as the squares of their 
diameters. 
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Let there be two circles 
«rhose diameters are AL 
and FM: then will their 
areas be to each other as 
the square of AL to the 
jquare of FM, 

For, suppose two similar polygons to be inscribed in . the 
circles : then will they be to each other as AI? to FM^ 
(Th. xxiii). 

Let us now suppose the number of sides of the polygons to 
be increased, by bisecting the arcs, until their perimeters 
shall coincide with the circumferences of the circles. The 
polygons will then become equal to the circles, and hence, the 
areas of the circles will be to each other as the squares of their 
diameters. 

Cor, Since the circumfei:pnces of circles are to each other 
%s their diameters (Th. xxiv), it follows, that the areas which 
ire proportional to the squares of the diameters, will also bo 
proportional to the squares of the circumferences, 

THEOREM XXVI. 

The area of a regular polygon inscribed in a circle^ is equal to 
half the product of the perimeter and the perpendicular let faU 
from the centre on one of the sides. 

Let C be the centre of a circle cir- 
cumscribing the regular polygon, and 
CD a perpendicular to one of its sides : 
then will its area be equal to half the 
product of CD by the perimeter. 

For, from C draw radii to the ver- 
tices of the angles, forming as many 
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equal triangles • as the polygon has 
sides, in .each of which the perpen- 
dicular on the base will be equal to 
CD. Now, the area of one of them, 
as ACB, will be equal to half the pro- 
duct of CD by the base AB ; and the 
same will be true for each of the other 
triangles : hence, the area of the poly- 
gon will be equal to half the product of CD by the perimeter 




THEOREM XXVII. 

The area of a circle is equal to half the product of the radius by 
tlie circumference. 

Let C be the centre of a circle : 
then will its area be equal to half the 
product of the radius ^ C by the cir- 
cumference ABE, 

For, inscribe within the circle a 
regular hexagon, and draw CD perpen- 
dicular to one of its sides. Then, 
the area of the polygon will be equal to half the product of 
CD multiplied by the perimeter (Th. xxvi). 

Let us now suppose the number of sides of the polygon to 
be increased, until the perimeter shall coincide with the cir- 
cumference ; the polygon will then become equal to the circle, 
and the perpendicular CD to the radius CA. Hence, the area 
of the circle will be equal to half the product of the radius by 
the circumference. 
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PROBLEMS 



RELATING TO THE FOURTH BOOK. 




PROBLEM I. 

To divide a line into any proposed number of equal parts* 

Let AB be the line, and let it be 
required to divide it into four equal 
parts. 

Draw any other line, A C, forming 
an angle with AB, and take any dis- 
tance, as ADy and lay it off four times on AC. Join C and B, 
and through the points D, E, and F, draw parallels to CB. 
These parallels to JBC will divide the line AB into parts prO' 
portional to the divisions on -AC (Th. xiii) : that is, into equal 
parts. 

PROBLEM II. 

To find a third proportional to two given lines. 

Let A and B be the given lines. 

Make AB equal to A^ and draw 
AC, making an angle with it. On 
AC lay off -AC equal to B, and join 
BC: then lay off AD, also equal to 
B, and through D draw DE parallel to BC : then will AE 
be the third proportional sought 

For, since DE is parallel to BC, we have (Th. xiii) 

AB : AC :. AD or AC : AE; 

therefore, AE is the third proportional sought 
10 
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PROBLEM III. 
To find a fourth proportional to the lines -A, 5, and C. 

Place two of the lines forming an 
angle with each other at A ; that is, 
make AB equal to A, and A C equal 
B ; also, lay off AD equal to C. 
Tlien join BC, and through D draw 

DE parallel to BC, and AE will be the fourth proportional 
sought. 

For, since DE is parallel to BC, we have 

AB : AC :: AD : AE ; 
therefore, AE is the fourth proportional sought. 

PROBLEM IV. 

To find a mean proportional between two given lines, A and B, 

Make AB equal to A, and 
BC equal to B : on AC de- 
scribe a semicircle. Through 
B draw BE perpendicular to 
AC, and it will be the mean proportional sought (Th. xviii. Cor). 

PROBLEM V. / ' 

To make a square which shall he equivalent to the sum of ttoo 
given squares. 
Let A and B be the sides of the 
given squares. 

Draw an indefinite line AB, and 
muke AB equal lo A. At B draw 
BC perpendicular to AB, and make 

BC equal to B ; then draw A C and the square described os\ 
" ^^o equivalent to the squares on A and B (Th. xii). 
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PROBLEM VI. 

To make a square tbhich shall be equivalent to the difference be 
tween two given squares. 

Let A and B be the sides of * i 1 

the given squares. ^ — .^^jg I B I 

Draw an indefinite line, and f j/\\ I 1 

make CB equal to A, and CD ^ C ' D^ . 

equal to J?. At D draw DE ^-^AJ 

perpendicular to CB, and with C as a centre, and CB as a 
radius, describe a semicircle meeting DE in JB, and join CE: 
then will the square described on ED be equal to the differ- 
ence between the given squares. 

For, CE is equal to CB, that is, equal to A, and CD is 
equal to B : and by (Th. xii. Cor.), 

Eff^cW-CD^. 

PROBLEM VII. 

To make a triangle which shall he equivalent to a given quad^ 
rilateral. 

Let AB CD be the given quadri- 
lateral. 

Draw the diagonal AC, and through 
D draw DE parallel to AC, meeting -^ A 
BA produced at JB. Join EC: then will the triangle CEB 
be equivalent to the quadrilateral BD. 

For, the two triangles ACE and ADC, having the same base 
AC, and the vertices of the angles D and E in the same line 
DE parallel to AC, are equivalent (Th. ii). If to each, we 
add ACB, we shall then have the triangle BOB equivalent to 
the quadrilateral BD (Ax. 2). 
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PROBLEM VIII. 
To make a triangle which shaU be equivalent to a given polygon. 

Let ABCDE be the polygon. 

Draw the diagonals -AD, BD, 
Produce AB in both directions, 
and through C and E draw CG 
and EF, respectively parallel to 
AD and BD : then join FD and 
DG, and the triangle FDG will be equivalent to the polygon 
ABCDE. 

For, the triangle AED is equivalent to the triangle AFD, 
and DBC to DBG (Th. ii) ; ^nd by adding ADB to the 
equals, we shall have the triangle FDG equivalent to the 
polygon ABCDE. 




PROBLEM IX. 

To make a rectangle that shall he equivalent to a given triangle 

Let ABC be the given triangle. 

Bisect the base AB at D, and draw 
Diy perpendicular to AB. Through C, 
the vertex of the triangle, draw CHG 
parallel to AB^ and draw BG perpen- 
dicular to it: then will the rectangle 
DG be equivalent to the triangle ABC. 

For, the triangle would be half a rectangle having the same 
base and altitude : hence, it is equivalent to J9G, whose bast 
is the half of AB^ and altitude equal to that of the triangle. 




BOOK IV. 



:i3 



Appendix. 




PROBLEM X. 
To inscribe a circle in a regular polygon. 

Bisect any two sides of the polygon 
by the perpendiculars GO, FO, 'and 
with their point of intersection O, as a 
centre, and OG as a radius describe 
the circumference of a circle — this 
circle will touch all the sides of the 
polygon. 

For, draw OA, Then in the two right angled triangles OA G 
and OAFj the side AO is common, and AG is equal to AF, 
since each is half of one of the equal sides of the polygon : 
hence, OG is equal to OF(Bk.I.Th. xix). In the same man- 
ner it may be shown that OH, OK and OL are all equal to 
each other : hence, a circle described with the centre O and 
radius OF will be inscribed in the polygon. 

Cor. Hence, also the lines OA, ON &c., drawn to the 
angles of the polygon are equal. 



APPENDIX 



OF THE REGULAR POLYGONS. 

1, In a regular polygon the angles are all equal to each 
other (Def. 3). If then, the sum of the inward angles of a 
regular polygon be divided by the number of angles, the quo- 
tient will be the value of one of the angles. 

But the sum of the inward angles is equal to tw ce as many 

right angles, wanting four, as the polygon has sides, and we 

shall find the value in degrees by simply placing 90*^ for the 

right angle. 

10* 
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2. Thus, for the sum of all the angles of an eqidlatera] 
triangle, we have 

6 X 90*^-4 X 90^=540'' -^360^ = 180* 
and for each angle 

180** -7-3=60**: 
Hence, each angle of an equilateral triangle, is equal to 60 
degrees. 

3. For the sum of all the angles of a square, we have 

8 X 90*'~4 X 90°=:720**-360°=360^ 
and for each of the angles 

360*^-4=90** 

4. For the sum of all the angles of a regular pentagon, W6 
have 

10 X 90**— 4 X 90*'=900**— 360**=540^ , 

and for each angle 

540*'-f-5=108'*. 

5. For the sum of all the angles of a regular hexagon, we 
have 

12 X 90**— 4 X 90**= 1080**— 360**=720^ 
and of each angle 

720**^6=120^ 

6. For the sum of the angles of a regular heptagon, we 
have 

14 X 90*'-4 x90*'=1260'*-360*»=900*»: 
and for one of the angles 

900**-r7=128'* 34'+. 

7. For the sum of the angles of a regular octagon, wo have 

16 X 90*^-4 X 90**=1440*» -360*'=1080** : 
mid for each angle 

1 080** -^ 8 =135'* 
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8. Since the sum of the angles about any point is equal to 
four right angles (Bk. I. Th. ii. Cor. 3), it may be observed that 
there are only three kinds of regular polygons, which can be 
arranged around any point, as C, so as exactly to fill up the 
space. These are, 



First, — Six equilateral triangles, in 
which each angle about C is equal to 
60®, and their sum to 

600X6=360. 




Second, — Four squares, in which 
each angle is equal to 90°, and their 
sum to 

90*^x4=360** 



C 



Third, — ^Three hexagons, in 
which each angle is equal to 
120, ani^ Vhe sum of the three 
to 

ao*'x3=36o^ 
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DEFINITIONS. 



1. A Straight line is perpendicular to a plane^ when it is per* 
pendicular to every straight line of the plane which it meets. 
The point at which the perpendicular meets the plane, is 
called \\iQfoot of the perpendicular. 

2. If a straight line is perpendicular to a plane, the plane 
is also said to be perpendicular to the line. 

3. A line is parallel to a plane when it will not meet that 
plane, to whatever distance both may be produced. Con- 
versely, the plane is then parallel to the line. 

4. Two planes are parallel to each other, when they will 
not meet, to whatever distance both are produced. 

5. If two planes are not parallel, they intersect each other 
in a line that is common to both planes : such line is called 
their common intersection, 

6. The space included between two planes is called a 
diedral angle: the planes are the faces of the angle, and 
their intersection the edge, A diedral angle is measured by 
two lines, one in each plane, and both perpendicular to the 
common intersection at the same point. 

This angle may be acute, obtuse, or a right angle. When 
it is a i-ight angle, the planes are said to be perpendicular to 
each other. 
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Let AB be a plane coinciding with 
tlie plane of the paper, and ECF a 
plane intersecting it in the line FH, 
Now, if from any point of the common 
intersection as C, we draw CD in the 
plane AB, and CE in the plane ECF, 
and both perpendicular to CF at C, 
then will the angle DCE measure the inclination between 
the two planes. 

It should be remembered that the line EC i^ directly over 
the line CD, 

Y. A polyedral angle is the angular 
space included between several planes 
meeting at the same point. 

Thus, the polyedral angle S is formed 
by the meeting of the planes ASB, 
BSC, CSD, DSA. 

8. The angle formed by three planes 
is called a triedral angle. 




THEOREM I. 

Two straight lines which intersect each other, lie in the sam» 
plane, and determine its position. 

Let AB and AC be two straight lines 
which intersect each other oi A. 

Through AB conceive a plane to be 
passed, and let this plane be turned 
around AB until it embraces the point 
C •• the plane will then contain the two 

lines AB, AC, and if it be turned either way it will depart 
from the point C, and consequently from the line AC. Hence. 
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the position of the plane is determined 
by the single condition of containing 
the twG straight lines AB, AC, 

Cor. 1. A triangle ABC, or three 
points A, Bj C, not in a straight line, 
determine the position of a plane. 

Cor, 2. Hence, also, two parallels 
ABy CD determine the position of a 
plane. For drawing EF, we see that 
the plane of the two straight lines AE, 
EF is that of the parallels AB, CD. 
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THEOREM II. 

A perpendicular ts the shortest line which can be drawn from 9 
point to a plane. 

Let A be a point above the plane 
DE, and AB a line drawn perpen- 
dicular to the plane : then will AB be 
shorter than, any oblique line A C. 

For, through B, the foot of the per- 
pendicular, draw BC to the point 
where the oblique line AC meets the 
plane. 

Now, since AB is perpendicular to 
the plane, the angle ABC will be a 

right angle (Def. 1.), and consequently less than the angle C: 
therefore, AB, opposite the angle C, will be les« than AC, 
opposite the angle B (Bk. I. Th. xi). 




^ 
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Cor, It is evident that if several lines be drawn from the 
point A to the plane, that those which are nearest the perpen- 
dicular ABy will be less than those more remote. 

Sch. The distance from a point to a plane is measured on 
the perpendicular ; hence, when the distance only is named, 
the shortest distance is always understood. 



THEOREM III. 

The common intersection of two planes is a straight Ime. 

Let the two planes AB, CD, cut 
each other. Join any two points E 
and F, in the common intersection, 
by the straight line EF, This line 
will lie wholly in the plane AB, and 
also wholly in the plane CD (Bk. I. 
Def. 7) ; therefore, it will be in both 
planes at once, and consequently, is 
their common intersection. 




THEOREM IV. 

A straight line which is perpendicular to two straight lines U 
their poirtt of intersection, will be perpendicular to the plarnt i/ 
those lines. 

Let the line PA be perpen- 
dicular to the two lilies AD, 
AB : then will it be perpendic- 
olar to rthe plane BC which con- 
tains them. 

For, if AP is not perpendicular 
to the plane BC, suppose a plane 
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to be drawn through A^ that shaU 
be perpendicular to AP, 

Now, every line drawn through 
A, and perpendicular to AP, 
will be a line of this last plane 
(Def. 1): hence, this last plane 
will contain the lines AB, AD, 
and consequently, a line which is perpendicular to two lines 
at the point of intersection, will be perpendicular to the plane 
of those lines. 




THEOREM T. 

If two straight lines are perpendicular to the same plane the^ 
will be parallel to each other. 

Let the two lines AB, CD, be 
perpendicular to the plane EF : 
then will they be parallel to each 
other. 

For, join B and D, the points 
in which the lines meet the 
plane EF. 

Then, because the lines AB, CD, are perpendicular to the 
plane EF, they will be perpendicular to the line BD (Def. 1). 
Now, if BA and D C are not parallel, they will meet at some 
point as : then, the triangle OBD would have two right 
angles, which is impossible (Bk. L Th. xviv Con 4). 

Cor. If two lines are parallel, and one. of th^m is perpen« 
dicular to a plane, the other will also. 1^^. ^(^rpendiiQulAr U> the 
lujne plane. 
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THEOREM VI. 
If two planes intersect each other at right angles^ and « line 
he drawn in one plane perpendicular to the common intersection , 
ikts line will be perpendicular to the other plane. 

Let the plane FE be perpen- 
dicular to ikfiV, and AP be drawn 
in the plane FE, and perpen- 
diculai to tbe common intersec- 
tion DE: then will AP be per- 
pendicular to the plane MN, 

For, in the plane MN draw 
CP perpendicular to the common 
intersection BE. Then, because the planes MN and FE are 
perpendicular to each other, the angle APC, which measures 
their inclination, will be a right angle (Def. 6). Therefore, 
the line AP is perpendicular to the two straight lines PC and 
PD ; hence, it is perpendicular to their plane MN (Th. iv). 

THEOREM VII. 

Jf one plane intersect another plane, the sum of the angles on 
the same side will be equal to two right angles. 

Let the plane GEF intersect 
the plane AB in the line FE : 
then will the sum of the two 
angles on the same side be equal 
to two right angles. 

For, from any point, as E, in 
the common intersection, draw 
tlia lines EG and DEC, one in each plane, and both perpen- 
dicular to the common intersection at E, Then, the line GE 
makes. Avith the line DEC, nvo angles, which together are 

n 
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equal to two right angles (Bk I. 
Th. ii): but these angles measure 
I lie inclination of the planes ; there- 
fore, the sum of the angles on the 
s.ime side, which two planes make 
will I each other, is equal to two 
riglit angles. 

Cor, In like manner it may be demonstrated, that planes 
which intersect each other have their vertical or opposite 
angles equal. 

THEOREM VIII. 

Two planes which are perpendicular to the same straight line art 
parallel to each other. 

Let the planes MN and PQ 
be perpendicular to the line AB: q 
then will they be parallel. 

For, if they can meet any 
where, let O be one of their 
their common points, and draw 
OB, in the plane PQ, and OA, 
in the plane MN. 

Now, since AB is perpendicular to both planes, it will 
be perpendicular to OB and OA (Def. 1) : hence, the triangle 
OAB will have two right angles, which is impossible (Bk. I. 
Th. xvii. Cor. 4) ; therefore, the planes can have no point, ai 
O, in common, and consequently, they are parallel (Def. 4). 
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If m plane cuts two parallel planes, the lines of intersection will 
be parallel. 
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Let the parallel planes MN and 
PA be intersected by the plane 
EH: then will the lines of inter- 
cctlon EFy GH, be parallel. 

For, if the lines EF, GH, were 
not parallel, they would meet each 
other if sufficiently produced, since 
they lie in the same plane. If this 
were so, the planes MN^ PA , would 
meet each other, and, consequently, could not be parallel 
which would be contrary to the supposition. 
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THEOREM X. 

If two lines are parallel to a third line, though not %n the sckmm 
plane with it, they will be parallel to each other. 

Let the lines AB and CD bo each 
parallel to the third line EF, though 
not in the same plane with it: then 
will they be parallel to each other. 

For, since EF and CD are parallel, 
lliey will lie in the same plane FC 
(Th. i. Cor. 2), and AB, EF will also 
lie in the plane EB. 

At any point, G, in the line EF, let GI and GH be drawn 
in the planes FC, BE, and each perpendicular to FE at G, 

Then, since the line EF is perpendicular to the lines GH 
GI, it will be perpendicular to the plane HGI (Th. iv). And 
since FE is perpendicular to the plane HGI, its parallels 
AB and DC will also be perpendicular to the same plane 
(Th. v). Hence, since the two lines AB, CD, are both per- 
pendicular to the plane HGI, they will be parallel to each other 
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THEOREM XI. 

If two angles^ not situated in the same plane, Jiave their side* 
parallel and lying in the same direction, the angles wiU ht 
equal. 

Let the angles ACE and BDF 
have the sides AC parallel to BD, 
and CE to DF: then will the angle 
ACE he equal to the angle BDF. 

For, make AC equal to BD, and 
CE equal to DF, and join AB, CD, 
End EF; also, draw AE, BF. 

Now since -4.C is equal and par- 
ellel to BD, the figure AD will be a 
parallelogram (Bk. I. Th. xxv); there- 
lore, AB is equal and parallel to CD. 

Again, since CE is equal and parallel to DF, CF will be 
a parallelogram, and EF will be equal and parallel to CD. 
Then, since AB and EF are both parallel to CD, they ^vill 
be parallel to each other (Th. x) ; and since they are each 
equal to CD, they will be equal to each other. Hence, the 
figure BAEF is a parallelogram (Bk. I. Th. xxv), and conse- 
quently, AE is equal to BF. Hence, the two triangles ACE 
and BDF have the three sides of the one equal to the three 
sides of the other, each to each, and therefore the angle A CE 
b equal to the angle BDF (Bk. 1. Th. viii). 




THEOREM XII. 



If two planes are parallel, a straight line which is perpendieuktr 
to the on* toUl also be perpendicular to the other. 
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Let MN and PQ be two par- 
allel planes, and let AB be per- 
pendicular to MN : then will it 
be perpendicular to PQ. 

For, draw any line, 5C, in the 
plane PQ^ and through the lines 
AB, BC, suppose the plane 
ABC to be drawn, intersecting 
the plane MN in the line AD : then, the intersection AD will 
be parallel to BC (Th. ix). But since AB is perpendicular 
to the plane NM, it will be perpendicular to the straight line 
AD, and consequently, to its parallel BC (Bk. I. Th. xii. Cor.) 

In like manner, AB might be proved perpendicular to any 
other line of the plane PQ, which should 'pass through B; 
hence, it is perpendicular to the plane (Def. 1). 

Cor, If from any point as IT, 
any oblique lines, as HJEJF, HDC, 
be drawn, the parallel planes will 
cut these lines proportionally. 

For, draw HAB perpendicular 
to the plane MN : then, by the 
theorem, it will also be perpendi- 
cular to P Q. Then draw AD, AE, 
BC, BF. Now, since AE, BF, 
are the intersections of the plane 
FEB, with the two parallel planes MN, PQ, they are paral- 
lel (Th. ix.) ; and so also are AD, BC 

Then, HA : HB : HE : HF, 
and ' EA \ HB : ED : J^C, 
hence, EE : EF : : ED : EC 
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DEFINITIONS. 



1 Erery solid bounded by planes is called KpaJyedrvn. 

2. The planes which bound a polyedron are called faecM, 
The straight lines in which the faces intersect each other, 
are called the edges of the polyedron, and the points at which 
the edges intersect, are called the vertices of the angles, or 
vertices of the polyedron. 

3. Two polyedrons are similar, when they are contained by 
the same number of similar planes, and have their polyedral 
angles equal, each to each. 

4 . A prism is a solid, whose ends 
are equal polygons, and whose side 
faces are parallelograms. 

Thus, the prism whose lower base 
is the pentagon ABCDE, terminates 
in an equal and parallel pentagon 
FGHIK, which is called the upper 
base. The side faces of the prism 
are the parallelograms DH, DK, EF, 
A G, and BH. These are called the conv^ix, or lateral surface 
>f the prism 
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5. The altitude of a prism is the distance between its upper 
and lower bases : that is, it is a line drawn from a point of the 
apper base, perpendicular, to the lower base. 



6, A right prism is one in which 
the edges AF, BG, EK, HC, and 
DI, are perpendicular to the bases. 
In the right prism, either of the per- 
pendicular edges is equal to the 
altitude. In the oblique prism the 
altitude is less than the edge. 




7. A prism whose base is a triangle, is called a triangulan' 
prisri ; if the base is a quadrangle, it is called a quadrangular 
prism ; if a pentagon, a pentagonal prism ;• if a hexagon m 
hexagonal prism ; &;c. 

8. A prism whose base is a parallelo- 
gram, and all of whose faces are also 
parallelograms, is called a parallelopipe- 
don. If all the faces are rectangles, it is 
called a rectangular parallelopipedon. 



9. If the faces of the rectangular par- 
allelopipedon are squares, the solid is 
called a cube: hence, the cube is a prism 
bounded by six equal squares 
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10. A pyramid is a solid, formed by- 
several triangles united at the same 
point S, and terminating in the differ- 
ent sides of a polygon ABCDE. 

The polygon ABCDE, is called the 
base of the pyramid ; the point S, is 
called the vertex, and the triangles 
ASB, BSC, CSD, DSE, and ESA, 
form its laleralj or convex surface. 




11. A pyramid whose base is a triangle, is culled a tnan' 
gtdar pyramid; if the base is a quadrangle, it is called a 
quadrangular pyramid ; if a pentagon, it is called a petagonal 
pyramid; if the base is a hexagon, it is called a hexagonal 
pyramid; &c. 



12. The altitude of a pyramid, is the 
perpendicular let fall from the yertex, 
upon the plane of the- base. Thus, 
SO is the altitude of the pyramid 
S'-ABCDE. 




13. When the base of a pyramid is a regular polygon, and 
he perpendicular SO passes through he middle point of the 
^ase, the pyramid is called a right pyramid, and the line 
^O is called the axis. 
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14. The slant height of a right 
pyramid, is a line drawn from the ver- 
tex, perpendicular to one of the sides 
of the polygon which forms its base. 
Thus, SF is the slant heign*. of the 
pyramid S— ABODE. 



15. If from the pyramid S— ABODE 
the pyramid S — abcde be cut off by a 
plane parallel to the base, the remain- 
ing solid, below the plane, is called 
the frustum of a pyramid. 

The altitude of a frustum is the per- 
pendicular distance between the upper 
and lower planes. 




16. A Oylinder is a solid, described by 
the revolution of a rectangle, AEFD, 
about a fixed side, EF, 

As the rectangle AEFD, turns around 
the side EF, like a door upon its hinges, 
the lines AE and FD describe circles, 
?tnd the line AD describes the convex sur- 
face of the cylinder. 

The circle described by the line AE, is called the 
base of the cylinder, and the circle described by DF, is 
the upper base. 







lower 
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The immovable line EF is called the axis of the cylinder 
A cylinder, therefore, is a round body with circular ends 



lY. If a plane be passed through the 
axis of a cylinder, it will intersect the cylin- 
der in a rectangle, PO^ which is double 
the revolving rectangle DE. 




y:^. 



^z^ 



18. If a cylinder be cut by a plane par- 
allel to the base, the section will be a cir- 
cle equal to the base. For, while the 
side FCj of the rectangle MC, describes 
the lower base, the equal side MP, will 
describe the circle MLKN, equal to the 
lower base. 




19. If a polygon be inscribed in the 
lower base of a cylinder, and a corres- 
ponding polygon be inscribed in the upper 
base, and their vertices be joined by 
straight lines, the prism thus formed is 
said to be inscribed in the cylinder. 
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20. A cone is a solid, described by 
the revolution of a right angled triangle, 
ABC, about one of its sides, CB, 

The circle described by the revolving 
side, AB, is called the base of the cone. 

The hypothenuse, AC, is called the 
slant height of the cone, and the surface 
described by it, is called the convex 
surface of the cone. 

The side of the triangle, CB, which remains fixed, is called 
the axis, or altitude of the cone, and the point C, the vertex 
of the cone. 

21. If a cone be cut by a plane par- 
allel to the base, the section will be a 
circle. For, while in the revolution of 
the right angled triangle SA C, the line 
CA describes the base of the cone, its 
parallel FG will describe a circle 
FKHI, parallel to the base. If from 
the cone iS—CD^, the cone S—FKH 
be taken away, the remaining part is 
called the frustum of the cone. 




22. If a polygon be inscribed 
in the base of a cone, and straigh* 
lines be drawn from its vertices 
10 the vertex of the cone, the pyra- 
mid thus formed is said to be in- 
scribed in the cone. Thus, the 
pyramid S—ABCD is inscribed in 
the cone. 
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23. Two cylinders are similar, when the diameters of their 
bases are proportional to their altitudes. 

24. Two cones are also similar, when the diameters of heir 
bases are proportional to their altitudes. 

25. A sphere is a solid terminated by a curved surface, all 
the points of which are equally distant from a certain pomt 
within called the centre. 



26. The sphere may be described 
hy revolving a semicircle, ABD, 
about the diameter AD. The plane 
will describe the solid sphere, and 
the semicircumference ABD will 
describe the surface. 




27. The radius of a sphere is a 
.ine drawn from the centre to any 
point of the circumference. Thus, 
CA is a radius. 




28. The diameter of a sphere is 
a line passing through the centre, 
and terminated by the circumfer- 
ence. Thus, AD is a dianr.eter. 
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29. All diameters of a sphere are equal to each other ; and 
each is double a radius. 

30. The axis of a sphere is any line about which it re« 
volves ; and the points at which the axis meets the surf»/^*. 

re called the poles. 



31. A plane is tangent to a sphere 
when it has but one point in com- 
mon with it. Thus, AB is a tan- 
gent plane, touching the sphere at B. 




32. A zone is a portion of the sur- 
face of a sphere, included between 
two parallel planes which form its 
bases. Thus, the part of the surface 
included between the planes AE 
and DF is a zone. The bases of 
this zone are the two circles whose 
diameters are AE and DF, 




33. One of the planes which 
bound a zone may become tangent 
to the sphere ; in which case the 
zone will have but one base. Thus, 
if one plane be tangent to the sphere 
Ait A, and another plane cut it in the 
circle DF, the zone included be- 
tween them, will have but one base. 
12 
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34. A spherical segment is a portion of the solid sphere in« 
eluded between two* parallel planes. These parallel planet 
are its bases. If one of the planes is tangent to the sphere* 
the segment will have but one base. 

35. The altitude of ^ zone or segment, is the distance be- 
tween the parallel planes which form its bases. 



THEOREM I. 

The convex surface of a right prism is equal to the perimeter nf 
its hose multiplied hy its altitude. 

Let ABCDE—K be a right 
prism : then will its convex surface 
be equal to 
{AB+BC+CD+DE+EA)xAF, 

For, the convex surface is equal 
to the sum of the rectangles AG^ 
BH, CI, DK, and EF, which com- 
pose it ; and the area of each rectan- 
gle is equal to the product of its base 
by its altitude. But the altitude of each rectangle is equal to 
the altitude of the prism : hence, their areas, that is, the con 
vex surface of the prism, is equal to 

{AB+BC+CD+DE+EA)xAF ; 

that is, equal to the perimeter of the base of the prism multi- 
plied by its altitude. 




THEOREM II. 

The convex surface of a cylinder is equal to the circumference of 
its base multiplied by its altitude. 
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Let DB be a cylinder, and AB the 
diameter of its base : the convex sur- 
face will then be equal to the altitude 
AD multiplied by the circumference 
of the base. 

For, suppose a regular prism to be 
inscribed within the cylinder. Then, 
the convex surface of the prism will be 
equal to the perimeter of the base mul- 
tiplied by the altitude (Th. i). But the altitude of the prism 
is the same as that of the cylinder ; and if we suppose the 
sides of the polygon, which forms the base of the prism, to 
be indefinitely increased, the polygon will become the circle 
(Bk.IV.Th. xxiii. Sch.), in which case, its perimeter will become 
the circumference, and the prism will coincide with the cylinder. 
But its convex surface is still equal to the perimeter of its base 
multiplied by its altitude : hence, the convex surface of a cylin- 
der is equal to the circumference of its base multiplied by its al- 
titude. 

THEOREM III. 

In every prism the sections formed hy planes parallel to the hast 
are equal polygons. 

Let AG be any prism, and IL a sec- 
tion made by a plane parallel to the 
base AC: then will the polygon IL 
be equal to AC. / 

For, the two planes AC, IL, being 
parallel, the lines AB, IK, in which 
they intersect the plane AF, will also ^ 
be parallel (Bk. V. Th. ix). For a 
like reason, BC and KL will be par- g- 
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allel; also, CD will be parallel to LM, 
and AD to IM. 

But, since AI and BK are parallel, 
the figure AK is a parallelogram: 
hence AB is equal to IK (Bk. I. 
Th. xxiii). In the same way it may be 
shown that BC is equal to XL, CD to 
LM, and AD to IM, 

But, since the sides of the polygon 
AC are respectively parallel to the 
sides of the polygon /L, it follows that their corresponding 
angles are equal (Bk. V. Th. xi), viz., the angle A to the angle 
/, the angle B to X, the angle C to L, and the angle Mio D; 
hence, the polygon IL is equal to AC. 

Sch, It was shown in Definition 1^, that the section of a 
cylinder, by a plane parallel to the base, is a circle equal to 
the base. 



s- 



THEOREM IV. 

If a pyramid he cut hi/ a plane parallel to the hose, 

I. The edges and altitude will he divided proportionally, 

II. The section will he a polygon similar to the hase. 
Let the pyramid S—ABCDE, of 

which SO is the altitude, be cut by the 
plane abode parallel to the base : then 
will, 

Sa : SA : : Sh : SB, 
and the same for the other edges ; and 
the polygon ahcde will be similar to the 
base ABCDE. 

^'-st. Since the planes ABC and ahc 
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are parallel, their intersections, AB, ah, by the plane SAB, 
will also be parallel (Bk. V. Th. ix) ; hence, the triajigles 
SAB^ sah, are similar, and we have 

'SA : Sa :: SB : Sb; 
for a similar reason, we have 

SB : . Sh : : SC : Sc; 

and the same for the other edges : hence, the edges SA, SB, 
SC, &c., are cut proportionally at the points a, b, c, <fec. 
The altitude SO is likewise cut proportionally at the point 
The altitude SO is hkewise cut in the same proportion at 
the point o ; for, since BO \s parallel to bo, we have 

SO : So : : SB : Sb. 

Secondly. Since ah is parallel to AB, be to BC, ed to CD, 
&c. ; the angle abc is equal to ^BC, the angle bed to BCD, 
and so on (Bk. V. Th. xi). 

Also, by reason of the similar triangles, SAB, Sab, we have 

AB : ab : SB : Sb, 

and by reason of the similar triangles SBC, Sbc, we have 

SB : Sb : : BC : be; 
hence (Bk III. Th. v), 

AB : ab :: BC, : be; 
ind for a similar reason, we also have 

BC : be : : CD : ed, &c. 

Hence, the polygons ABCDE, abcde, having their angles 
respectively equal, and their homologous sides proportional, 
are similar. 

13* 
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THEOREM V. 
If two pyramids^ having equal altitudes and their bases %n the 
tame plane, be intersected by planes parallel to the plane of the 
bases, the sections in each pyramid will be proportional to the bases 

Let S— ABC RE, and 
S — XYZ, be two pyra- 
mids, having a common 
vertex, and their bases sit- 
uated in the same plane. 
If these pyramids are cut 
by a plane parallel to the 
plane of their bases, giv- 
ing the sections abcde, 
xyz, then will the sections 
abcde, xyz, be to each other as the bases ABCDE, XYZ. 

For, the polygons ABCDE, abcde, being similar, their siur- 
faces are as the squares of the homologous sides ABy ah ; 

but AB : ab \ : SA : Sa; 

hence, ABCDE : abcde : : SA^ : So? 
For the same reason, 

XYZ : xyz :: SX^ : Si\ 
But since abc and xyz are in one plane, the lines SA, Sa, SX, 
Sx, are proportional to SO, So : (Bk. V. Th. xii. Cor.), therefore, 

SA : Sa :: SX : Sx: 
hence, ABCDE : abcde : : XYZ : xyz. 
consequently, the sections abcde, xyz, are to each other as the 
bases ABCDE, XYZ. 

Cor. If the bases ABCDE, XYZ, are equivalent, any sec- 
tions abcde, xyz, made at equal distances from the bases, will 
be also equivalent 
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THEOREM VI. 

The convex surfcuje of a right pyramid is equal to half the pro* 
duct of the perimeter of its hose multiplied hy the slant height. 

Let S— ABODE be a right pyra- 
mid, SF its slant height ; then will its 
convex surface be equal to half the 
product 

SFx{AB+BC+CD+DE+EA). 

For, since the pyramid is right, the 
point O, in which the axis meets the 
base, is the centre of the polygon 
ABCDE; hence, the lines OA, OB, 
&c. drawn to the vertices of the base, 
are equal (Bk. IV. prob. x. Cor). 

Now, in the right angled triangles SAO, SBO, the bases 
and perpendiculars are equal : hence, the hypothenuses are 
equal ; and in the same way it may be proved that all the 
edges of the pjnramid are equal. The triangles, therefore, 
which form the convex surface of the prism, are all equal to 
each other. 

But the area of either of these triangles, as SAB, is equal 
to half the product of the base AB, by the slant height of the 
pyramid SF : hence, the area of all the triangles, which form 
the convex surface of the pyramid, is equal to half the product 
of the perimeter of the base by the slant height. 




THEOREM VII. 



The convex s^irface of the frustum of a regular pyramid ts 
equal to half the sum of the perimeters of the upper and tower 
bases multiplied hy the slant height. 
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PROBLEM III. 
To find a fourth proportional to the lines A, B, and C 

Place two of the lines forming an 
angle with each other at A ; that is, 
make AB equal to A^ and A C equal 
B; also, lay off AD equal to C. 
Then join BC, and through D draw 

DE parallel to BC, and AE will be the fourth proportional 
sought. 

For, since DE is parallel to 5 C, we have 

AB : AC :: AD : AE; 
therefore, AE is the fourth proportional sought. 

PROBLEM IV. 

To find a mean proportional between two given lines, A and A 

Make AB equal to Ay and 
BC equal to 5; on AC de- 
vcribe a semicircle. Through 
B draw BE perpendicular to 
A C, and it will be the mean proportional sought (Th. xviii. Cor). 

PROBLEM v. I ' 

To make a square which shall be equivalent to the sum of turn 
given squares. 

Let A and B be the sides of the . . 

given squares. ^^^^ \ \ s I 




Draw an indefinite line AB, and x ^m, . . 

make AB equal to ^. At i? draw vi_l 

BC perpendicular to AB, and make L_4-J 

BC equal to B : then draw A C and the square described op 
A C will be equivalent to the squares on A and B (Th. xii). 
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PROBLEM VI. 

To make a square which shall be equivalent to the difference be 
txDcen two given sqitares. 

Let A and B be the sides of * i 1 

the giyen squares. ^ — ^^ K LBJ 

Draw an indefinite line, and 
make CB equal to A, and CD 
equal to B, At D draw DE 
perpendicular to CB, and with C as a centre, and CB as a 
radius, describe a semicircle meeting DE in E, and join C£.* 
then will the square described on ED be equal to the differ- 
ence between the given squares. 

For, CE is equal to C5, that is, equal to A, and CD is 
equal to B: and by (Th. xii. Cor.), 

eV^=ce^-^clP. 







PROBLEM VII. 

To make a triangle which shall he equivalent to a given qua^ 
rilateral, 

helABCD be the given quadri- 
lateral. 

Draw the diagonal A C, and through 
D draw DE parallel to AC, meeting -^ ^ 
BA produced at E. Join EC: then will the triangle CEB 
be equivalent to the quadrilateral BD, 

For, the two triangles ACE and ADC, having the same base 
AC, and the vertices of the angles D and E in the same line 
DE parallel to AC, are equivalent (Th. ii). If to each, we 
add ACB, we shall then have the triangle JffCB equivalent to 
the quadrilateral BD (Ax. 2). 
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Let a — ABCDE be the frustum of a 
regular p}T:araid : tlien will its convex 
surface be equal to half the product of 
the perimeter of its two bases multi- 
plied by the slant height Ff. 

For, since the upper base ahcde, is 
similar to the lower base ABCDE 
(Th. iv), and since ABCDE is a regular polygon, it follows 
that the sides a5, he, cd, de, and ea, are all equal to each other. 

Hence, the trapezoids EAae, ABba, &c., which form the 
convex surface of the frustum are equal. But the perpen- 
dicular distance between the parallel sides of these trapezoida 
is equal to Ef, the slant height of the frusrom. 

Kow, the area of either of the trapezoids, as AEea, is equal 
to half the product of Ffx (EA+ea) (Bk. IV. Th. x): hence, 
the area of all of them, that is, the convex surface of the 
frustum, is equal to half the sum of the perimeters <rf the 
upper and lower bases, multiplied by the slant height. 



THEOREM VIII. 

The convex surface of a cone is equal to half the product : t'kB 
circumference of the base multiplied by the slant heigh. 

In the circle which forms the base 
of the cone, inscribe a regular poly- 
goiij and join tke vertices with the 
vertex S, of the cone. We shall 
then have a right pyramid in- 
scribed ill the cone. 

Tho convex surface of this pyra^ 
mid will be equal to half the product 
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of the perimeter of the base by the 
slant height (Th. vi). 

Let us now suppose the number 
of sides of the polygon to be indefi- 
nitely increased: the polygon will 
then coincide with the base of the 
cone, the pyramid will become the 
cone, and the line Sf, which meas- 
ures the slant height of the pyramid, 
will then measure the slant height 
of the cone. 

Hence, the convex surface of the cone is equal to half the 
product of the slant height by the circumference of the biuse. 




THEOREM IX. 

The convex surface of the frustum of a cone is equal te half 
the sum of the circumferences of its two bases multiplied by the 
slant height. 

For, if we suppose the frustum of 
a right pyramid to be inscribed in 
die frustum of a cone, its convex 
surface will be equal to half the pro- 
duct of its slant height by the perim- 
eters of its two bases. But if we 
increase the number of sides of the 

polygon indefinitely, the frustum of the pyramid will become 
the frustum of the cone : hence, the area of the frustum of thft 
cone is equal to half the sum of the circumferences of its twd 
baseg multiplied by the slant height. 
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THEOREM X. 

Two rectangular parallelopipedons, having equal altitudes and 
equal bases, are equal. 

Let E — ABCD, and F — KG HI, be two rectangular par 
all^lopipedons having equal jf;_ 



bases, A C and KH, and equal 
altitudes, AE and KF: then 
will they be equal. 

For, apply the base of the 
one parallelopipedon to that 



T 



\ 



G 



H 



of the other, and since the bases are equal, they will coincide 
Again, since the edges are perpendicular to the bases, the 
edges of the one parallelopipedon will coincide with those of 
the other; and since the altitude AE is equal to KF, the 
planes of the upper bases will coincide. Hence, the paral- 
lelopipedons will coincide, and consequently they are equal. 



THEOREM XI. 



Two rectangular parallelopipedons, which have the same bas0^ are 
to each other as their altitudes. 



Let the parallelopipedons AG, AL, 
have the same base BD, then will they 
be to each other as their altitudes AE 
AL 

Suppose the altitudes AE, AI, to 
be to each other as two whole num- 
bers, as 15 is to 8, for example. Di- 
vide AE into 15 equal parts, whereof 
Al will contain 8; and through x,y,^, 
&c., the points of division, draw planes 
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parallel to the base. These planes 
will cut the solid AG into 15 partial 
parallelopipedons, all equal to each 
other, because they have equal bases 
and equal altitudes — equal bases, since 
every section, IL, made parallel to 
the base BD^ of a prism, is equal 
to that base ; equal altitudes, because 
the altitudes are the equal divisions Ax^ 
ay, yz^ &c. But of these 15 equal par- 
allelopipedons, 8 are contained in AL; 
hence, solid AG : solid AL : : 
or generally, 

solid AG : solid AL : : 



\ 
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AE 



AL 



THEOREM XII. 



Two regular parcdlelopipedons, having the same altitude, are U 
each other as their bases. 



Let the parallelopipe- 
dons AG, AK, have the 
same altitude AE; then 
will they be to each 
other as their bases AC, 
AN. 

Having placed the two 
•olids by the side of each 
other, as the figure re- 
presents, produce the 
plane ONKL until it 
meets the plane DCGH 
in PQ; you will thus 
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have a third parallelo- 
pipedon AQ, which may 
be compared with each 
of the parallelopipedons 
AG.AK. The two sol- 
ids AG,AQ^ having the 
same base AEHD, are 
to each other as their 
altitudes AB, AO ; in 
like manner, the two 
solids AQ AK, having 
the same base AOLE, 
are to each other as their 
altitudes AD, AM. 

Hence, we have the two proportions, 

solid AG : solid AQ : : AB : AO, 

solid AQ : solid AK : : AD : AM. 

Multiplying together the corresponding terms of these pro* 

portions, and omitting the common multiplier solid A Q, we have 

solid AG : solid AK : : ABxAD : AOxAM. 
But ABx AD represents the base ABCD ; and AOxAM 
represents the base AMNO: hence, two rectangular parallel- 
opipedons of the same altitude are to each other as their bases. 

THEOREM XIII. 

Any ttDO rectangular parallelopidedons are to each other as the 
products of their three dimensions. 

For, having placed the two solids AG,AZ, (see next figure) 
so that their surface have the common angle BAE, produce 
the planes necessary for completing the third parallelopipedof 
AK, having the same altitude with the parallelopipedon AG. 
By the last proposition we shall have the proportion, 
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solid AG 



solid AK 



ABCD, 



AMNO 




But the two paral- 
lelopipedons AK, AZ, 
having the same base 
AMNO, are to each 
other as their altitudes 
AE, AX; hence, we 
have 



solid AK : solid AZ : : AE : AX. 

Multiplying together the corresponding terms of these pro- 
portions, and omitting in the result the common multiplier 
solid AK, we shall have 

solid AG : solid AZ : : ABCDxAE ; AMNO X AX. 

Instead of ihe bases ABCD and ^Jlfi^O, put ABxAD 
and AOxAM, and we have 

solid AG : solid AZ •: ABxADxAE : AOxAMxAX. 

Honce, any two rectangular parallelopipedons are to each 
other as the product of their three dimensions. 

Sch. We are consequently authorized to assume, as the 
measure of a rectangular parallelopipedon, the product of its 
three dimensions. 

In order to comprehend the nature of this measurement, it 
is necessary to reflect, that the numbet of linear units in onif 



146 



GEOMETRY. 



Of Parallelopipedons. 



dimension of the base multiplied by the number of linear unita 
of the other dimension of the base, will give the number of 
superficial units in the base of the parallelopipedon (Bk. IV 
Th. vi. Sch), For each unit in height, there are endently ai 
many nolid units as there are superficial units in the ba%e. 
Therefore, the product of the number of superficial units :n th« 
laso multiplied by the number of linear units in the altitude 
is the number of solid units in the parallelopipedon. 

If the three dimensions of another parallelopipedon are valued 
according to the same linear unit, and multiplied together in 
the same manner, the two products will be to each other as 
the solids, and will serve to express their relative magnitude 

Lot us illustrate this by an example. 

Let ABCD be the base of a 
parallelopipedon, and suppose 
AB=4r feet, and 5C=3 feet. 
Then the number of square feet 
in the base ABCD will be equal 
to 3x4 = 12 square feet 

Therefore, 12 equal cubes of 1 
foot each, may be placed by the 
side of each other on the base. If the parallelopipedon be 1 
foot in height, it will contain 12 cubic feet ; were it 2 feet in 
height, it would contain two tiers of cubes, or 24 cubic feet ; 
were it 3 feet in height, it would contain three tiers of cubes, 
or 36 cubic feet. 

Ths magnitude of a solid, its volume or extent, forms whaJ 
^s called its solidity ; and this word is exclusively "employed 
to designate the measure of a solid ; thus, we say the solidity 
of a rectangular parallelopipedon is equal to the product of it? 
base by its altitude, or to the product of its throe dimensions 
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As the cube has all its three dimensions equal, if. the side 
in 1, the solidity will be 1 x 1 Xl = l ; if the side is 2, the 
soli iity will be 2x2x2=8; if the side is 3, the solidity 
will be 3x3x3=27; and so on: hence, if the sides of a 
scries of cubes are to each other as the numbers 1, 2, 3, &c. 
the cubes themselves, or their solidities, will be as the num- 
bers 1, 8, 27, &c. Hence it is, that in arithmetic, the cube of 
a number is' the name given to a product which results from 
three factors, each equal to this number. 

THEOREM XIV. 

If a parallelopipedon, a prisniy and a cylinder^ have equivaleni 
bases and equal altitudes^ they «.t7/ be equivalent. 

Let F—ABCD, be a parallelopipedon ; F— -ABODE, a 
prism ; and D — ABC, a cylinder, having equivalent bases 
and equal altitudes : then will they be equivalent. 

F 
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For, since their bases are equivalent they will contain the 
same number of units of surface (Bk. IV. Def 9). Now, 
for each uni^ of height there will be one tier of equal cubes 
in each Cv»i'a, and since the altitudes are equal, the number of 
tiers in each solid will be equal : hence, the solidities will be 
equal, and therefore the solids will be equivalent. 

Cor. Hence, we conclude, that the solidity of a prism oi 
cylinder is equal to the area of its base multiplied by i 
altitude. 
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THEOREM XV. 

Two triangular pyramids, having equivalent bases and equal 
cdtitudeSt are equivalent, or^equal in solidity. 





Let their equivalent bases, ABC, abc, be situated in the 
Bamo plane, and let AT he their common altitude. If they 
are not equivalent, let jS — abc be the smaller ; and suppose 
Aa to be the altitude of a prism, which, having ABC for its 
base, is equal to their difference. 

Divide the altitude A T into equal parts Ax, xy, yz, <fec., 
©ach less than Aa, and let k be one of those parts : through 
iho points of division pass planes parallel to the plane of the 
bases : the corresponding sections formed by these planes in 
the two pjTamids will be respec tively equivalent, namely 
l)EF to ifc/, GHI to gU, &c. (Th. r. Cor.) 
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This being granted, upon the triangles ABC, DEF, GHl, 
&c., taken as bases, construct exterior prisms having foi 
edges the parts AD, DG, GR, &c., of the edge SA ; in like 
manner, on bases def, ghi, klm, &c., in the second p)rramid, 
construct interior prisms, having for edges the corresponding 
parts of Sa. It is plain that the sum of the exterior prisms of 
the pyramid jS — ABC will be greater than the pyramid; while 
the sum of the interior prisms of the pyramid 5^ — <ibc, will be 
less than the pyramid. Hence, the difference between these 
sums will be greater than the difference between the pyramids. 

Now, beginning with the bases ABC, abc, the second ex- 
terior prism UFJ) — G is equivalent to the first interior prism 
efd — a, because they have the same altitude A, and their bases 
DEF, def, are equivalent ; for like reasons, the third exterior 
prism JIIG — K, and the second interior prism hig — d, are 
equivalent ; the fourth exterior and the third interior ; and so 
on, to the last of each series. Hence, all the exterior prisms 
of the pyramid iS — ABC, excepting the first prism BOA — J9, 
have equivalent corresponding ones in the interior prisms oi 
the pyramid iS — abc: hence, the prism BCA — D is the differ- 
fipce between the sum of all .the exterior prisms of the pyramid 
S — ABC, and of the interior prisms of the pyramid S — abc 
But this difference has already been proved to be greater than 
that of the two pyramids : which, by supposition, differ by 
the prism a — ABC: hence, the prism BCA — D, must be 
greater than the prism a — ABC. But in reality it is less, for 
they have the same base ABC, and the altitude Ax, of the 
first, is less than Aa, the altitude of the second. Hence, the 
supposed inequality between the two pyramids cannot exist; 
hence, the two pyramids; /S — ABC, S — abc, having equal al- 
titudes and equivalent bases, are themselves equivalent. 
13* 
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THEOREM XVI. 

Every triangular pyramid is a third part of a trtapgular prtsm 
which has an equal base and the same altitude. 

Let F—ABC be a trian- 
gular pyramid, AB C — DEF 
a triangular prism of the 
$&mo base and the same al- 
titude : the pyramid will be 
equal to a third of the prism. 

Cut off the pyramid F — 
ABC from the prism, by the 
plane FAC ; there will re- 
main the solid F—ACDE, 
which may be considered 
as a quadrangular pyramid, whose vertex is F, and whose 
base is the parallelogram ACDE. Draw the diagonal CE, 
and pass the plane FCE, which will cut the quadrangular 
pyramid into two triangular ones, F-ACE, F-CDE. These 
two triangular pyramids have for their common altitude the 
perpendicular let fall from F oir the plane ACDE; and 
their bases are also equal, being halves of the parallelogram 
AD: hence, the pyramid F-ACE, and the pyramid F-CDE^ 
axe equivalent (Th. xv). 

But the pjnramid F — CDE, and the p3n:amid F — ABC, have 
equal bases, ABC, DEF; they have also the same altitude, 
namely, the distance between the parallel planes ABC, DEF, 
hence, the two pyramids are equivalent. Now, the pyramid 
F — CDE has already been proved equivalent to F — ACE ; 
hence, the three pyramids F~ABC, F—CDE, F—ACE, 
which compose the prism ABC — DEF are all equivalent 
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Hence, the pyramid F — ABC is the third part of the prism 
ABC — DEF, which has an equal base and the same altitude. 
Cor. The solidity of a triangular pyramid is equal to a third 
part of the product of its base by its altitude. 

THEOREM XVII. 

The solidity of every pyramid is equal to the base multiplied by 
a third of the altitude. 

Let S—ABCDE be a pyramid. 

Pass the planes SEB, SEC through 
tie diagonals EB, EC ; the polygonal 
pyramid <S — ABCDE will be divided 
into several triangular pyramids all 
having the same altitude SO. But 
each of these pyramvis is measured by 
multiplying its base ABE, BCE, or 
CDEy by the third part of its altitude 
SO (Th. xvi. Cor.); hence the sum 
of these triangular pyramids, or the polygonal pyramid 
S — ABCDE, will be measured by the sum of the triangles 
ABE, BCE, CDE, or the polygon ABCDE, multiplied by 
one third o^ SO. 

Cor. 1. Every pyramid is the third part of the prism which 
has the same base and the same altitude. 

Cor. 2. Two pyramids having the same altitude, are to 
each other as their bases. 

Cor. 3. Two pyramids having equivalent bases, are to each 
other as their altitudes. 

Cor. 4. Pyramids are to each other as the products of theu 
bases by their altitudes 




152 



GEOMETRY. 



Solidity of the Cone. 




right pyramid, having 
The solidity of this 



THEOREM XYIII. 

The solidity of a cone is equal to one third of the product iff tht 

base multiplied by the altitude. 

Let ABODE be the base, iS the 
vertex, and SO the altitude of the 
cone : then will- its solidity be equal 
to one third the product of its base 
by its altitude SO, 

Inscribe in the base of the cone 
any regular polygon, ABODE, and 
join the vertices A, B, C, &c., with 
the vertex <S, of the cone ; then will 
there be inscribed in the cone a 
for its base the polygon ABODE. 
pyramid is equal to one third of tlip lAse multiplied by the 
altitude (Th. xvii). 

Let now, the number of sides of the polygon be indefinitely 
increased : the polygon will then become equal to the circle, 
and the pyramid and cone will coincide and become equal. 
But the solidity of the pyramid will still be equal to one third 
of the product of the base multiplied by the altitude, whatever 
be the number of sides of the polygon which forms its base ; 
hence, the solidity of the cone is equal to one third of the 
product of its base multiplied by its altitude. 

Cor. 1. A cone is the third part of a cylinder havmg the 
same base and the same altitude ; whence it follows : 

Ist, That cones of equal altitudes are to each other as their 
bases. 

2nd, That cones of eaual bases are to each other as the> 
altitudes. 
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Cor, 2. The solidity of a cone is equivalent to the solidity 
of a pyramid having an equivalent base and the same altitude 

THEOREM XIX. 

SimUar prisms are to each other as the cubes of their homologous 



edges. 



Let ABC—D, EFG-^H be 
similar prisms: then we shall /^^ 
have V d/ 





A. 
^ / 

F 6 



K2 _ 

solid AD : solid EH : : AB^ : EF^; 

or solid AD : solid EH : i C& : HG^; 

or, the solids will be to each other as the cubes of any other 
of their homologous edges. 

For, the solids are to each other as the products of their 
bases and altitudes (Th. xiv. Cor.), tha* is, 

solid ABC'D : solid EFG^H : : ABCx CD : EFGxGH. 

But the bases being similar polygons are to each other as tho 
squares of their like sides (Bk. IV. Th. xxi) ; that is, 

ABC : EFG : : AB^ : JBF, 
therefore, * 
solid ABC-D : solid EFG-H : • IS^xCD : EPxf 
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But since the solids are simi- 
lar, the parallelograms BD and 
FHsxc similar (Def. 3) : hence, 
CD and GH are proportional to 
BC and FG, and consequently 
to AB and EF: hence, we have. 



<h 





s 



solid ABC^D : solid EFG^H : : aS^xAB : EF^xEF. 
that is, 

solid ABC-D : solid EFG-H : : AB^ : EP; 

and in a similar manner it may be shown that the solids 
are to each other as the cubes of any other homologous edges. 

Cor. Since cylinders are to each other as the product ol 
their bases and altitudes (Th. xiv. Cor.), it follows that similar 
cylinders are to each other as the cubes of the linear dimcn* 
fions. 

THEOREM XX. 

Every section of a sphere^ made hy a plane, is a circle* 

Let AMB be a section, made by 
a plane, in the sphere whose cen- 
tre is C. 

From iho centre C draw CO, 
perpentlicular to the plane AMB, 
and also Jrtiw iho lines CA^ CM^ 
^c., to the poiTit*4 of the curve 
jiMBi which teTiiiinate the «ec- 
03f. (fee. 




I 
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Then, since CO is perdendic- 
ular to the plane AMB, the an- 
gles COA, COM &c., will be 
right angles, and since the radii 
of the sphere are all equal, the 
right angled triangles CAO, COM, 
&c., will have the hypothenuses 
equal, and the side CO common : 
hence, the remaining sides will be equal (Bk. I. Th. xix). 
Therefore, all lines drawn from O to any point of the curve 
AMB are equal : hence AMB is a circle. 

Cor. 1. If the section passes through the centre of the 
sphere, its radius will be the radius of the sphere : hence, all 
great circles are equal. 

Cor. 2. Two great circles always bisect each other ; for 
their common intersection, passing through the centre, is a 
diameter. 

Cor. 3. Every great circle divides the sphere and its sur- 
face into two equal parts : for, if the two hemispheres were 
separated and afterwards placed on the common base, with' 
their convexities turned the same way, the two surfaces would 
exactly coincide, no point of the one being nearer the centre 
than any point of the other. 

Cor. 4. The centre of a small circle, and that of the sphere, 
are in the same straight line, perpendicular to the plane of the 
email circle. 

Cor. 5. Small circles are the less the farther they V 
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the centre of the sphere ; for the greater CO is, the less is 
the chord AB, the diameter of the smaD circle AMB. 



THEOREM XXI. 

Ewery plane perpendicular to a radius at its extremity t/toA- 
gent to the sphere. 

Let FAG be a plane perpen- 
dicular to the radius OA, at its 
extremity A, Any point M, in 
this plane, being assumed, and 
OM, AM, being drawn, the an- 
gle 0AM will be a right angle, 
and hence, the distance OM will 
be greater than OA. Hence, 
the point M lies without the sphere ; and as the same can be 
shown for every other point of the plane FAG, this plane can 
have no point but A common to it and the surface of the 
sphere ; hence it is a tangent plane (Def. ^1). 

Sch, In the same way it may be shown, that two spheres 
have but one point in common, and therefore touch each 
other, when the distance between their centres is equal to the 
smn, or the difference of their radii; in either case, the 
centres and the point of contact lie in the same straight line. 

THEOREM XXII. 

If a regular semi-polygon he revolved about a line passing 
through the centre and the vertices of two opposite angles^ thi 
surface described by its perimeter wUl be equal to the axis muUg 
plied by the circumference of the inscribed circle. 
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Suppose the regular semi-polygon 
ABCDE to be revolved about the line 
AF as an axis : then will the surface 
described by its perimeter be equal to 
AF multiplied by the circumference of 
the inscribed circle. 

From E and D, the extremities of 
one of the equal sides, let fall the per- 
pendiculars EH J DI, on the axis AF^ 
and from the centre O, draw ON per- 
pendicular to the side DE: ON will then be the radius of the 
inscribed circle (Bk. IV. Prob. x). 

Let us first find the measure of the surface described by 
one of the equal sides, as DE, 

From N, the middle point of DEj draw NM perpendicular 
to the axis AF, and through E^ draw EK, parallel to it, meet- 
ing MN in S. 

Then, since EN^ is half of ED, NS will be half of DK 
(Bk. IV. Th. xiii) : and hence, NM is equal to half the sum 
of EH+DL 

But, since the circumferences of circles are to each other as 
their diameters (Bk. IV. Th. xxiv), or as their radii, the 
halves of the diameters, we shall have the circumference de- 
scribed by the point N, equal to half the sum of the circum- 
ferences described by the points D and E. 

But in the revolution of the polygon the line ED c^escribos 
the surface of the frustum of a cone, the measure of which is 
equal to DE multiplied into half the sum of the circumfe- 
rences of the two bases (Th. ix) ; that is, equal to DE into 

the circumference described by the point N 
14 
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But, the triangle ENS is similar to 
Sirr (Bk- IV. Th. xviii), and also to 
EDK^ and since TNS is similar to 
ONM, it follows that EDK and ONM 
are similar ; hence, 



ED : EK or HI :: ON : NM, 

or ED : HI : : circumference ON : circumference MN. 

consequently, 

ED X circumference MN= HI x arcunference ON^ 

that is, ED miiltiplied into the circumference of the circle de« 
scribed with the radius NM, is equal to HI into the circum- 
ference of the circle described with the radius ON But the 
former is equal to the surface described by the line ED in the 
revolution of the polygon about the axis AF; hence, the latter 
is equal to the same area ; and since the same may be shown 
for each of the other sides, it is plain that the surface des- 
cribed by the entire perimeter is equal to 

{FH+HI+IP+PQ+QA)xcir'f ON=AFxcir'f ON 

Car. The surface described by any portion of the perim- 
eter, as EDCj is equal to the distance between the two per- 
pendiculars let fall from its extremities, on the axis, multiplied 
by the circumference of the inscribed circle. For, the sur- 
face described by D^ is equal to if/ x circumference ON. 
and the surfi^e described by DC is equal to /Pxcircumfe- 



BOOK VI. 



159 



Of the Sphere. 



rence ON: hence, the surface described by EZ)H-i)C, is equal 
to (fZ74-/P)x circumference OiV, or equal to //Pxciicum- 
Terence ON, 




THEOREM XXIII. 

The surface of a sphere is equal to the product of its diameter 
hy the circumference of a great circle. 

Let ABODE be a semicircle. In- 
scribe in it any regular semi-polygon, 
and from the centre O draw OF per- 
pendicular to one of the sides. 

Let the semicircle and the semi- 
polygon be revolved about the axis 
AE: the semicircumference ABODE 
will describe the surface of a sphere 
(Def. 26) ; and the perimeter of the 
semi-polygon will describe a surface 
which has for its measure AEx cir- 
cumference OF (Th. xxii) ; and this will be true whatever be 
the number of sides of the polygon. But if the number of 
sides of the polygon be indefinitely increased, its perimeter 
will coincide with the circumference ABODE, the perpen- 
dicular OF will become equal to OE, and the surface de- 
scribed by the perimeter of the semi-polygon will then be the 
same as that described by the semicircumference ABODE. 
Hence, the surface of the sphere is equal to AE X circum- 
ference OE. 

Cor, Since the area: of a great circle is equal to the product 
of its circumference by half the radius, or by one-fourth of 
the diameter (Bk. IV. Th. xxvii), it follows that the surface 
of a sphere is equal to four of its great circles. 
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THEOREM XZIT. 

The sufface of a zone is eqiuU to its altitude multiplied 5jf 
the circumference ofttgreiU circle. 

For, the surface described by any 
portion of the perimeter of the in- 
scribed polygon, as jBC+ CD is equal 
to JS//X circumference OF (Th. xxii. 
Cor). But when the number of sides 
of the polygon is indefinitely increased, 
BC+CD, becomes the arc BCD, OF 
becomes equal to OA, and the surface 
described by BC+CD, becomes the 
surface of the zone described by the 
arc BCD: hence, the surface of the 
lone is equal to J?i/x circumference 
OA. 

Sch. 1. When the zone has but one base, as the zone d^^ 
scribed by the arc ABCD, its surface will still be equal to 
the altitude AE multiplied by the circimiference of a great 
circle. 

Sch. 2. Two zones taken m the same sphere, or in equal 
spheres, are to each other as their altitudes ; and any zone is 
to the surface of the sphere as the altitude of the zone is to 
the diameter of the sphere. 




THEOREM XZV. 

The solidity of a sphere is equal to one third of the product of 
the surface multiplied by the radius. 
i?^« -"^nceive a polyedron to be inscribed in the sphere* 
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This polyedron may be considered as formed of p3nramids, each 
liaving for its vertex the centre of the sphere, and for its base 
one of the faces of the polyedron. Now, the solidity of each 
p}Tramid, will be equal to one third of the product of its base 
by its altitude (Th. xvii). 

But if we suppose the faces of the polyedron to be continu* 
ally diminished, and consequently, the number of the pyra- 
mids to be constantly increased, the polyedron will finally 
become the sphere, and the bases of all the pyramids will 
become the surface of the sphere. When this takes place, 
the solidities of the pyramids will still be equal to one third 
the product of the bases by the common altitude, which will 
then be equal to the radius of the sphere. 

Hence, the solidity of a sphere is equal to one third of the 
product of the surface by the radius. 



THEOREM XXVI. 

The surface of a sphere is equal to the convex surface of tha 
circumscribing cylinder ; and the solidity of the sphere is two 
thirds the solidity of the circumscribing cylinder. ^ 

Let MPNQ be a great circle of 
the sphere; ABCD the circum- 
scribing square : if the semicircle 
PMQ, and the half square PADQ, 
are at the same time made to re- 
vohe about the diameter PQ, the 
semicircle will describe the sphere, 
while the half square will describe 
the cylinder circumscribed about 
(hat sphere. 

The altitude AD, of the cylinder, is equal to the diametei 
14» 
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PQ; the base of the cylinder is 
equal to the great circle, since its 
diameter AB is equal MN; hence, 
the convex surface of the cylin- 
der is equal to the circumference 
of the great circle multiplied by 
its diameter (Th. ii). This meas- 
ure is the same as that of the sur- 
face of the sphere (Th. xxiii) ; 
hence, the surface of the sphere is equal to the convex sur- 
face of the circumscribing cylinder. 

In the next place, since the base of the circumscribing 
cylinder is equal to a great circle, and its altitude to the di- 
ameter, the solidity of the cylinder will be equal to a great 
circle multiplied by a diameter (Th. xiv. Cor). But the so- 
lidity of the sphere is equal to its surface multiplied by a third 
of its radius ; and since the surface is equal to four great 
circles (Th. xxiii. Cor.), the solidity is equal to four great cir- 
cJes multiplied by a third of the radius ; in other words, to 
one great circle multiplied by four-thirds of the radius, or 
by two-thirds of the diameter; hence, the sphere is two-thirds 
of the circumscribir.g cylinder. 
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APPENDIX 
OF TUB FIVE REGULAR POLYEDR0N8. 

A rtgnlar polyedron, is one whose faces are all equal poly- 
gons, and whose polycdral angles are equal. There are five 
such solids. 

1 . The Tetraedron, or equilateral pyramid, is a soUd bounded 
by four equal \riangles. 




• 2. The hexaedron or cube, is a solid, bounded by six equal 
squares. 




3. The octaedron, is a soUd, bounded by eight equal equi- 
lateral triangles. 
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4. The dodecaedroUf is a solid bounded by twelve equal 
pentagons. 



c 



^. 




\.^j' 



5. The icosaedron^ is a solid, bounded by twenty eqwu 
equilateral triangles. • 



6. The regular solids may easily be made of pasteboard. 

Draw the figures of the regular solids accurately on paste- 
board, and then cut through the bounding lines : this will give 
figures of pasteboard similar to the diagrams. Then, cut 
the other lines half through the pasteboard, after which, turn 
up the parts, and glue them together, and you will form tht 
bodies which have been described. 
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INTRODUCTION. 
SECTION I. 

Of L00ARITHX8. 



1. The loffarUkm cf a nwrnher is the exponent cf the power 
to wMeh it is neeenary to raise a fixed number^ in order I0 
produce the first number. 

This fixed number is called the base of the Bystem, and m«j 
be any number except 1 : in the common system 10 is assumed 
as the base. 

2. If we form those powers of 10, which are denoted by entire 
axponents, we shall have 

10®=1 10^ = 10 , 10' = 1000 

10* = 100 , 10* = iOOOO, «kc. «kc. 
From the above table, it is plain, that 0, 1, 2, 8, 4, d^c, are re- 
spectively the logarithms of 1, 10, 100, 1000, 10000, <fec.; we 
also see that the logarithm of any number between 1 and 10 is 
(greater than and less than 1 : thus 
Log 2 = 0.301030 
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The logaritlim of any number greater than 10, and less than 
100, is greater than 1 and less than 2 : thus 
Log 60 = 1.698970 

The logarithm of any number greater tham 100, and less than 
1000, i" greater than 2 and less than 3 : thus 
Log 126 = 2.100371, &c. 

If the above principles be extended to other numbers, it will 
appear, that the logarithm of any number, not an exact power 
of ten, is made up of two parts, an entire and a decimal part 
The entire part is called the characteristic of the logarithm^ 
and is always one less than the number of places of figures in the 
given number. 

3. The principal use of logarithms, is to abridge numerical 
cx)mputations. 

Let M denote any number, and let its logarithm be denoted 
by m ; also let JN^ denote a second number whose logarithm is 
n ; then from the definition we shall have 

10"= M (1) lO" = JSr (2) 

Multiplying equations (1) and (2), member by member, we 
have 

lo"*' = MxN or, m+n = log MxN: hence. 

The sum of the logarithms of any two numbers w equal to 
the logarithm of their product. 

Dividing equation (1) by equation (2), member by member, 
we have 

10 = — or, m — n = log -^r hence. 

The logarithm of the quotient of two numbers^ is equal to thh 
logarithm of the dividend diminished hy the logarithm of 'hM 
divisor. 
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4. Since the logarithm of 10 is 1, the logarithm of the product 
of any number by 10, will be greater by 1 than the logarithm oj 
that number; also, the logarithm of any number divided by 10,, 
will be less by 1 than the logarithm of that number, 

Similarlj, it may be shown that the logarithm of any number 
multiplied by a hundred, is greater by 2 than the logarithm of 
that number, and the logarithm of any number divided by 100 
is less by 2, than the logarithm of that number, and so on. 

EXAMPLES. 



log 327 


is 


2.614648 


log 32.7 


a 


1.614648 


log 3.27 


u 


0.614648 


log .327 


cc 


1.614548 


log .0327 


« 


2.614648 



From the above examples, we see, that in a number composed 
of an entire and decimal part, we may change the place of the 
decimal point without changing the decimal part of the logarithm 5 
but the characteristic is diminished by 1 for every place that the 
decimal point is removed to the left. 

In the logarithm of a decimal, the characteristic becomes nega- 
tive, and is numerically 1 greater than the number of ciphers im- 
mediately after the decimal point. The negative si;^ extendc 
only to the characteristic, and is written over it as in the exam* 
pies given above. 

TABLE OF LOGARITHMS. 

6. A table of logarithms, is a table in which are written the 
logarithms of all numbers between 1 ind some given number. 
The logarithms of all numbers between 1 and 10,000 are given 
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in the annexed table. Since rules have been given for determin- 
ing the characteristics of logarithms by simple inspection, it has 
not been deemed necessary to write them in the table, the deci- 
mal part only being given. The characteristic, however, is given 
for all numbers less than 100. 

The left hand column of each page of the table, is the column 
of numbers, and is designated by the letter N ; the logarithms 
of these numbers are placed opposite them on the same hori- 
zontal line. The last column on each page, headed D, shows the 
difference between the logarithms of two consecutive numbers. 
This difference is found by subtracting the logarithm under the 
column headed 4, from the one in the column headed 5 in the 
same horizontal line, and is nearly a mean of the differenoes 
of any two consecutive logarithms on the line. 

6. To find from the table the logarithm of any number. 

If the number is less than 100, look on the first page of the 
table, in the column of numbers under N, until the number is 
found : the number opposite is the logarithm sought : Thus 
log 9 = 0.954243 

7. When the number is greater than 100 and less than 10000. 
Find in the column of numbers, the first three figures of the 

given number. Then pass across the page along a horizontal 
line until you come into the column under the fourth figure of 
the given number : at this place, there are four figures of the 
required logarithm, to which two figures taken from the column 
marked 0, are to be prefixed. 

If the four figures already found stand opposite a row of six 
figures in the column marked 0, the two left hand figures of 
the six, are the two to be prefixed ; but if they stand opposite 
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a row of only four figures, you ascend the column till you find 
ft row of six figures ; the two left hand figures of this row are 
the two to be prefixed. If you prefix to the decimal part thus 
found, the characteristic, you will have the logarithm sought : 
Thus, 

log 8979 = 3.953228 

log .08979 = 2.953228 
If however in passing back from the four figures found, to the 
column, any dots be met with, the two figures to be prefixed 
must be taken from the horizontal line directly below : Thus, 

log 3098 = 3.491081 

log 30.98 = 1.491081 
. If the logarithm falls at a place where the dots occur, must 
be written for each dot, and the two figures to be prefixed are 
as before taken from the line below : Thus, 

log 2188 = 3.340047 

log .2188 = 1.340047 

8. When the number exceeds 10,000. 

The characteristic is determined by the rules already given. 
To find the decimal part of the logarithm. Place a decimal 
point after the fourth figure from the left hand, converting the 
given number into a whole number and decimal. Find the logap 
rithm of the entire part by the rule just given, then take from 
the right hand column of the page, under D, the number on the 
same horizontal line with the logarithm, and multiply it by the 
decimal part ; add the product thus obtained to the logarithm al- 
ready found, and the sum will be the logarithm sought. 

If, in multiplying the number taken from the column D, the 
decimal part of the product exceeds .5 let 1 be added to the en- 
U 
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tire part; if it is less than .5 the decimal part of the product ia 
neglected. 

EXAMPLE. 

To find log 6'7288'7. 

The characteristic is 5. ; placing a decimal point after the 
fourth figure from the left, we have 6728.87. The decimal part 
of the log 6728 is .827886 and the corresponding number in the 
column D is 65 ; then 65X-87 = 56.55, and since the decimal 
part exceeds .5, we have 57 to be added to 827886, which gives 
.827943 

or log 672887 = 5.827943 
Similarly log .0672887 == 2.827943 

The last rule has been deduced under the supposition that the 
difference of the numbers is proportional to the difference of 
their logarithms, which is sufiBciently exact within the narrow 
limits considered. 

In the above example, • 65 is the difference between the loga- 
rithm of 672900 and the logarithm of 672800, that is, it is the 
difference between the logarithms of two numbers which differ by 
100. 

We have then the proportion 100 : 87 : : 65 : 56.55, the. 
number to be added to the logarithm already found. 

9. To find from the table the number corresponding to a 
given logarithm. 

Search in the columns of logarithms for the decimal part of 
the given logarithm : if it cannot be found in the table, take 
out the number corresponding to the next less logarithm and 
set it aside. Subtract this less logarithm from the given loga- 
rithm, and annex to the remainder as ruany zeros "as may be 
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necessary, and divide this result by the corresponding number 
taken from the column marked D, continuing the division aa 
long as desirable : annex the quotient to the number set aside. 
Point ofif, from the left hand, as many integer figures as there are 
units in the characteristic of the given logarithm increased by 
1 ; the result is the required number. 

If the characteristic is negative, the number will be entirely 
decimal, and the number of zeros to be placed immediately after 
the decimal point will be equal to the number of units in the 
characteristic diminished by 1. 

This rule, like its converse, is founded on the supposition that 
the difference of the logarithms is proportional to the diftierence 
of their numbers within narrow limits. 

EXAMPLE. 

Find the number corresponding to the logarithm 8.23356b. 

The decimal part of the given logarithm is .233568 

The next less logarithm of the table is .233504 and lit 

corresponding number 1712. 

Their difference is - - - 64 



Tabular difference 253)6400000(25 

Hence the number sought 1*712.25 

The number corresponding to 3.233566 is .00171226 

MULTIPLICATION BY LOGARITHMS. 

10. When it is required to multiply numbers by means of 
their logarithms, we first find from the table the logarithms of 
the numbers to be multiplied ; we next add these logarithms 
'vOgether, and their sum is the logarithm of the product of the 
numbers (Art. 3). 

The term sum is to be understood in its algebraic sensa; 
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therefore, if any of the logarithms have negative characteristics, 
the difiference between their sum and that of the positive 
eharacteristics, is to be taken ; the sign of the remainder is 
that of the greater sum. 

EXAMPLES. 

1. Multiply 23.14 by 6.062. 

log 23.14 = 1.364363 

log 5.062 = 0.704322 

Product 117.1347 .... 2.068685 



2. Multiply 3.902, 597.16 and 0.0314728 together. 

log 3.902 = 0.691287 

log 597.16 = 2.776091 

log 0.0314728 = 2.497936 

Product 73.3354 .... 1.865314 



Here the 2 cancels the + 2, and the 1 carried from the ied- 
mal part is set down. 

8. Multiply 3.586, 2.1046, 0.8372, and 0.0294, together, 
log 3.586 = 0.554610 
log 2.1046 = 0.323170 
log 0.8372 = 1.922829 
log 0.0294 = 2.468347 

Product 0.1857615 . . 1.268956 



In this example the 2, carried from the decimal part, canceli 
2, and there remains 1 to be set down. 

DIVISION OF NUMBERS BY LOGARITHMS. 

11 . When it is required to divide numbers by means of their 
logarithms, we have only to recollect, that the subtraction of 
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logarithms corresponds to the division of their numbers (Art. 3). 
Hence, if we iind the logarithm of the dividend, and from it sub- 
tract the logarithm of the divisor, the remainder will be the loga- 
rithm of the quotient. 

This additional caution may be added. The difference of the 
loganthms, as here used, means the algebraic difference; so 
that, if the logarithm of the divisor have a negative characteristic 
its sign must be changed to positive, after diminishing it by the 
unit, if any, carried in the subtraction from the decimal part of 
the logarithm. Or, if the characteristic of the logarithm of tha 
dividend is negative, it must be treated as a negative number. 

EXAMPLES. 

1. To divide 24163 by 4567. 

log 24163 = 4.383151 
\ocr 4567 = 3.659631 



Quotient 6.29078 .... 0.723520 

2. To divide 0.06314' by .007241 

log 0.06314 = 2.800305 
lofj 0.007241 = 3.869799 



Quotient , . . 8.7198 .... 0.940506 

5 — — 

Here, 1 carried from the decimal paFt to the 3 changes it to 
2, which being taken from 2, leaves for the characteristic. 

3. To divide 37.149 by 623.76 

log 37.149 = 1.669947 
log 523.76 = 2.719133 

Quotient . . 0.0709274 . 2.860814 
15* 
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4. To divide 0.7438 by 12.94'76 

log 0.7438 =±1 1.871456 " 
log 12.9476 = 1.112189 

Quotient . . 0.057447 . . "2 .759267 

Here, the 1 taken from 1, gives 2 for a result, as set down* 



ARITHMETIOAL COMPLEMENT. 

12. The Arithmetical complement of a logarithm is the num- 
ber which remains after subtracting the logarithm from 10. 

Thus, . . 1-9.274687 = 0.725313 
Hence, 0.725313 is the arithmetical complement 

of 9.274687. 

13. We will now show that, the difference between two loga- 
rithms is truly found, by adding to the first logarithm the 
arithmetical complement of the logarithm^ to be subtracted, and 
then diminishing the sum &y 10. 

Let a = the first logarithm 

h = the logarithm to be subtracted 
and c = 10— 6 = the arithmetical complement of 6. 

Now the difference between the two logarithms will be ex* 
pressed by a— 6. 

But, from the equation c = 10—6, we b^ve 
c-10 = —b 
hence, if we place for— 6 its value, we shall have 

a— 6 = a+c— 10 
which agrees with the enunciation. 

When we wish the arithmetical complement of a logarithm. 
we may write it directly from the table, by subtracting the left 
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hand figure from 9, then proceeding to the right, subtract each 
figure from 9 till we rea^h the last significant figure, whkh 
must be taken from 10 : this will be the same an taking the 
logarithm from 10. 

EXAMPLES. 

1. From 3.274107 take 2.104729. 
Bg common method. By arith, comp, 

3.274107 3.274107 

2.104729 its ar. comp. 7.895271 

Diff. 1.169378 Sum 1.169378 after sub- 



tracting 10. 

Hence, to perform division by means of the arithmetical com- 
plement we have the following 

RULE. 

To the loga7nthm of the dividend add the arithmetical eom^ 
plement of the logarithm of the divisor : the sum after subtract 
ing 10, will be the logarithm of the quotient. 



EXAMPLES. 




1. Divide 327.6 by 22.07. 




log 327.5 


2.616211 


log 22.07 ar. comp. 


8.656198 


Quotient . . 14.839 . . . . 


1.171409 


2. Divide 0.7438 by 12.9476. 


J 


log 0.7438 • . . . . 


1.871466 


leg 12.9476 ar. comp. 


8.887811 


Quotient . . 0.067447 . . . 


2.769267 
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In this example, the sum of the characteristics is 8 &oib 
whicli, taking 10, the remainder is 2. 

8. Divide S7.149 by 623.16. 

log 37.149 1.569947 

log 623.76 ar. comp. 7.280867 

Quotient . . 0.0709273 • . . 2.850814 



\ 
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OF SCALES. 
SCALE OP EaUAL PARTS. 
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14. A scale of equal parts is formed by dividing a line of a 
^ven length into equal portions. 

If, for example, the line ab of a given length, say one inch, 
be divided into any number of equal parts, as 10, the scale thus 
formed, is called a scak of ten parts to the inch. The line ab, 
which is divided, is called the unit of the scale. This unit is 
laid off several times on the left of the divided line, and its 
extremities marked, 1, 2, 3, &c. 

The unit of scales of equal parts, is, in general, either an 
jach, or an exact* part of an inch. Ifi for example, al the uuit 
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rf the scale, were half an inch, the scale would be one of 10 
parts to half an inch, or of 20 parts to the inch. 

If it were required to take from the scale a line equal to two 
inches and six- tenths, place one foo't of the dividers at 2 on the 
left, and extend the other to .6, which marks the sixth of the 
small divisions : the dividers will then embrace the required 
distance. 



DIAGONAL SCALE OP EaUAL PARTS. 
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16. This scale is thus constructed. Take ab for the unit of 
the scale, which may be one inch, i, i or |^ of an inch, in length. 
On ab describe the square abed. Divide the sides ab and dc 
each into ten equal parts. Draw af and the other nine parallels 
as in the figure. 

Produce ba to the left, and lay oflf the unit of the scale any 
convenient number of times, and mark the points 1, 2, 3, <fec. 
Then, divide the line ad into ten equal parts, and through the 
points of division draw parallels to ab as in the figure. 

Now, the small -divisions of the line ab are each one-tenth 
(.1) of ab ; they are therefore .1 of adj or .1 of a^ or gh. 

If we consider the triangle adf, we see that the base df if 
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one-tenth of ad, the unit of the scale. Since the distance from 
a to the first horizontal line above ab, is one-tenth of the dis- 
tance ad, it follows that the distance measured on that line be- 
tween ad and af is one-tenth* of df: but since one-tenth of a 
tenth is a hundredth, it follows that this distance is one-hun- 
dredth (.01) of the unit of the scale. A like distance measured 
on the second line will be two-hundredths (.02) of the unit of 
the scale ; on the third, .03 ; on the fourth, .04, &c. 

If it were required to take, in the dividers, the unit of the 
scale, and any number of tenths, place one foot of the dividers 
at 1, and extend the other to that figure between a and b which 
designates the tenths. If two or more units are required, the 
dividers must be placed on a point of division further to the left. 

When units, tenths, and hundredths, are required, place one 
foot of the dividers where the vertical line through the point 
which designates the units, intersects the line which designates 
the hundredths : then, extend the dividers to that line between 
ad and be which designates the tenths : the distance so deter- 
mined will be the one required. 

For example, to take off the distance 2.34, we place one foot 
of the dividers at I, and extend the other to e : and to take off 
the distance 2.68, we place one foot of the dividers ^at p and ex- 
tend the other to q» 

Remark I. If a line is so long that the whole of it cannot 
be taken from the scale, it must be divided, and the parts of it 
taken from the scale in succession. 

Rbmark II. If a line be given upon the paper, its length 
can be found by taking it in the dividers and applying it 4*^ 
the scale. 
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SCALE OP CHORDS 




16. If, with any radius, as -4(7, we describe the quadrant C7>, 
and then divide it into 90 equal parts, each part is called a 
degree. 

Through C7, and each point of division, let a chord be drawn, 
and let the lengths of these chords be accurately laid off on a 
scale : such .a scale is called a scale of chords. In the figure, 
the chords are drawn fo^very ten degrees. 

The scale of chords being once constructed, the radius of the 
circle from which the chords were obtained, is known ; for, the 
chord marked 60 is always equal to the radius of the circle. V 
scale of chords is generally laid down on the scales which belong 
to cases of mathematical instruments, and is marked cho. 

To lay off^ at a given 'point of a line^ with the scale of chords^ 
an angle equal to a given angle. 

Let AB be the line, and A . the given 
toint. 

Take from the scale the chord of 60 de- 
grees, and with this radius, and the point 
^ as a centre, describe the arc JBC. Then take from the seak 
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the chord of the given angle, say 30 degrees, and with this line 
as a radius, and -6 as a centre, describe an arc cutting £C m G 
Through A and draw the line AC, and BAO will be the re- 
quired angle. 



SEMICIRCULAR PROTRACTOR. 
C 




17. This instrument is used to lay down, or protract angles. 
It may also be used to measure angles included between lines 
already drawn upon paper. 

It consists of a brass semicircle ABC divided to half degrees. 
The degrees are numbered from to 1 80, both ways ; that is, 
from Aio B and from B to A. The divisions, in the figure, 
are only made to degrees. There is a small notch at the mid- 
dle of the (diameter AB^ which indicates the centre of tte pro- 
tractor. 

GUNTERS' SCALE. 

18. This is a scale of two feet m length, on the faces of 
which a variety of scales is marked. The face on wlich th« 
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divisions of inches are made, con^^ns, however, all the scales 
necessary for lajing down lines and angles. These are, the 
scale of equal parts, the diagonal scale of equal parts, and the 
Bcale of chords, all of which have been described. 
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19. In every plane triangle there are six parts: three sides 
and three angles. These parts are so related to each other, that 
when one side and any two other parts are given, the remain- 
ing parts can be obtained, either by geometrical construction or 
by trigonometrical computation. 

20. Plane Trigonometry explains the methods of computing 
the unknown parts of a plane triangle, when a sufficient num- 
ber of the six parts is given. 

21. For the purpose of trigonometrical calculation, the cir- 
cumference of the circle is supposed to be divided into 360 
equal parts, called degrees ; each degree is supposed to be di- 
vided into 60 equal parts, called minutes ; and each minute into 
60 equal parts, called seconds. 

Degrees, minutes, and seconds, are designated respectively i 
16 
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by the characters ® ' ". For example, ten decrees, eipktem 
minutes J and fourteen seconds, would be written 10° 18' 14" 
If two lines be drawn through the centre of the circle, at 
right angles to each other, they will divide the circumference 
into four equal parts, of 90° each. Every right angle then, as 
JSOA, is measured by an arc of 90°; every acute angle, as 
BOA, by an arc less than 90° ; and every obtuse angle, as 
FOA, by an arc greater than 90°. 

22. The complement of an arc is 
what remains after subtracting the 
arc from 90°. Thus, the arc UB is 
the complement of AB* The sum of 
an arc and its complement is equal 
to 90°. 

23. The supplement of an arc is 
what remains after subtracting the 
arc from 180°. Thus, GF is the sup- 
plement of the arc AEF, The sum of an arc and its sup- 
plement is equal to 180°. 

24. The sine of an arc is the perpendicular let fall from ene 
extremity of the arc on the diameter which passes through 
the other extremity. Thus, BD is the sine of the arc AB, 

26. The cosine of an arc is the part of the diameter inter- 
cepted between the foot of the sine and centre. Thus, OD ii 
the cosine of the arc AB. 

26. The tangent of an arc is the line which touches it at 
one extremity, and is limited by a line drawn through the 
other extremity and the centre of the circle. Thus, ^(7 is the 
tangent of the arc AB. 
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2Y. The secant of an arc is the line drawn from the centre 
of the circk through one extremity of the arc, and limited by 
the tangent passing through the, other extremity. Thus, 00 
is the secant of the arc AB, 



28. The four hnes, BD^ OD, AC, OC, depend for then 
values on the arc AB and the radius OA; they are thus 
designated : 

sin AB for BD 

cos AB for OD 

tan AB for AO . 

sec AB for 00. 




29. If ABU be equal to a quad- 
rant, or 90^, then JSB will be the 
complement of AB, Let the lines 
JST and IB be drawn perpendicular 
to OK Then, 

UT, the tangent of JEJB, is called the cotangent of AB ; 
IB, the sine of UB/is equal to the cosine oi AB ; 
OT, the secant of UB, is called the cosecant of ^A 
In general, if A is any arc or angle, we have, 
cos A =■ sin (90°—^) 
cot A = tan (90*^—^) 
cosec -4 = sec (90^— -^4) 

30. If we take an arc ABJSF, greater than 90<>, its sine 
will be FJI; 0-9". will be its cosine; AQ it& tangent, and OQ 
its secant. But FR is the sine of the arc OF, which is the 
•upplement of AF, and OE is its cceine : hence, the sine of 



184 TRIGONOMETRY. 

D e f initioxiB. 

an arc is equal to the sine of its supplevnent; and the cosine 
of an arc is equal to the cosine of its supplementJt 

Furthermore, AQ \% the tangent of the arc AF^ and OQ\b 
its secant : GL is the tangent, and OL the secant of the sup- 
plemental arc GF, But since -^4§ is equal to GL^ and OQ 
to OL, it follows that, the tangent of an arc is equal to the 
tangent of its supplement; and the secant of an arc is equal 
to the secant of its supplement,* 

Let us suppose, that in a circle of a given radius, the 
lengths of the sine, cosine, tangent, and cotangent, have been 
calculated for every minute or second of the quadrant, and 
arranged in a table; such a table is called a table of sines and 
tangents. If the radius of the circle is 1, the table is called a 
table of natural sines. A table of natural sines, therefore, shows 
the values of the sines, cosines, tangents and cotangents of all 
the arcs of a quadrant, divided to minutes or seconds. 

If the sines, cosines, tangents, and secants are known for arcs 
less than 90°, those for arcs which are greater can be found 
from them. For if an are is less than 90°, its supplement 
will be greater than 90°, and the values of these lines are the 
same for an arc and' its supplement. Thus, if we know the 
sine of 20°, we also know the sine of its supplement 1G0°; 
for the two are equal to each other. 

TADLE OF LOGARITHMIC SINEB. 

31. In this table are arranged the logarithms of the nume- 
rical values of the sines, cosines, tangents, and cotangents of all 

* These relations are between the numerical values of the trigonometrical 
lines ) the algebraic signs, which thej haTe in the different quadrants, ar« 
"^ofc considered. 
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the arcs of a quadrant, calculated to a radius of 10,000,000,000 
The Togarithm of this radius is 10. In the first and last hori- 
zontal lines of each page, are written the degrees whose sines, 
cosines, <fec., are expressed on the page. The vertical columns 
on the left and right, are columns of minutes. 

OASB 1. 

To find^ in the table ^ the logarithmic sine, cosine, tangent, or 
cotangent of any given arc or angle, 

32. If the angle is less than 45°, look for the degrees in the 
first horizontal line of the different pages : then descend along 
the column of minutes, on the left of the page, till you reach 
the number showing the minutes : then pass along the hori- 
zontal line till you come into the column designated, sine, 
cosine, tangent, or cotangent, as the case may be : the numbei 
so indicated is the logarithm sought. Thus, on page 37, foi 
19^ 65' we find, 

sine 19° 55' 9.532312 

cos 19° 55' . . . . ' . 9.973215 

tan 19° 55' 9.559097 

cot 19° 55' 10.440903 

33. If the angle is greater than 45°, search for the degrees 
along the bottom line of the different pages : then, ascend 
along the column of minutes on the right hand side of the 
page, till you reach the number expressing the minutes : then 
pass along the horizontal line into the column designated 
lang, cot, sine, or cosine, as the case may be : the number so 
pointed out is the logarithm required. 

34. The column designated sine, at the top of the page, if 

16* 
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desigoated by cosine at the bottom ; the one designated tang, 
by cotang, and the one designated cotang, by tang. 

The angle found by taking the degrees at the top of the 
page and the minutes from the first rertical column on the 
left, is the complement of the angle found by taking the de- 
grees at the bottom of the page, and the minutes traced up in 
the right hand column to the same horizontal line. There- 
fore, sine, at the top of the page, should correspond with cosine, 
at the bottom ; cosine with sine, tang with cotang, and cotang 
with tang, as in the tables (Art. 11). 

If the angle is greater than 90°, we have only to subtract it 
from 180°, and take the sine, cosine, tangent or cotangent of 
the remainder. 

The column of the table next to the column of sines, and 
on the right of it, is designated by the letter 2). This column 
is calculated in the following manner. 

Opening the table at any page, as 42, the sine of 24° is 
found to be 9,609313; that of 24° 01', 9.609697: their dif- 
ference is 284 ; this being 4ivided by 60, the number of seconds 
in a minute, gives 4.73, which is entered in the column 2>, 

Now, supposing the increase of the logarithmic sine to be 
proportional to the increase of the arc, and it is nearly so for 
60", it follows, that 4.73 is the increase of the sine for 1". 
Similarly, if the arc were 24° 20' the increase of the sine for 
1", would be 4.65. . 

The same remarks are applicable in respect of the column 
2), after the column cosine, and of the column 2>, between 
the tangents and cotangents. The column D between the 
columns tangents and cotangents, answers to both of these 
columns. 
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Now, if it were required to find the logarithmic sine of an 
arc expressed in degrees, minutes, and seconds, we have only 
to find the degrees and minutes as before ; then, multiply the 
corresponding tabular difierence by the seconds, and add the pro- 
duct to the number first found, for the sine of the given arc 

Thus, if we wish the sine of 40° 26' 28". 

The sine 40«> 26' . ... . . 9.811952 

Tabular difference 2.47 . • • • 

Number of seconds 28 . 



Product . . 69.16 to be added 69.16 

Gives for the sine of 40° 26' 28" 9.812021. 



The decimal figures at the right are generally omitted in 
the final result ; but when they exceed five- tenths, the figure on 
the left of the decimal point is increased by 1 ; this gives the 
neai-est approximate result. 

The tangent of an arc, in which there are seconds, is found 
in a manner entirely similar. In regard to the cosine and co- 
tangent, it must be remembered, that they increase while the 
arcs decrease, and decrease as the arcs are increased ; conse- 
quently, the proportional numbers found for the seconds, must 
be subtracted, not added. 

EXAMPLES. 

1. To find the cosine of 3° 40' 40" 
The cosine of 3° 40' • . • 9.999110 

Tabular difference .13 . 
Number of seconds 40 . . • 

Product 6.20 to be subtracted 5.20 

Gives for tlie cosine of 3° 40' 40" . 9.999105 
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2. Find the tangeut of 37° 28' 31" 
8. Find the cotangent of 87° 67' 69'^ 



Ans. 9.884592. 



Ans. 8.5503 56.^1 

CASE II. J) 

To find the degrees, minutes and seconds^ answering to any 
given logarithmic sine, cosine, tangent or cotangent. 

35. Search in the table, and in the proper column, and if the 
number be found, the deojrees will be shown either at the top 
or bottom o^ the page, and the minutes in the side columns, 
either at the left or right. 

But, if the iiuraber cannot be found in the table, take 
from the table the degrees and minutes answering to the near*- 
est h^ss logarithm, the logarithm itself, and also the corres- 
ponding tabular difference. Subtract the logarithm taken from 
the table from the given logarithm, annex two ciphers to the 
remainder, and then di\'ide the remainder by the tabular dif- 
ference : the quotient will be seconds, and is to be connected 
with the degrees and minutes before found ; to be added for 
the sine and tangent, and subtracted for the cosine and co- 
tangent. 

EXAMPLES. 

1. Find the arc answering to the sine 9.880054 
Sine 49° 20', next less in the table 9.879963 

Tabular difference . . . 1.81)91.00(50'^ 
Hence, the arc 49° 20' 50" corresponds to the given sine 
9.880054. 

2. Find the arc whose cotangent is . 10.t)08688 

cot 44° 26', next less in the table . 1 0.008591 

Tabular difference . . . ^4.21)97.00(23" 
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Hence, 44*" 26'— 23" = 44° 25' 37" is the arc answering to 
the given cotangent 10.008688. 

' 3. Find the arc answering to tangent 9.9 791 10, 

Ans. 43° 37' 21". 

4. Find the arc answering to cosine 9.944599. 

Ans. 28° 19' 45"- 

36. We shall now demonstrate the principal theorems of 
Plane Trigonometry. 

THEOREM* I. 

The sides of a plane triangle are proportional to the Sfnei 
of their opposite angles. 

Let ABC be a triangle; then will 

CB : CA :: sin A : sin B, 
For, with -4 as a centre, and AD 
equal to the less side-BC7, as a radius, 
describe the arc 2)1: and with B as ^ 
a centre and the equal radius BC, ^^ KTL 
describe the arc (7Z:*now DE is the sine of the angle A^ 
and CF is the sine of J5, -to the same radius AD or BQ. 
But by similar triangles, 

AD \ DE \\ AQ \ CR 
But AD being equal to BC, we have 

BC : sin A : : AC : sin B^ or 
BC : AC M sin A : sin B. 
By comparing the sides AB, AC, m a similar manner, w« 
ahould find, AB : AC : ; sin C : sin B. 
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THEOREM II. 

In any triangle^ the sum of the two sides containing either 
angle, is to their difference^ as the tangent of half the sum (f 
the two other angles, to the tangent of half their difference. 

Let ACB be a triangle: then will 

AB + AC : AB^AC : : tan ^((7 + B) : tan \{C-^B). 

With ^ as a centre, and a radius 
AC the less of the two given sides, 
let the semicircle IFCE be de- 
scribed, meeting AB in /, and BA 
produced, in E, Then, BE will 
be the sum of the sides, and BI 
their difference. Draw (7/ and -4^. ^ 

Since CAE is an outward angle of the trian^ ACB, it 
'a equal to the sum of the inward angles and B (Bk« 
I, Tb. xvi.) But the angle CIE being at the circumference, 
is half the angle CAE at the centre (Bk. II, Th. viii. Cor. 
1) ; that is, half the sum of the angles C and B^ or equal 
Uy\{C+B). • ^ 

The angle AFC == ACB, is also equal io ABC + BAF ; 
therefore, BAF = ACB- ABC. 

But, ICF= ^{BAF) = ii{ACB — ABC), or i{C—B). 

With / and C as centres, and the common radius IC, let 
the arcs CD and IG be described, and draw the lines CE and 
13 perpendicular to IC. The perpendicular CE will pass 
through E, the extremity of the diameter IE, since the right 
angle ICE must be inscribed in a semicircle. 

But CE is the tangent of CIE = U^+B) ; and IR is the 
iangort of ICB = J((7 — B), to the common radius CI 
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But since the lines CU and Iff are parallel, the triangles 
BffI and JBCjE are similar, and give the proportion, 

BU : BI : : CU : Iff, or 

by placing for BJEJ and BI, CE and Iff, their values, we have 

AB 4- AC : AB — AC : : tan i{C-^B) : tan ^{C — B). 

THEOREM III. 

In any 'plane triangle, if a line is drawn from the vertical 
angle perpendicular to the ha^e, dividing it into two segments: 
then, the whole base, or sum of the segments, is to the sum of 
the two other sides, as the difference of those sides to the dif' 
ference of the segments. 

Let BAC be a triangle, and AD perpendicular to the base; 
then will 

BC: CA-\-AB:: CA — AB: CD — DB 

For, 'AB'^'BD'-^-lff 

(Ek. IV, Th. xii) ; 

and AC^ = BC^ + lf5* 

by subtraction 'AG' —'aS = G^— 

But since the difference of the squares /f^* 
of two lines is equivalent to the rectangle contained by their sum 
and difference (Davies* Legendre, Bk. IV, Prop, x,) we have, 

AG" — A^ ={AC^ AB) .{AC—AB) 
and 'W—'^^{CD+DB),{CD — DB) 

therefore, {CD + DB) . {CI>—I>B)=z{AC+AB) . {AC—AB) 
hence, CB -\- DB : AC -^ AB : : AC— AB : CD — DB. 
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THEOREM IV. 

In any right-angled plane triangle, radius is to the tan- 
gent of either of the acute angles, as the side adjacent to iht 
side opposite. 

Let CAB be the proposed triangle, ^ 

and denote the radius by B : then will 
i2: tan 0::AC : AB, 
For, with any radius as CD describe ^^ 
the arc DIT, and draw the tangent DG. 

From the similar triangles CDG and CAB we have 
CD :DG : : CA : AB; hence, 
H: i&nC :: CA: AB. 
By describing an arc with ^ as a centre, we could show ill 
the same manner that, 

i2 : tan 5 : : AB lAO. 

THEOREM V. 

In every right-angled plane triangle, radius is to the cosine 
of either of the a>cute angles, as the hypothenuse to the side 
adjacent. 

Let ABC be a triangle, right-angled 
at B then will 

E.: cos A:: AC : AB. 
For, from the point ^ as a centre, with -^ 
any radius as AD, describe the arc DF, 
which will measure the angle A, and draw DM perpendicular 
to AB : then will AM be the cosine of A. 

The triangles ADE and ACB, being similar, we have 
AD :AF::AC:AB: that is, 
H: cos A:: AC : AB. 
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Remark. The relations between the sides and angles of 
plane triangles, demonstrated in these five theorems, are suf- 
ficient to solve all the cases of Plane Trigonometrj^. Of the 
six parts "which make up a plane triangle, three must be given, 
and at least one of these a side, before the others can be de- 
termined. 

If the three angles are given, it is plain, that an indefi- 
nite number of similar triangles may be constructed, the 
angles of which shall be respectively equal to the angles 
that are given, and therefore, the sides could not be de- 
termined. 

Assuming, with this restriction, any three parts of a trian- 
gle as given, one of the four following cases will always be pre- 
sented. 

L When two angles and a side are given. 
II. When two sides and an opposite angle are given. 

m. When two sides and the included angle are given. 

IV. When the three sides are given. ^^ 

OASE I. 

When two angles and a side are given. 

Add the ^ven angles together and subtract their sum from 
180 degrees. The remaining parts of the triangle can then 
be found by Theorem I. 

EXAMPLES. 

1. In a plane triangle ABC^ there 
are given the angle A = 68® 07', the 
angled = 22® 37', and the side AB = A*rr 
408 yards. Required the other parts. 
17 
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GKOMETRICALLT. . 

Draw an indefinite straight line AB^ and from the scale of 
equal parts lay oS^AJB equal to 408. Then at A lay off an 
angle equal to 58® 07', and at B an angle equal to 22° 37', 
and draw the lines AC and BC : then will ABC be the tri- 
angle required. 

'fhe angle C may be measured either with the protractor or 
the scale of chords (Arts. 16 and 17), and will be found equal 
to 99° 16'. The sides AC and BC may be measured by re- 
ferring them to the scale of equal parts (Art. 2). We shall 
find AC = 168.9 and BC = 361. yards. 

TRIUONOMETRIOALLY BT LOGARITHMS. 



To the 


angle • • 


A = 68® 07' 


Add the angle . 


B = 22° 37' 




Their sum 


• = 80° 44' 


taken from . . . 


180® 00' 


leaves 67 . . . 


99° Itf: whi< 


we use its i^upplement 


80® 44'. 




To find the side BC. 


As sin C 


99° 16' 


ar. comp. 


: sin A 


68° 07' 


• ■ • 


: : AB 


408 


• • • 


.: BC 


361.024 


(after rejecting 10) 




rr-j 



^.^^^ 



0.006705 
9.928972 
2.610660 
2.646337 

Remark. The logarithm of the fourth term of a proportion 
is obtained by adding the logarithm of the second term to that 
of the third, and subtracting from their sum the logarithm of 
the first term. But to subtract the first term is the same as 
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to add its arithmetical complement and reject IC from the sum 
(Art. 13) : hence, the arithmetical complement of the first 
term added to the logarithms of the second and third terms, 
minus ten-, will give the logarithm of the fourth term. 





To find side AO. 






As sin C 


99° 16' 


ar. comp. 


• 


0.005705 


: sin B 


220 37' 


• • • 


• 


9.584968 


: : AB 


408 


• • • 


• 


2.610660 


AO 


158.976 


• • • 


. 


2.201333 



2. In a triangle ABC, there are given A = 38*^ 25', 
B = 67° 42', and AB = 400 : required the remaining parts. 
Ans. 6'= 83° 53', 5(7= 249.974, AO = 34C.04, 

CASE II. . 

When two sides and an. opposite angle are given. 
In a plane triangle. -45(7, there are C 

given AO = 216, OB = 117, the 
angle A = 22"^ 37', to find the other j^ 
parts. 

GEOMETRICALLY. 

Draw an indefinite right line ABB' : from any point as A^ 
draw AO making BAO = 22° 37', and make AO = 216. 
With 6' as a centre, and a radius equal to 117, the other given 
side, describe the arc B'B\ draw B'O and BO: then will 
either of the triangles ABO or AB'O, answer all the condi* 
(ions of the question. 
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To find the angle B. 

Aa BC 117 • ar. comp. • • 7.931814 

^C 216 2.334454 

: sin ^ 22^ 37' 9.584968 

sin B' 45° 13' 55", or ABC 134° 46' 05" 9.851236 

The ambiguity in this, and similar examples, arises in con* 
sequence of the first proportion being true for either of the 
angles ABO, or AB'C, which are supplements of each other, 
and therefore have the same sine (Art. 30). As long as the 
two triangles exist, the ambiguity will continue. But if the 
side (75, opposite the given angle, is greater than AC, the arc 
BB' will cut the line ABB\ on the same side of the point A^ 
in but one point, and then there will be only one triangle an- 
swering the conditions. 

If the side CB is equal to the perpendicular Cd, the arc 
BB' will be tangent to ABB', and in this case also there 
will be but one triangle. When CB is less than the perpen- 
dicular Cd, the arc BB' will not intersect the base ABB\ and 
m that case, no triangle can be formed, or it will be impossible 
to fulfil the conditions of the problem. 

2. Given two sides of a triangle 50 and 40 respectively, and 
the angle opposite the latter equal to 32° : required the re- 
maining parts of the triangle. 

Am, If the angle opposite the side- 50 is acute, it is equal 
to 41° 28' 69" ; the third angle is then equal to 106° 31' 01", 
and the third side to 72.368. If the angle opposite the side 
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50 is obtuse, it is equal to 138° 31' 01", tLe third angle to 
9® 28' 59", and the remaining side to 12.436. 

CASE III. 

When the two sides and their included angle are given. 

Let ABO be a triangle; AB, BO, 
the given sides, and B the given 
angle. 

Since B is known, we can find the 
sum of the two other angles : for 

A+ 0= 180° - B and 
i{A + C7) = ^(180° - B) 
We next find half the diflference of the angles A and O by 
Theorem ii., viz. 

BO + BA: BO-BA : : tan \{A + 67) : tan \{A - C7): 
in which we consider BO greater than BA, and therefore A is 
greater than 0\ since the greater angle must be opposite the 
greater side. 

Having found half the difference of A and (7, by adding it 
to the half sum, \{A + 0), we obtain the greater angle, and by 
subtracting it from half the sum, we obtain the less. That ii 
^{A +0) + ^{A - 67) = ^, and 
i{A+0)^i{A-0)=^a 
Having found the angles A and 67, the third side AO mar 
be found by the proportion. 

sin ^ : sin -B : : BO : AO. 

EXAMPLES. 

1. In the triangle ABO, let BO = 640, AB = 460, and 
the included angle B = 80° : required the remaining parts. 
17* 
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OEOMETRICALLT. 

Draw an indefinite right line BC and from any point, as 
B^ lay oflf a distance BC =^ 540. At B make the angle 
CBA = 80** : draw BA and make the distance BA = 450 : 
draw A0\ then will ABC be the required triangle. 

TRIGONOMETRIOALLT. 

BC -{-BA^ 540 + 450 = 990 ; and BC — BA=z 640 — 

450 = 90. 

A + C^ 180° —B = 180° — 80° = 100°, and therefore^ 

^{A + C) = i(100°) = 60° 

To find i{A—C). 

Aa BC + BA 990 • ar. comp. . 7.004366 

I BC—BA 90 • . . . 1.954243 

:: im^{A+ C) 50« . . . . 10.076187 

: tsiH^{A—C) 6° 11' . . . 9.034795 

Hence, 50° + 6° 11' = 56° 11' = A; and 60° — 6° 11' = 
43« 49' = C. 

To find the third side AC. 

As sin C 43° 49' • ar. comp. • . 0.159672 

Bin^ 80° .... . 9.993361 

^jB 450 2.653213 

AC 640.C82 2.80623 6 

2. Given two sides of a plane triangle, 1686 and 960, and 
their included angle 128° 04' : required the other parts. 

Ana. Angles, 33° 34' 39" ; 18«» 21' 21"; side 2400. 
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CASE IV. 

Having given the three sides of a plane triangle, to find 
the angles. 

Let fall a perpendicular from the angle opposite the greater 
side, dividing the given triangle into two right-angled triangles : 
then find the difierence of the segments of the base by Theo- 
rem iii. Half this difference being added to half' the baso^ 
gives the greater segment'; and, being subtracted from half the 
base, gives the less segment. Then, since the greater segment 
belongs to the right-angled triangle having the greatest hypo 
thenuse, we have the sides and right angle of two right-angled 
triangles, to find the acute angles. 

EXAMPLES. 

1, The sides of a plane trian- 
gle being given; viz. BO = 40, AC 
= 34 and AB = 25 : required the 
angles. B' 

GEOMETRICALLY. 

With the three given lines as sides construct a triangle as 
in Bk. n. Prob. xi. Then measure the angles of the triangle 
either with the protractor or scale of chords. 
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As BO : AC + AB :: AC - AB : CD - BD 

69 X 9 



That is, 40 : 59 
Then, i?LillM!5 

And 



40 — 13.275 



: : 9 . . 

40 

= 26.6375 = CD 
= 13.3625 = BD. 



= 13.276 
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In the triangle DAC, to find the angle DAC. 

A& AO 34 . . ar. comp. • 8.468521 

DC 26.6375 .... 1.425493 

Bin 2) »0° 10.000000 

sin DAC 51<> 34' 40" . . . 9.894014 

In the triangle BAD^ to find the angle BAD, 

As AB 25 ar. eomp. • 8.602060 

BD 13.3625 • ' . . 1.125887 

sin D 90** ... . 10.000000 



sin BAD 82o 18' 35" . . . 9.727947 
Hence 90« — D^C = 90° — 51° 34' 40" = 38° 25' 20" = O 
and W — BAD = 90° — 32° 18' 35" = 57° 41' 25" = B 
and BAD + DAO=^ 51° 34' 40" + 32° 18' 35" = 83° 53' 
15" = A. 

2. In a triangle, in whieh the sides^re 4, 5 and 6, what are 
the angles? ' ^ 

Ans. 41° 24' 35" ; 65° 46' 16" ; and 82° 49' 09". 

SOLUTIOW OF RIGHT-ANOLBD TRIANGLES. 

The unknown parts of a right-angled triangle may be found 
by either of the four last cases : or, if two of the sides are 
given, by means of the property that the square of the hypo- 
thenuse is equivalent to the sum of the squares of the two other 
sides. Or the parts may be found by Theorems iv. and v. 

f EXAMPLES. 

1. In a right-angled triangle BAC^ 
tnere are given the hypothenuse BO 

-= 250, and the base AC = 240: re- 0^^^=^^^ f U 

quired the other parts. 
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To find the angle B. 




Afl BO 


260 . ar, comp. 


7.602060 


: AQ 


240 .. . 


2.380211 


: : sin -4 


90^ . . . , 


. 10.000000 


: sin B 


73° 44' 23" . 


9.982271 



But C7 = 90** — .B = 90° — 73<> 44' 23" = 16° 16' 37" : 

Or C may be found from the proportion. 

As CB 260 ^ ar. comp. • 7.602060 

AO 240 ... . 2.380211 

R 10.000000 

cos C 16° 16' 37" '. • . 9.982271 



To find side AB by Theorem iv. 



As R 


ar. comp, 


: tan C 


16° 16' 37" . 


:: AO 


240 • 


AB 


70.0003 . 



0.000000 
9.464889 
2.380211 
1.846100 



2. In a right-^i«iffled triangle BAO, there are given AO^ 
884, and B = 63° OB^ required the remaining parts. 

Ans. AB = 287.96 ; BO = 479.979 ; (7 = 36° 62' 

DEFINITIONS. 

1. A hxmztmtal angle is Qne whose sides are horizontal ; iti 
plane is also horizontal. 

2. An angle of elevation or depression, has one horizontal side, 
Mid the other oblique, but lying directly above or below the first. 
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APPLIOATIOK TO HEIGHTS AND DISTAKOBS. 



PROBLEM I. 

To determine the horizontal distance to a point which is inac- 
cessihle hy reason of an intervening river. 

Lot C be the point. Measure 
along the bank of the river a hori- 
zontal base line AB^ and select the 
stations A and B^ in such a manner 
that each can be seen from the other, 
and the point C from both of them. 
Then measure the horizontal angles 
CAB and OBA^ with an instrument adapted to that purpose. 

Let us suppose that we have found AB =600 yards, 
CAB = 67° 36' and CBA = 64° 51'. 




As sin G 
sin A 
AB 



As 



The angle (7 = ISQ'> — {A + B) = 67® 34'. 
To find the distance BO, 

67° 34' ar. comp. • 0.0'73649 
Sr 35' . . . . 9.926431 
600 . • . . 2.778151 



BG 


600.11 yards. 
To find the distance AC. 


2.778231 


sin G 


67° 34' ar, comp. 


0.073649 


sin^ 


64° 51' , • . 


9.956744 


AB 


600 . ; . 


2.778161 


AC 


643.94 yards. . 


^2.80864* 



\ 
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PROBLEM II. 

Tc determine the altitude of an inaccessible object above a 
given horizontal plane. 

FIRST METHOD. 

Suppose D to be the inaccessible 
object, and BC the horizontal plane 
from which the altitude is to be „ 
estimated : then, if we suppose D C 
to be a vertical line, it will repre- 
sent the required distance. 

:^ 

Measure any horizontal base line, as BA ; and at the ex- 
tremities B and -4, measure the horizontal angles CBA and 
CAB, Measure also, the angle of elevation DBQ, 

Then in the triangle CBiA there will be known, two anglea 
and the side AB\ the sidfe BC can therefore be determined. 
Having found -5(7, we shall have, in the right-angled triangle 
DBCy the base BC and the angle at the base, to find the per- 
pendicular DOy which measures the altitude of the point D 
above the horizontal plane BC. 

Let us suppose that«we have found 
BA = 780 yards, the horizontal angle CBA = 41° 24', 
the horizontal angle GAB = 96° 28', and the angle of eleva- 
tion i)^C7= 10° 43'. 

In the triangle BGA, to find the horizontal distance BC. 

The angle BCA = ] 80° — (41° 24' -f- 96° 28') = 42° 08'= C, 

As sin (7 . 42° 08' ar. comp. . 0.173369 

sin A . 96° 28' . . . . 9:997228 

.45 . 780 .... 2.892095 

BC . 1155.29 .... 3.062692 
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In the right-angled triangle DBQ^ to find DG. 

As jR ar. comp. • • O.OOOOOO 

tan DBQ 10^43' . . . 9.277043 

BQ 1165.29 . . . 3.062692 

DQ 218.64 . . . 2.339735 

Remark L It might, at first, appear that the solution which 
«re have given, requires that the points B and A should he io 
the same horizontal plane; but it is entirely independent of 
such a supposition. 

For, the horizontal distance, which is represented by BA^ 
is the same, whether the station ^ is on the same level with 
jB, above it, or below it. The horizontal angles CAB and 
CBA are also the same, so long as the *point C is in the verti- 
cal line DC, Therefore, if the horizontal line through A should 
cut the vertical line DCy at any point as E^ above or below C^ 
' AB would still be the horizontal distance between B and A, 
and AlE which is equal to AC, would be the horizontal dis- 
tance between A and C. 

If at Aj we measure the angle of elevation of the point i>, 
we shall know in the right-angled triangle DAE, the base AE, 
and the angle at the base ; from which the perpendicular DE 
can be determined. 
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Let us suppose that we had measured the angle of eleyation 
DAE^ and found it equal to 26° 15'. 

First: In the triangle BAC^ to find AC or its equal AE. 

As sin Q 42° 08' ar. comp. . 0.173369 

. : sin J5 41° 24' ... 9.820406 

\^ AB 780 ... 2.892095 

: AC 768.9 . . . 2.885870 

In the right-angled triangle LAE^ to find DE, 

As R ar. comp. . . 0.000000 

tan A 20° 16' ... 9.666932 

AE • 768.9 . ' . . 2.886870 

LE 283.66 . . . 2.452802 

Now, since DC \% less than DE^ it follows that the station 
B is above the station A. That is, 

DE-'DC^ 283.66 — 218.64 = 65.02 = EC, 
which expresses the vertical distance that the station B is 
above the station A. 

Remark U. It should be remembered, that the vertical dis 
tance which is obtained by the calculation, is estimated from 
a horizontal line passing through the eye at the time of ob- 
servation. Hence, the height of the instrument is to be added, 
in order to obtain the true result. 

SECOND METHOD. 

When the nature of the ground will admit of it, measure a 
base line AB in the direction of the object 2>. Then mea- 
sure with the instrument the angles of elevation at A and B. 

Then, since the outward angle BBC is equal to the sum 
18 
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of the ang.es A and 

ADB, it follows, that 

the angle ADB is 

equal to the difference 

of the angles of ele- 

fation at A and B. Hence, we can find all the parts of the* 

triangle ADB, Havifig found DB, and knowing the angle 

DBC, we can find the altitude DC, 

This method supposes that the stations A and B are on 
the same horizontal plane; and therefore can only be used 
when the line AB is nearly horizontal. 

Let us suppose that we have measured tl^e base line, and 
the two angles of elevation, and 

r AB = 975 yards, 
found -^ -4 = 15° 36', 

1^2)^(7= 27° -29'; 
required the altitude DC, 

Firet: ADB = DBC- A = 27° 29' - 15° 36' = 11° 63'. 

In the triangle ADB, to find BD. 

As sin 2/ 11° 53' ar. comp. . 0.686302 

sin A 16° 36' ... 9.429623 

'AB 975 ... . 2.989005 

DB 1273.3 . . . 3.104930 



In the 


triangle DBC, to find DC. 




As B 


ar. eomp. 


. 


0.000000 


; tin B 


27° 29' 


• 


9.664163 


:: DB 


1273.3 


• 


3.104930 


DC 


687.61 


, 


2.769093 
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PROBLEM III. 

To determine the perpendicular distance of an object below a 
given horizontal plane. 

Suppose C to be directly over . ^^ 

the given object, and A the point ^^"""^^^J^/^ \ 
through which the horizontal plane ' ^'^^ — — ^ 
is supposed to pass. 

Measure a horizontal base line ^ 
AB, and at the stations ji and B ^^ 
conceive the two horizontal lines ^^^ 
AO,BC, to be drawn. The oblique 
lines from A and B to the object will be the hypothenusea 
of two right-angled triangles, of which AC, BC, are the 
bases. The perpendiculars of these triangles will be the dis- 
tances from the horizontal lines AC, BC, to the object. If 
we turn the triangles about their bases AC, BC, until they 
become horizontal, the object, in the first case, will fall at C7', 
and in the second at (7". 

Measure the horizontal angles CAlB, CBA, and also the 
angles of depression C'AC, C'^BC, 

Let us suppose that we have 

AB = 672 yards 
BAC = 72° 29' 
found \ ABC = 39° 20' 
(7'-46'=27°49' 
C'BC = 19° 10' 

First: In the triangle ABC, the horizontal angle ACB ^ 
180° - (^ + J?).=« 180° - 111° 49' = 68° 11'. 
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To find the horizontal distance AC. 
As sin C 68° 11' ar. comp. . 0.032275 

. sin B 39° 20' . . . 9.801973 



:: AB 


672 . . ' 


. 


2.82736^ 


AC 


458.79 


. 


2.661617 


To find the horizontal distance BC 




As sin C 


68° 11' • ar. oomp. . 


• 


0.032276 


: sin A 


72° 29' ... 


• 


9.979380 


AB 


672 . 


. 


2.827369 


: BC 


690.28 • • . • 


• 


2.839024 


In the triangle CAC\ to find 


cc. 




As B 


ar. comp. • 


• 


0.000000 


: tan C'AC 


27° 49' . 


. 


9.722316 


:: AC 


458.79 . . i 


• 


2.661617 


: CO' 


242.06 . 


• 


2.383932 



In the triangle 05 C7", to find CC" 
A& B • ar. comp. « • 0.000000 

: tan C'BC 19° 10' . ... . 9.641061 
.: BC 690.28 .... 2.839024 

: CC" 239.93 .... 2.380085 



H 
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Hence also, CC — CC" = 242.06 — 239.93 = 2.13 yards 
which is the height of the station A above station B. 

j^ PROBLEMS. \ 

/ 1. Wanting to know the distance between two inaccessible \ 

/objects, which lie in a direct line from the bottom of a towei \ 

{ of 120 feet in height, the angles of depression are measured, I 

and are found to be, of the nearer 57^, of the more remote / 

26° 80' : required the distance between them. / 

Ans. 173.666 feet 

2. In order to find the distance between 
two trees A and B^ which could not be 
directly measured because of a pool which 
occupied the intermediate space, the dis- 
tances of a third point C -from each of 
them were measured, and also the included 
angle ACB: it was found that 

CB = 672 yards 
CA = 688 yards 
^C7^ = 55°40'; 
required the distance AB. 

Ana. 692.967 yards. 

3. Being on a horizontal plane, and wanting to ascertun 
the height of a tower, standing on the top of an inaccessible 
bill, there were measured, the angle of elevation of the top 
of the hill 40°, and of the top of the tower 61^; then mea- 
suring in a direct line 180 feet farther from the hill, the angle 
of elevation of the top of the tower was 33° 46' ; required the 
height of the tower. 

Ans. 83.998 feel. 
18* 
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Ans. 939.627 yards. 



4. Wanting to know the horizon- 
tal distance between two- inaccessi- 
ble objects JS and W, the following 
measurements were made, 

" AB = 636 yards 

VIZ. ^ TTJ^ = 67° 40' 
ABE = 42° 22' 
.EBW= ll^'OV 
required the distance JSW. 

6. Wanting to know the 
horizontal distance between two 
inaccessible objects A and J?, ^"• 
and not finding any station 
from which both of them could 
be seen, two points (7 and D, 
were chosen, at a distance from 
each other, equal to 200 yards ; from the former of these points 
A could be seen, and from the latter By and at each of the 
points C and D a staff was set up. From C a distance C^ 
was measured, not in the direction DC, equal to 200 yards, 
and from D a distance DE equal to 200 yards, and the follow- 
ing angles taken, 

AFC = 83° 00' BBJS = 64*^ 30' 
•ACB = 63? 30' BDC— 166^ 26' 
ACF=: 64° 31' BED = 88° 30' 

An8. AB = 346.467 yards.' 




APPLICATIONS 

OF 

GEOMETRY. 

MENSURATION OF SURFACES. 

DEFINITIONS. . 

1 The area of any figure has already been defined to be 
the measure of its surface (Bk. IV. Def. 7). This measure is 
•nerely the number of squares which the figure contains. 

A square whose side is one inch, one foot, or one yard, 
&c., is called the measuring unit ; and the area or contents of 
a figure is expressed by the number of such squares which 
the figure contains. 

2. In the questions involving decimals, the decimals iare 
generally carried to four places, and then taken to the nearest 
figure. That is, if the fifth decimal figure is 5, or greater 
than 5, the fourth figure is increased by one. 

3. Surveyors, in measuring land, generally use a chain 
called Gunter's chain. This chain is four rods, or 66 feet in 
length, and is divided into 100 links. 

4. An acre is a surface equal in extent to 10 square chains; 
that is, equal to a rectangle of which one side is ten chains 
and the other side one chain. 

One quarter of an acre, is called a rood. 

Since the chain is 4 rods in length, 1 square chain contains 
16 square rods ; and therefore, an acre, wiiich is 10 square 
chains, contains 160 square rods, and a rood contains 40 
square rods. The square r >ds are called perches. 
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5. Land is generally computed in acres, roods, and perches 
which are respectively designated by the letters -A, R\ P. . 

When the linear dimensions of a survey are chains or links 
the area will be expressed in square chains or square linkr 
and it is necessary to form a rule for reducing this area * 
acres, roods, and perches. For this purpose, let us form th< 
following 

TABLE. 

1 square chain= 100x100=10000 square links. 
1 acre=10 square chains =100000 square links. 

1 acre =4 roods =160 perches. 
1 square mile =6400 square chains =640 acres. 

6. Now, when the linear dimensions are links, the area 
will be expressed in square links, and may be reduced to 
acres by dividing by 100000, the number of square links in an 
acre : that is, by pointing off five decimal places from the 
right hand. 

If the decimal part be then multiplied by 4, and ^ye places 
ol decimals pointed off from the right hand, the figures to the 
left hand will express the roods. 

If the decimal part of this result be now multiplied by 40, 
and five places for decimals pointed off, as before, the figures 
to the left will express the perches. 

If one of the dimensions be in links, and the other in chains, 
the chains may be reduced to. links by annexing two ciphers, 
or, the multiplication may be made without annexing the ci 
phors, and the product reduced to acres and decimals of an 
acre, by pointing off three decimal places at the right hand. 

When both dimensions are in chains, the product is re- 
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duced to acres by dividing by 10, or pointing off one decimal 
place. 

From which we conclude : that, 

I. If links be muUiplied by links, the prodttct is reduced to- 
acres by pointing off five decimal places from the right hand, 

II. If chains be tnultiplied by links j the product is reduced to 
acres by pointing off three decimal places from the right hand, 

III. If chains be multiplied by chains, the product is reduced 
to acres by pointing off one decimal place from the right hand. 

7. Since there are 16.5 feet in a rod, a square rod is equal 
to 16.5 X 16.5=272.25 square feet. 

If the last number be multiplied by 160, we shall have 

272.25 X 160=43560 the square feet in an acre. 
Since there are 9 square feet in a square yard, if the ]&)! 
number be divided by 9, we obtain 

4840 =the number of square yards in an acre. 

PROBLEM I. 

To find the area of a square, a rectangle, a rhombus, or a 
parallelogram. 

RULE. 

Multiply the base by the perpendicular height and the prtduet 
foia be the area (Bk. IV. Th. viii). 

EXAMPLES. 

II 

1. Required the area of the square 
ABCDj each of ^hose sides is 36 feet 
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We multiply fwo sides of 
he square together, and the 
product is the area in square 
feet. 



Operation, 
36x36=1296 s^. ft. 



2. How rnany acres, roods, and perches, in a square whow 
side is 35.25 chains? Ans. 124 A.lR.l P. 

3. What is the area of a square whose side is 8 feet 4 
inches? Ans. 69 ft. 5' 4". 

4. What is the contents of a square field whose side is 46 
rods? Ans. 13 A. OR. 36 P. 

5. What is the area of a square whpse side is 4769 yards! 

Ans. 22743361 sq. yds 



6. What is the area of the parallelo- 
gram ABCD, of which the base AB is 
64 feet, and altitude DE, 36 feet ? 




We multiply the base 64, 
by the perpendicular height 
36, and the product is the re- 
quired area. 



Operation. 
64x36=2304 5^./^ 



7. What is the area of a parallelogram whose base is 12.25 
yards, and altitude 8.5 ? Ans. 104,125 sq. yds, 

8. What is the area of a parallelogram whose base is 8.75 
chains, and altitude 6 chains ? Ans. 5 A. I R. P. 

9. What is the area of a parallelogram whose base is 7 feet 
9 inches, and altitude 3 feet 6 inches ? 

Ans. 27 sq.fi. 1'6". 
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10. To find the area of a rectangle 
ABCD, of which the base AB=A^ 
yards, and the altitude AD=z\b yards. 

Here we simply multiply 
the base by the altitude, and 
he product is the area. 



D 



Operation. 
45x15=675 sq. yds. 



1 1. What is the area of a rectangle whose base is 14 font 
6 inches, and breadth 4 feet 9 inches ? 

Atis. 68 sq.ft. 10' 6". 

12. Find the area of a rectangular board whose length it 
112 feet, and breadth 9 inches. Ans. 84 sq. ft, 

13. Required the area of a rhombus whose base is 10.51 
and breadth 4.28 chains. Ans. A A. I R. 39.7 P+. 

14. Required the area of a rectangle whose base is 13 feet 
6 inches, and altitude 9 feet 3 inches. 

Ans. Wb sq.ft. 7' 6" 

PROBLEM II. 

To find the area of a triangle, when the base and altitude 
are known. 

RULE. 

I. Multiply the hose by the altitude, and half the product uaUL 
he the area. 

II. Multiply the base by half the altitude and the product ifiHl 
be the area (Bk. IV. Th. ix). 

EXAMPLES. 

1'. Required the area of the triangle 
J BC, whose base AB ia 10,75 feet, 
and altitude 7,25 feet. 

16 
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We first multiply the base 
by the altitude, and then di- 
Tide the product by 2. * 



OpereUion. 
10,75x7,25=77,9375 

and 
77,9375^2=38,96876 
=area. 

2. What is the area of a triangle whose base is 18 feet 4 
inches, and altitude 11 feet 10 inches? 

Ans. 108 sq. ft. 5' 8". 

3. What is the area of a triangle whose base is 12J25 
chains, and altitude 8.5 chains ? Ans. 5 A. OR. 33 P. 

4. What is the area of a triangle whose base is 20 feet, 
and altitude 10.25 feet. Ans. 102.5 sq. ft. 

5. Find the area of a triangle whose base is 625 and alti- 
tade 520 feet. Ans, 162500 sq. ft. 

6. Find the number of square yards in a triangle whose 
oase is 40 and altitude 30 feet. Ans. 66f sq. yds. 

7. What is the area of a triangle whose base is 72.7 yards, 
and altitude 36.5 yards ? Ans. 1326,775 sq. yds 

PROBLEM III. 

To find the area of a triangle when the three sides are 
known. 

RULE, 

I. Add the three sides together and take half their supi, 

II. From this half sum take each side separately, 

III. Multiply together the half sum and each of the three 
remainders, and then extract the square root of the prodv<t, 
which will be the required ana. 
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EXAMPLES. 

1. Find the area of a triangle whose sides are 20, 30, and 

iO rods. 

20 45 45 45 

30 20 30 40 

i2 25 Ut rem. 15 2d rem, 5 3d rem, 
2)90 

45 half sum. 

Then, to obtain the product, we have 

45X25X15X5=84375; 
from which we find 

area=V84375=290,4737 perches. 

2. How many square yards of plastering are there in a tri- 
angle, whose sides are 30, 40, and 50 feet ? Ati^. 66|. 

3. The sides of a triangular field are 49 chains, 50.25 
chains, and 25.69 : what is its area ? 

Ans. 61 A. 1 R. 39,68 P. 

4. What is the area of an isosceles triangle, whose base is 
20, and each of the equal sides 15 ? Ans. 111,803. 

5. How many acres are there in a triangle whose three 
sides are 380, 420 and 765 yards. Ans. 9 A. OR. 38 P. 

6. How many square yards in a triangle whose sides are 
13, 14, and 15 feet. Ans. 9J. 

7 What is the area of an equilateral triangle whose side 
is 25 feet? Ans. 270.6329 sq. ft. 

8. What is the area of a triangle whose sides are 24, 3$, 

and 48 yards ? Ans 418.282 sq. yds. 

•'19 
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PROBLEM IT. 

To find the liypothenuse of a right angled triangle whea 
tlie base and perpendicular are known. 

RULE. 

J. Square each of Uie sides separately, 

IL Add the squares together. 

III. Extract the square root of the £i/m, which will he the hf^ 
pothenuse of the triangle (Bk. IV. Th. xii). 

EXAMPLES. 

1. In the right angled triangle ABC, 
we have, AB=30 feet, BC=40 feet, to 
find AC. 

We first square each side, 
and then take the sum, of 
which we extract the square 
root, which gives 

AC=V2500=50 feet. 

2. The wall of a building, on the brink of a river, is 120 
feet high, and the breadth of the river 70 yards : what is the 
length of a line which would reach from the top of thre wall to 
the opposite edge of the river? Arts. 241.86 ft. 

3. The side roofs of a house of which the eaves are of the 
same height, form a right angle at the top. Now, the length 
of the rafters on one side is 10 feet, and on the other 14 feet: 
nrhat is the breadth of the house ? Ans. 1 7.204 ft. 

4. What would be the width of the house, in the last ex- 
ample, if the rafters on each side were 10 feet? 

Ans. 14,142 ft. 




40^=1600 



8um=2500 
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5. What would be the width, if the rafters on each side 
were 14 feet ? Arts, 19.7989 ft. 

PROBLEM V. 

When the hypothenuse and one side of a right angled lii 
angle are kno^n, to find the other side. 

RULE. 

Square the hypothenuse ' and also the other given side, and 
take their difference : extract the square root of this difference, 
end the result wiU be the required side (Bk. IV. Th. xii. Cor.). 

EXAMPLES. 

1. In the rightangled triangle -45 C, 
tlicre are given 

AC=z50 feet, and ABz=40 feet, 
required the side BC. 

We first square the hypoth- 
enuse and the other side, after 
wldch we take the difference, 
and then extract the square 
root, which gives 

i5 0=^900 =30 feet. 

2 The height of a precipice on the brink of a river is 103 
feet, and a line of 320 feet in length will just reach from the 
top of it to the opposite bank : required the breadth of the 
river. Ans. 302.9703 ft, 

3. ITie hjrpothenuse oi a triangle is 53 yards, and me per 
pendicular 45 yards : what is the base ? Ans. 28 yds. 

4. A ladder 60 feet in length, will reach to a window 40 




Operation. 

60^=2500 

40^=1600 

Diff.= 900 
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feet from the ground on one side of the street, and by turning 
it over to the other side, it will reach a window 50 feet from 
the ground : required the breadth of the street. 

Ans. 77.8875 y^. 

PROBLEM VI. 

To find the area of a trapezoid. 

RULE. 

Multiply the sum of the parallel sides by the perpendicular 
distance between them, and then divide the product by two : the 
quotient wiU be the area (Bk. IV. Th. x). 

EXAMPLES. 



1. Required the area of the trapezoid / ^^ 

BCD J havinjj given / \ 



ABCD, having given . 

A jE ]B 

AB=,32l.5l feet, 2)0=214.24 feet, and 0^5=171.16 feet 

Operation. 
321.51 4-214.24=535.75 = 
sum of parallel sides. 

Then, 
535.75 X 171.16=91698.97 

, 91698.97 , ^_ 

and, — =45849.485 

2 

=the area. 

2. What is the area of a trapezoid, the parallel sides of 
which, are 12.41 and 8.22 chains and the perpendicular dis? 
'•ance between them 5.15 chains ? 

Ans. 5A.IR. 9.956 P. 

3. Required the area of a trapezoid whose parallel sidei 



We first find the sum of the 
sides, and then multiply it by 
the perpendicular height, after 
which, we divide the product 
by 2, for the area. 
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are 25 feet 6 inclies, and 18 feet 9 inches, and the perpen- 
dicular distance between them 10 feet and 5 inches. 

, Ans. 230 sq, ft. 5' 7". 

4. Required the area of a trapezoid whose parallel sidoi 
are 20.5 and 12.25, and the perpendicular distance between 
them 10.75 yards. Ans, 176.03125 sq, yds. 

5. What is the area of a trapezoid whose parallel sides are 
7.50 chains, and 12.25 chains, and the perpendicular height 
15.40 chains ? Ans, 15 A, R, 33.2 P 

PROBLEM VII. 

To find the area of a quadrilateral. 

RULE. 

Measure the four sides of the quadrilateral^ and also one of the 
diagonals : the quadrilateral will thus he divided into two trian* 
gles, in both of which all the sides will be known. Then, find 
the areas of the triangles separately, and their sum will be th§ 
area of the quadrilateral, 

EXAMPLES. 



1. Suppose that we have meas- 
ured the sides and diagonal A C, of 
the quadrilateral ABCD, and found 



-4.5=40.05 chains; CD=z29,S7 chains, 
J5C=26.27 chains ^I>=37.07 chains, 

and -4 C= 55 chains: 

required the area of the quadrilateral. 

Ans. 101 A, 1 R. 15 
19* 
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Remark. — Instead of measuring j^ 

the four sides of the quadrilateral, ^^''^iS. 

we may let fall the perpendicu- v^ 1 , n. 

ars Bb, Dg, on the diagonal AC. ^^\~ ^j /^ 
The area of the triangles may then ^^^\^L^ 

be determined by measuring these B 

perpendiculars and diagonal AC. The pendiculars are,Z)g"=: 
18.95 chains, and 5^=17.92 chains. 

2. Required the area of a quadrilateral whose diagonal is 
00.5, and two perpendiculars 24.5, and 30.1 feet. 

Ans. 2197.65 sq.ft. 

3. What is the area of a quadrilateral whose diagonal is 
108 feet 6 inches, and the perpendiculars 56 feet 3 inches, 
and 60 feet 9 inches ? Ans. 6347 sq.ft. 3'. 

4. How many square yards of paving in a quadrilateral 
whose diagonal is 65 feet, and the two perpendiculars 28, and 
33i feet ? Ans. 222iV ^9- yds. 

5. Required the area of a quadrilateral whose diagonal is 
42 feet, and the two perpendiculars 18, and 16 feet. 

Ans. 714 sq. ft. 

6. What is the area of a quadrilateral in which the diago- 
nal is 320.75 chains, and the two perpendiculars 69.73 chains, 
and 130.27 chains ? Ans. 3207 A. 2 R. 

PROBLEM VIII. 

To find the area of a regular polygon. 

RULE. 

Multiply half tlie perimeter of the figure hy the perpendicular 
let fall from the centre on one of the sides, and the product wtU 
he tlw area (Bk. IV. Th. xxvi) 
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EXAMPLES. 



1. Required the area of the regular 
pentagon ABCDE, each of whose 
sides AB, BC, &c., is 25 feet, and 
the perpendicular OP, 17.2 feet. 




We first multiply one side 
by the number of sides and 
divide the product by 2 : this 
gives half the perimeter which 
we multiply by the perpen- 
dicular for the area. 



A T 



Operation. 



25X5 



= 62.5 =half the perim* 

eter. Then, 

62.5x17.2=1075 5^./^=the 
area. 



2. The side of a regular pentagon is 20 yards, and the per- 
pendicular from the centre on one of the sides 13,76382 ; re- 
quired the area. 

Am, 688.191 sq, yds. 

3. The side of a regular hexagon is 14, and the perpen 

dicular from the contre on one of the sides 12.1243556 : re 

quired the area. 

Ans. 509.2229352 sq.ft. 

4. Required the area of a regular hexagon whose side \f 
14 6, and perpendicular from the centre 12.64 feet. 

Ans. 553.632 sq ft. 

5. Required the area of a heptagon who«>e side is 19,38 

and perpendicular 20 feet. 

Ans. 1356.6 sq, ft. 

Tlie following table shows the areas of the ten regular 



224 



APPLICATIONS 



Mensuration of Surfaces. 



polygons when the side of each is equal to 1 : it also shows 
the length of the radius of the inscribed circle. 



Number of 
sides. 


Names. 


Areas. 


Radius of inscribed 
circle. 


3 


Triangle, 


0.4330127 


0.2886751 


4 


Square, 


1.0000000 


.0.5000000 


5 


Pentagon, 


1.7204774 


0.6881910 


6 


Hexagon, 


2.5980762 


0.8660254 


7 


Heptagon, 


3.6339124 


1.0382617 


8 


Octagon, 


4.8284271 


1.2071068 


9 


Nonagon, 


6.4818242 


1.3737387 


10 


Decagon, 


7.6942088 


1.5388418 


11 


Undecagon, 


9.3656404 


1.2028437 


12 


Dodecagon, 


11.1961524 


1.8660254 



Now, since the areas of similar polygons are to each other 
as the squares described on their hpmologous sides (Bk. IV 
Th. xx), we have 

1 : tabular area : : any side squared : area. 

Hence, to find the area of a regular polygon, we have the 
following 

RULE. 

I Square the side of the polygon, 

II. Multiply the square so found, hy the tabular area set oppo* 
site the polygon of the same number of sides, and the product 
wiU he the area. 

EXAMPLES. 

1. What is the area of a regular hexagon whose side i» 201 

20^ = 400 and tabular area =2,5980762. 

Ilonce, 

2.5080762 X 400= 1039.23048=the area. 
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2. What is the area of a .pentagon whose side is 25 ? 

Arts. 1075.298375. 

3. What is the area of a heptagon whose side is 30 feet ? 

Ans, 3270.52116. 

4. What is the area of an octagon whose side is 10 feet ? 

Ans, 482.84271 sq. fi 

5. The side of a nonagon is 50 : what is its area ? 

-Anj. 15454.5605 

6. The side of an undecagon is 20 : what is its area ? 

Ans, 3746.25616. 

7. The side of a dodecagon is 40 : what is its area ? 

Ans, 17913.84384. 

PROBLEM IX. 

To find the area of a long and irregular figure, bounded on 
one side by a straight line. 

RULE. 

I. Divide the right line or base into any number of equa* 
partSy and measure the breadth of the figure at the points of di^ 
vision, and also at the extremities of the base. 

II. Add together the intermediate breadths, and half the sum 
of the extreme ones. 

III. Multiply this sum by the base line, and divide the product 
by the number of equal parts of the base. 

EXAMPLES. 

1 . The breadths of an irregu- dL 

lar figure, at five equidistant ^ b — ^| I f 

places, A, B, C, D, and E, be- J h-^h — "b — i 

ing 8.20 chains, 7.40 chains. 
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9^0 chains, 10.20 chains, and 8.60 chains, and tho whole 
length 40 chains : required the area. 

S.20 35.20 

8,60 40 

2 )16.80 4 )1408.00 

8.40 mean of the extremes. 352.00 square chains. 
7.40 
9.20 
10.2 

35.20 the sum. 

Ans. 35 A, 32 P. 

2. The length of an irregular piece of land being 21 chains 
and the breadths, at six equidistant points, being 4.35 chains 
5.15 chains, 3.55 chains, 4.12 chains, 5.02 chains, and 6.10 
chains : required the area. Ans. 9 A. 2 R. 30 P. 

3. The length of an irregular figure is 84 yards, and the 
breadths at six equidistant places are 17.4 ; 20.6 ; 14.2 ; 16.5; 
20.1 ; and 24.4 : what is the area ? Ans, 1 550.64 sq, yds. 

4. The length of an irregular field is 39 rods, and its 
breadths at five equidistant places, are 4.8 ; 5.2 ; 4.1 ; 7.3 , 
and 7.2 rods : what is its area ? Ans. 220.35 sq, rods, 

5. The length of an irregular field is 50 yards, and its 
breadths at seven equidistant points, are 5.5 ", 6.2 ; 7.3 ; 6 ; 
7.5 ; 7 ; and 8.8 yards : what is its area ? 

Ans, 342.916 sq, yds. 

6. The length of an irregular figure being 37.6, and the 
breadths at nine equidistjant places, 0; 4.4 ; 6.5 ; 7.6 ; 5.4 ; 8; 
5.2 ; 6.5 ; and 6.1 : what is the area? Ans, 219.255. 

PROBLEM z. 

To fmd the circumference of a circle when the diameter is 
known. 
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RULE 

Multiply the diameter by 3.1416, and the product will he the 
circumference, 

EXAMPLES. 

1. What is the circumference of a circle whose diameter 
is 17? 



We simply multiply the 
number 3.1416 by the diam- 
eter, amd the product is the 
circumference. 



Operation, 

3.1416X17=53.4072, 

which is the circumference. 



2. What is the circumference of a circle whose diameter is 
40 feet? Ans, 125,664 ft, 

3. What is the circumference of a circle whose diameter is 
12 feet ? Ans, 37.6992 ft, 

4. What is the circumference of a circle whose diameter is 
22 yards ? Ans, 69. 1 1 52 yds. 

5. What is the circumference of the earth — the mean diam- 
eter being about 7921 miles ? Ans. 24884.6136 mi, 

PROBLEM XI. 

To find the diameter of a circle when the circumference is 
kno^vn. 

RULE. 

Dttjide the circumference by the number 3.1416, and the qua* 
tient will be the diameter. 

EXAMPLES. • 

1. The circumference of a circle is 69.1152 yards: what 
If She diam«ter ' 
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We simply divide the cir- 
cumference by 3.1416, and 
the quotient 22 is the diam- 
eter sought. 

2. What is the diameter of 
11652.1944 feet? 

3. What is the diameter of 
6850? 

4. What is the diameter of 
60? 

5. If the circumference of 
the diameter ? 



Operation. 

3.1416)69 1152(22 
62832 
62832 
62832 



a circle whose circumference is 

Ans. 3709. 
a circle whose circumference is 

^iw. 2180.4176. 
a circle whose circumference is 

Ans. 15.915. 
a circle is 25000.8528, what is 
Ans, 7958. 



PROBLEM XII. 

To And the length of a circular arc, when the number o! 
degrees which it contains, and the radius of the circle are 
known. 

RULE. 

Multiply the number of degrees hy the decimal ,01745, and 
the product arising hy the radius of the circle. 

EXAMPLES. 

1. What is the length of an arc of 30 degrees, in a circle 
whose radius is 9 feet. 



We merely multiply the 
given decimal by the number 
of degrees, anl by tlie radius. 




Operation. 

.01745x30x9=4.7115, 

which is the length of the arc 



En; HARK. — ^When the arc contains degrees and minutes, re- 
duce the minutes to the decimals of a degree, which is done 
them by 60. 
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2. What is the length of an arc containing 12^ l(y ox 
12t,^ the diameter of the circle being 20 yards ? 

Ans. 2.1231 

3. What is the length of an arc of 10* 15' or 10|o, in a 
ciido whose diameter is 68? Ans. 6.0813. 



PROBLEM xtii. 
To find the length of the arc of a circle when the chord 
and radius are given. 

RULE. 

I. Find the chord of half the arc. 

II. From eight times the chord of half the arCy subtract the 
chord of the whole arc, and divide the remainder by 3, and the 
quotient wiU be the length of the arc, nearly. 

EXAMPLES. 

1. The chord A5=30 feet, and the 
radius -40=20 feet: what is the 
length of the arc ADB ? 

First draw CD perpendicular to the 
chord AB : it will bisect the chord at 
P, and the arc of the chord at D. 
Then AP=i\5 feet. Hence, 

A&'-AP-CPi that is, 

400—225=175 and V'l75= 13.228= CP, 

CD- CP=20-13.228=6.772=jDP. 




Then 
A.gain, 
hence> 
Then, 



AB- '/aF+PD'= '/225+45.859984 • 
^D=16.4578=chord of the half arc. 

16.4578x8-30 .. ^__ , ..-, 
=33.8874= arc ADB. 



20 
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2. What is the length of an arc the chord of which is 24 
feet, and the radius of the circle 20 feet ? 

Ans. 25.7309 ft. 

3. The chord of an arc is 16 and the diameter of the circle 
20 : what is the length of the arc ? Ans. 18.5178. 

4. The chord of an arc is 50, and the chord of half the 
arc is 27 : what is the length of the axe ? Ans. 55^. 

PROBLEM ZIV. 

To find the area of a circle when the diameter and circnm- 
"erence are both known. 

RULE. 

Multiply the circumference by half the radius and the produd 
tnU be the area (Bk. IV. Th. xxvii). 

EXAMPLES. 

1. What is the area of a circle whose diameter is 10, and 
circumference 3 1 .4 1 6 ? 
If the diameter be 10, the 



Operation. 

31.416x2^=78.54; 
which is the area. 



radius is 5, and half the ra- 
dius is 2|: hence, the cir- 
cumference multiplied by 2^ 
gives the area! 

2. Find the area of a circle whose diameter is 7; and cii^ 
umference 21.9912 yards. Ans. 38.4846 yds. 

3. How many square yards in a circle whose diameter is 
3J feet, and circumference 10.9956. Ans. 1.069016. 

4. What is the area of a circle whose diameter is 100, and 
circumference 314.16 ? Ans. 7854. 
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5. What is the area of a circle whose diameter is 1, and 
circumference 3.1416, Ans. 0.7854. 

6. What is the area of a circle whose diameter is 40, and 
circmnference 131.9472? Ans. 1319.472. 

PROBLEM XV. 

To find the area of a circle when the diameter only if 
known. 

RULE. 

Square the diameter, and then multiply hy the decimal .7854 

EXAMPLES. 

What is the area of a circle whose diameter is 5 ? 



We square the diameter, 
which gives us 25, and we 
then multiply this number 
and the decimal .7854 to- 
gether. 



Operation, 

.7854 

?= 25 

39270 
15708 



area=19.6350 



2. What is the area of a circle whose diameter is 7 ? 

Ans. 38.4846. 

3. What is the area of a circle whose diameter is 4,5 ? 

Ans. 15.90435. 

4. What is the number of square yards in a circle whose 
diameter is 1| yards ? Ans, 1.069016. 

5. What is the area of a circle whose diameter is 8.75 
feott Ans, 60.1322 sq, ft, 

PROBLEM XVI. 

To find the area of a circle when the circumference only 
b known. 
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RULE. 

Mtdiiply the square of the circumference by the decimal .07958, 

and the product wiU be the area very nearly, 

EXAMPLES. 

1. What is tlie area of a circle whose circumferenco is 
3.1416? 

Operation, 



We first square the cir- 
cumference, and then multi- 
ply by the decimal .07958. 



3.1416*=9,86965056 
• ,07958 

area=.7854-f- 



2. What is the area of a circle whose circumference is C 1 ?' 

Ans. 659.00198. 

3. Suppose a wheel turns twice in tracking 16j feet, and 
that it turns just 200 times in going round -e circular bowling- 
green : what is the area in acres, roods, and perches ? 

Ans. 4A,3R, 35.8 P. 

4. How many square feet are there in a circle whose cir- 
cumference is 10.9956 yards? Ans. 86.5933. 

5. How many perches are there in a circle whose circum- 
ference is 7 miles ? Ans. 399300.608. 

PROBLEM XYII. 

Having given a circle, to find a square which shall have ao 
equal area. 

RULE. 

I. The diameter x,S862= side of an equivalent square 

II. The circumference X .2821 =side of an equwalent square 



OF GEOME 1 RY. 233 

Mensuration of Surfaces. 

EXAMPLES. 

1. Tho diameter of a circle is 100 : what is the side of a 
square of equal area ? Arts. 88.62. 

2. The diameter of a circular fishpond is 20 feet, what 
would be the side of a square fishpond of an equal area ? 

Ans. 17.724 ft. 

3. A man has a circular meadow of which the diameter la 
875 yards, and wishes to exchange it for a square one of equal 
size : what must be the side of the square ? 

Ans. 775.425. 

4. The circumference of a circle is 200 : what is the side 
of a square of an equal area ? Ans, 56.42. 

5. The circumference of a round fishpond is 400 yards • 
what is the side of a square pond of equal area ? 

Ans. 112.84. 

6. The circumference of a circular bowling-green is 412 
yards : what is the side of a square one of equal area ? 

Ans. 116.2252 y«?*. 

7. The circumference of a circular walk is 625 : what la 
the side of a square containing the same area ? 

Ans. 176.3125. 

PROBLEM XVIII. 

Having given the diameter or circumference of a circle, to 
find the side of the inscribed square. 

RULE. 

I . The diameter X .7071 =:sid€ of the inscribed square. 

II. The circumference X .2251 = side of the inscribed squar€. 

20* 
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EXAMPLES. 

1. The diameter AB of a circle 
is 400 : what is the value of AC, 
the side of the inscribed square ? 

Here, 

.7071 X 400=282.8400= AC. 



2. The diameter of a circle is ^12 feet: what is the side 
of the inscribed square ? Ans. 291.3252 ft. 

3. If the diameter of a circle be 600 what is the side of 
the inscribed square ? Ans, 424.26. 

4. The circumference of a circle is 312 feet : what is the 
side of the inscribed square ? Ans. 70.2312 ft. 

5. The circumference of a circle is 819 yards : what is the 
side of the inscribed square ? Ans. 184.3569 yds. 

6. The circumference of a circle is 715 : what is the side 
of the inscribed square ? Ans. ] 60.9465. 

7. The circumference of a circular walk is 625 : what ia 
the side of an inscribed square ? Ans. 140.6875. 

PROBLEM SIX. 

To find the area of a circular sector. 

RULE. 

I. Find the length of the arc hy Problem XII. 

II. Multiply the arc by one half the radius^ and the product 
wiU be the area. 



OF GEOMETRY. 



235 



Mensuration of Surfaces. 



EXAMPLES. 




1. What is the area of the circular 
sector ACBj the arc AB containing 
18^, and the radius CA being equal to 
3 feet. 



First, .01745 x 18 x 3=.94230=length AB. 
Then, .94230 X li=l;41345=area 

2. What is the area of a sector of a circle in which the ra- 
dius is 20 and the arc one of 22 degrees ? 

Ans. 76.7800. 

3. Required the area of a sector whose radius is 25 and 
the arc of 147* 29'. Ans. 804.2448. 

4. Required the area of a semicircle in which the radius is 
13. Ans. 265.4143. 

5. What is the area of a circular sector when the length of 
the arc is 650 feet and the radium 325 ? 

Ans. 105625 sq. fi. 

PROBLEM XX. 

To find the area of a segment of a circle. 

RULE. 

I. Find the area of the sector having the same arc toiih the 
segment, by the last Problem. 

II. Find the area of the triangle formed by the chord of the 
segment and the two radii through its extremities. 

III. If the segment is greater than the semicircle, add the two 
'areas together; but if it is less, subtract them, and the result i» 

eithet case, wiU be the area required. 
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EXAMPLES. 



1. What is the area of the seg- 
ment ADB, the chord -45=24 
feet and CAz=i20 feet. 



First, CP=^/c^-AP 

==y^400— 144=16 
Then, 
PZ>=CD— CP=20— 16=4. 




And, ^2)='/iP*+P5*=± -/144+16=12,64911 , 

ATMy 12,64911x8-24 „^ ^^^^ 
then, arc ADB= — =25,7309. 



Arc ADB=25,7309 

half radius = 10 

area sector ADB 0=257, 3090 
area CA5=192 



^P=12 

CP=16 

area C^jB=192 



65,309= area of segment ADB 




2. Find the area of the segment 
AFB, knowing the following lines, 
▼iz: ^-8=20.5; PP=^17.17; AF 
=20; PG=11.5; and C^ = 11.64. 



A Ani? i'^OxS'-AF 11.5x8-20 ^^ 

Arc AGF=: = =24 : 

o o 

and sector AGFBC=24 X 11.64=279.36 : 

but CP=PP-^C=17.17-11.64=5.53 : 

TU Ar^n ^^X^P 20.5X5,53 ^^ ^^ 

Then, area AC5= = =56.6825. 
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Then, area of sector AFBC=279.36 

do. of triangle ABC= 56.6825 
^ves area of segment AFB=::336,0i25 

3 What is the area of a segment; the radius of the circle 
being 10, and the chord of the arc 12 yards ? 

Ans. 16.324 sq, yds. 

4. Required the area of the segment of a circle whose 
chord is 16, and the diameter of the circle 20. 

Ans. 44.5903. 

5. What is the area of a segment whose arc is a quadrant, 
the diameter of the circle being 18 ? Ans. 63.6174. 

6. The diameter of a circle is 100, and the chord of the 
segment 60 : what is the area of the segment ? 

Ans. 408, nearly. 

PROBLEM XXI. 

To find the area of an ellipse. 

Mtdtiply the two axes together^ and their product hy the decimal 
,7854, and the result wiU be the required area. 

EXAMPLES. 

1. Required the area of an ellipse, 
whose transverse axis -4JB=70 feet, 
and the conjugate axis DE= 50 feet. 

ABxDEz=z70x50=3500 : 

Then, -7854 X 3500=2748.9= area. 

2. Required the area of an ellipse whose axes are 24 and 
18. Ans. 339.2928 
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3. A^liat is the area of an ellipse whose axes are 80 aad 
60? Asis. 3769.92. 

4. What is the area of an ellipse whose axes are 50 and 
45 ? Asis. 1767,15. 

PROBLEM XXII. 

To find the area of a circular ring : that is, the area in- 
cluded between the circumferences of two circles, haying a 
common centre. 

RULE. 

1. Square the diameter of each ring, and subtract the square 
of the less from that of the greater. 

II. Multiply the d^erence of the squares by the decimal 
.7854, and the product will be the area. 

EXAMPLES. 

1. In the concentric circles 
having the common centre C, we 
have 

iiJ5=10 yds., and 2>JE=6 yards : 
what is the area of the space in- 
cluded between them ? 

5I'= 10^=100 

DE ^=z 6^= 36 

Difference =64 

Then, 63 X .7854 =50.2656= area. 

2. What is the area of the ring when the diameters of the 
circle axe 20 and 10 ? Ans. 235.62. 
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3. If the diameters are 20 and 15, what will be the area in- 
cluded between the circumferencea? Ans. 137.445. 

4. If the diameters are 16 and 10, what will be the area in- 
cluded between the circumferences ? Ans, 122.5224. 

5. Two diameters are 21.75 and 9.5 ; required the area of 
the circular ring. Ans, 300.6609. 

6. If the two diameters are 4 and 6, what is the area of the 
ring? ' Ans. 15.708 



MENSURATION OF SOLIDS. 



DEFINITIONS. 



The mensuration of solids is divided into two parts. 
1st, The mensuration of the surfaces of solids : and 
2d, The mensuration of their solidities. 

We have already seen that the unit of measure for plant 
surfaces, is a square whose side is the unit of length (Bk. IV 
Def. 7). 

2. A curve line which is expressed by numbers is also re- 
ferred to an unit of length, and its numerical value is the num- 
ber of times which the line contains the unit. 

If then, we suppose the linear unit to be reduced to a 
straight line, and a square constructed on this line, mis square 
will be the unit of measure for curved surfaces. 

3. The unit of solidity is a cube, whose edge is the imit in 
which the linear dimensions of the solid are expressed ; and 
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the face of this cube is the superficial unit in which the snr- 
&ce of the solid is estimated (Bk. YI. Th. xiii. Sch). 

4. The following is a table of solid measure. 

1 cubic foot =1728 cubic inches. 
1 cubic yard =27 
1 cubic rod =4492i 
1 ale gallon =282 
1 wine gallon =231 



cubic feet 
cubic feet 
cubic inches, 
cubic inches. 
1 bushel =2150,42 cubic inches. 



PROBLEM I. 

To find the surface of a right prism. 

RULE. 

Multiply the perimeter of the base by^the altitude and thepro^ 
duct wiU be the convex surface : and to this add the area of tlm 
hasesy when the entire surface is required (Bk. YI. Th. i). 

EXAMPLES 



1. Find the entire surface of the 
regular prism whose base is the reg- 
ular polygon ABCDE and altitude 
AFf when each side of the base is 
20 feet and the altitude AF, 50 feet 



AB+BC+CD+DE+EA=zlOO; and ^F=50 : then 
{AB+BC+ CD+DE-i-EA) x AF=convex siuface 
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«irliicli becomes, 100x50=5000 square feet; which is ihe 
convex surface, For the area of the end, we have 
AB X tabular number = area ABCDE^ 

that is, 20^ X tabular number, or 400 x 1.720477=688.1908= 

Ihe area ABCDE, 

Then, convex surface =5000 square feet. 

lower base 688.1908 square feet. 

upper base 688.1908 square feet. 

Entire surface 6376.3816 



2. What is the surface of a cube, the length of each side 
being 20 feet ? Ans, 2400 sq. fL 

3. Find the entire surface of a triangular prism, whose base 
is an equilateral triangle, having each of its sides equal to 18 
inches, and altitude 20 feet. Ans, 91.949 sq. ft, 

4. What is the convex surface of a regular octagonal prism, 
the side of whose base is 15 and altitude 12 feet? 

Ans. 1440 sq, ft. 

5. What must be paid for lining a rectangular cistern with 
lead at 2d a pound, the thickness of the lead being such as to 
require lib. for each square foot of surface ; the inner dimen- 
sions of the cistern being as follows : viz. the length 3 feet 2 
inches, the breadth 2 feet 8 inches, and the depth 2 feet 6 
inches? Ans. £2 3* 10|^. 

PROBLEM II. 

To and the solidity of a prism. 

RULE. 

Multiply the area of the base by the perpendicular height^ and 
the product wUl be the solidity. 
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EXAMPLES. 



1. What is the solidity of a reg- 
ular pentagonal prism whose altitude 
ts 20, and each side of the base 15 
feet? 

To find the area of the base we 
hare by Problem VIII. page 178. 




15^=225: and 225x1.7204774=387.107415= 

the area of the base : hence, 

387.107415 X 20=7742.1483 =solidity. 

2. What is the solid contents of a cube whose side is 24 
inches ? Ans. 13824 solid in. 

3. How many cubic feet in a block of marble, of which the 
length is 3 feet 2 inches, breadth 2 feet 8 inches, and height 
or thickness 2 feet 6 inches ? Ans, 21^ solid ft. 

4. How many gallons of water, ale measure, will a cistern 
contain whose dimensions are the same as in the last ex- 
ample? Ans. 129^ 

5. Required the solidity of a triangular prism whose alti 
tude is 10 feet, and the three sides of its triangular base 3, 4, 
and 5 feet. Ans. 60 solid fi. 

6. What is the solidity of a square prism whose height is 
9| feet, and each side of the base 1 j foot ? 

Ans 9 J solid ft. 
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7. What is the solidity of a prism whjse base is an equi- 
lateral triangle, each side of which is 4 feet, the height of the 
prism being 10 feet ? Ans. 69.282 solid ft. 

8. What is the number of cubic or solid feel in a regular 
pentagonal prism of which the altitude is 15 feet and each 
Bide of the base 3.75 feet ? Ans, 362.913 

PROBLEM III. 

To find the surface of a regular pyramid* 

RULE. 

Multiply the perimeter of the hose by half the slant height^ 
and the product will be the convex surface : to this add the area 
of the base, if the entire surface is required (Bk. VI. Th. vi). 



EXAMPLES. 

1. In the regular pentagonal pyramid 
S-^ABCDE, the slant height SF is 
equal to 45, and each side of the base 
IS 15 feet: required the convex sur- 
face, and also the entire surface. 

15x5=75=perimeter of the base, 
75x221=1687.5 square feet = area of 
convex surface. 



And 15^=225: then 225x1. 7204774 =387. 1074 15=: the area 

of the base. 

Hence, convex surface =1687.5 

area of the base= 387.107415 
Entire surface =2074.607415 square feet 
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2. What is the convex surface of a regular triangular pyra 
Olid, the slant height being 20 feet, and each side of the base 
3 feet ? Ans, 90 sq, ft. 

3. What is the entire surface of a regular pyramid whose 
slant height is 15 feet, and the base a regular pentagon, of 
which each side is 25 feet? Ans, 2012.798 sq. ft, 

PROBLEM IV. 

To find the convex siurface of the frustum of a regular 
pyramid. 

RULE. 

Multiply half the sum Sf the perimeters of the two hoses hy 
the slant height of the frustum, and the product will he the con' 
vex surface (Bk. VI. Th. vii). 

EXAMPLES. 

1. In the frustum of the regular pen- 
tagonal pyramid each side of the lower 
base is 30, and each side of the upper 
base is 20 feet, and the slant height 
fF is equal to 15 feet. What is the 
convex surface of the frustum ? 

Ans. 1875 sq. ft. 

2. How many square feet are there in the convex surface 
of the frustum of a square pyramid, whose slant height is 10 
feet, each side of the lower base 3 feet 4 inches, and each 
§ido of the upper base 2 feet 2 inches ? Ans. 110. 

3. What is the convex surface of the frustum of a heptago- 
nal pyramid whose slant height is 55 feet, each side of the 
lowf** base 8 feet, and each srde of the upper base 4 feet ? 

Ans, 2310 sq. ft. 
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PROBLEM V. 
To find the solidity of a pyrami i. 

RULE. 

Muiliply ihs area of the base by the altitude and divide the pro* 
duct by 3, the quotient wiU be the solidity (BL YI. Th. xvii). 

EXAMPLES. 



1 What is the solidity of a pyramid 
the area of -whose base is 215 square 
feet and the altitude iSO=*45 feet? 



215x45 = 9675: 
9675 -f- 3=3225 



First, 
then, 

which is the solidity expressed in solid 
feet. 




2. Required the solidity of a square pyramid, each side of 
its base being 30 and its altitude 25. Ans. 7500 solid ft, 

3. How many solid yards are there in a triangular pyramid 
whose altitude is 90 feet, and each side of its base 3 yards ? 

Ans. 38.97117. 

4. How many solid feet in a triangular pyramid the altitude 
Iff which is 14 feet 6 inches, and the three sides of its base 5, 
6 and 7 feet? Ans, 71.0352. 

5. What is the solidity of a regular pentagonal pyramid, iti 

altitude being 12 feet, and each side of its base 2 feet ? 

Ans. 27.527G solid /? 
21* ' 
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6 How many solid feet in a regular hexagonal pyramid, 
whose altitude is 6.4 feet, and each side of the base 6 inches* 

Ans. 1.38564. 

7. How many solid feet are contained in a hexagonal pyra- 
mid the height of which is 45 feet, and each side of the base 
10 feet? Ans. 3897.1143. 

8. The spire of a church is an octagonal pyramid, each side 
of the base being 5 feet 10 inches, and its perpendicular 
height 45 feet. Within is a cavity, or hollow part, each side 
of the base being 4 feet 11 inches, and its perpendicular 
height 41 feet: how many yards of stone does the spire 
contain? Ans, 32.197353 

PROBLEM VI. 

To find the solidity of the frustum of a pjrramid. 

RULE. 

Add together the areas of the two bases of the frustum and 
a geometrical mean proportional between tliem ; and then multi^ 
ply the sum by the altitude, and take one-third the product fct 
the solidity, 

EXAMPLES. 



1. What is the solidity of the frus- 
tum of a pentagonal pjnramid the area 
of the lower base being 16 and of the 
upper base 9 square feet, the altitude 
being 7 feet ^ 
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First, 16 X 9=144 : then, ^144=12, the mean 

Then, area of lower base =16 

area of upper base = 9 

mean of bases =12 

~37 

height 7 

3) 259 

solidity =86^ solid ft. 

2. What is the number of solid feet in a piece of timber 
whose bases are squares, each side of the lower base being 
15 inches, and each side of the upper base being 6 inches, 
Ae length being 24 feet? Ans, 19.5. 

3. Required the solidity of a regular pentagonal frustum, 
whose altitude is 5 feet, each side of the lower base 18 
inches, and each side of the upper base 6 inches. 

Ans. 9.31925 solid ft. 

4. What is the contents of a regular hexagonal frustum, 
whose height is 6 feet, the side of the greater end 18 inches, 
and of the less end 12 inches ? Ans. 24.681724 cubic ft. 

5. How many cubic feet in a square piece of timber, the 
areas of the two ends being 504 and 372 inches, and its 
length 3U feet? Ans. 95.447. 

6. What is the solidity of a squared piece of timber, itg 
length being 18 feet, each side of the greater base 18 inches, 
md esLzh side of the smaller 12 inches ? 

Ans. 28.5 cubic ft. 

7. What is the solidity of the frustum of a regular hexago- 
nal pyramid, the side of the greater end being 3 feet, that of 
the loss 2 feet, and the height 12 feet? 

Ans. 197.453776 solid ft. 
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MEASURES OF THE THREE ROUND BODIKft. 
PROBLEM I. 

To find the surface of a cylinder. 



Multiply the circumference of the base by the altitude, and t\i 
prtaduct will be the convex surface ; and to this, add the areas of 
the two bases, when the entire surface is required (Bk. VI. Th. ii)* 




EXAMPLES. 

1. What is the entire surface of the 
cylinder in which AB, the diameter of 
the base, is 12 feet, and the altitude EF 
30 feet ? 

First, to find the circumference of the 
base, (Prob. X. page 180) : we have 
3.1416 X 12 = 37.6992= circumference of 
the base. 

Then, 37.6992x30 =11 30.9760= convex surface. 
Also, 12^=144: and 1 44 x. 7854 = 113.0976 = area of he 
base. 
Tlion, convex surface = 1 130.9760 

lower base 113.0976 

upper base 1 1 3.0976 

Entire area = 1357.1712 

2. What is the convex eurface of a cylinder, the diamelw 
of whose base i 20, and the altitude 50 feet ? 

Ans. 3141.6*9. .A 
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3. Required the entire surface of a cylinder, whose altitude 
is 20 feet, and the diameter of the base 2 feet. 

Ans. 131.9472 ft. 

^. Whftt is the convex surface of a cylinder, the diameter 
of whosf base is 30 inches, and altitude 5 feet ? 

Ans*^ 5654.88 sq. in, 

5. Required the convex surface of a cylinder, whose alti- 
tude is 14 feet, and the circumference of the base 8 feet 4 
inches. Ans. 116.6666, &^c., sq. ft. 

PROBLEM II. 

To find the solidity of a cylinder. 



Multiply the area of the base by the altitude, and the prodttd 
mil be the solidity. 

EXAMPLES. 

1. What is the solidity of a cylinder, 
the diameter of whose base is 40 feet, 
and altitude EF, 25 feet ? 

First, to find the area of the base, we 
have (Prob. xv. page 231). 

40^=1600: then, 1 600 X. 7854 =1256.64. 

=area of the base. 

Then, 1256.64x25=31416 solid feet, which is the solidity. 

2. What is the solidity of a cylinder, the diameter of whose 
base is 30 feet, and altitude 50 feet ? 

Ans. 35343 cubic ft. 
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3. What is the solidity of a cylinder whose height is 5 feet, 
and the diameter of the end 2 feet? Ans. 15.708 solid ft 

4. What is the solidity of a cylinder whose height is 20 
feot, and the circumference of the base 20 feet ? • 

Ans, 636.64 cuhie ft, 

5. The circumference of the base of a cylinder is 20 feet, 
acd the altitude 19.318 feet: what is the solidity? 

Ans, 614.93 cubic ft. 

6. What is the solidity of a cylinder whose altitude is 13 
feet, and the diameter of its base 15 feet? 

Ans. 2120.58 cubic ft. 

7. Required the solidity of a cylinder whose altitude is 20 
feet, and the circumference of whose base is 5 feet 6 inches ? 

Ans. 48.1459 cubic ft, 

8. What is the solidity of a cylinder, the circumference of 
whose base is 38 feet, and altitude 25 feet ? 

Ans. 2872.838 cubic ft, 

9. What is the solidity of a cylinder, the circumference of 
whose base is 40 feet, and altitude 30 feet ? 

10. The diameter of the base of a cylinder is 84 yards, and 
the altitude 21 feet : how many solid or cubic yards does it 
contain ? Ans, 38792.4768. 

PROBLEM III. 

^ To find the surface of a cone. 

RULE. 

Multiply the circumference of the base by the slant height, and 
divide the product hy 2 ; the quotient will be the convex surface, 
to which add the area of the base, when the entire surface is 
eauirei (Bk. VI. Th. viii). 
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EXAMPLES. 



1. What is the convex surface of the 
cone whose vertex is C, the diameter 
AD, of its base being 8^ feet, and the 
side CAy 50 feet. 




First, 3.1416 X 8^=.26.7036= circumference of base. 
26.7036X50 



Then 



-=667.59= convex surface. 



2. Required the entire surface of a cone whose side is 36 
and the diameter of its base 18 feet. 

A71S, 1272.348 sq. ft. 

3. The diameter of the base is 3 feet, and the slant height 
15 feet : what is the convex surface of the cone ? 

Ans. 70.686 sq, ft. 

4. The diameter of the base of a cone is 4,5 feet, and tLa 
slant height 20 feet : what is the entire surface ? 

Ans. 157.27635 sq. JL 

5. The circumference of the base of a cone is 10.75, and 
the shnt height is 18.25 : what is the entire surface? 

Ans. 107.29021 sq. ft. 

PROBLEM IV. 

To find the solidity of a cone. 

RULE. 

Multiply the area of the base by the altitude; and divide the pro 
duct by 3, tJie quotient will be the solidity (Bk. VI. Th. xviii). 
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EXAMPLES. 



I. What is the solidity of a cone, the 
area of whose hase is 380 square feet, 
and altitude CJB, 48 feet ? 




We simply multiply the 
area of the base by the alti- 
tude, and then divide the pro- 
duct by 3. 



Operation, 

380 
48 
3040 
1520 

3)18240 
area=6080 



2. Required the solidity of a cone whose altitude is 27 
leet, and the diameter of the base 10 feet. 

Ans. 706.86 cubic ft. 

3. Required the solidity of a cone whose altitude is 10| 
feet, and the circumference of its base 9 feet ? 

Ans, 22.5609 cubic fi, 

4. What is the solidity of a cone, the diameter of whoM 
base is 18 inches, and altitude 15 feet? 

Ans. 8,83575 cubic ft. 

5. The circumference of the base of a cone is 40 feet, and 
the altitude 50 feet : what is the solidity 1 

Ans. 2122.1333 solid ft. 
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PROLLEM V. 

To £nd the surface of the frustum of a cone. 

RULE. 

Add together the circumferences of the two bases; and tmiltt 
fly the sum hy half the slant height of tlie frustum; the produce 
wUi be the convex surface, to which add tlie areas of the bases 
when the entire surface is required (Bk. VI. Th. ix). 

EXAMPLES. 



1. What is the convex surface of the 
frustum of a cone, of which the slant 
height is 12|- feet, and the circumfe- 
rences of the bases 8,4 and 6 feet. 




We merely take the sum 
of the circumferences of the 
bases, and multiply by half 
the slant height, or side. 



Operation. 

8.4 

6 

14.4 

half side 6.25 

area =90 sq, ft. 

2. What is the entire surface of the frustum of a cone, the 
side being 16 feet, and the radii of the bases 2 and 3 feet 1 

Ans. 292A688 sq. ft. 

3. What is the convex surface of the frustum of a cone, 
he circumference of the greater base being 30 feet, and (k 

the less 10 feet; the slant height being 20 feet? 

Ans. 400 ^5'. ft. 

4. Required the entire surface of the frustum of a cone 
whose slant height is 20 feet, and the diameters of the bases 
8 and 4 feet Ans. 439,824 sq. ft. 
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PROBLEM VI. 

To find the solidity of the frustum of a cone. 

RULE. 

I. Add together the areas of the two ends and a geometrical 
mean between them, 

II. Multiply this sum by one-third of the altitude and the 
product vjill be the solidity, 

EXAMPLES. 

1. How many cubic feet in the frus- 
tum of a cone whose altitude is 26 feet, ig 
and the diameters of the bases 22 and JW 

18 feet? mllj 

MM 

First, 2?X.7854zz:380.134 = area of Mfjffi 

lower base : 

and Is' X .7854=254.47=area of upper base. 



Then, '/380.134x254.47=3I1.018=:mean. 

Then, (380.134+254,47+311.018) x^:^8195.39 which 

o 

is the solidity. 

2. How many cubic feet in a piece of round timber the di- 
ameter of the greater end being 18 inches, and that of the less 
9 inches, and the length 14.25 feet? An^. 14.68943. 

3. What is the solidity of a frustum, the altitude being 18, 
the diameter of the lower base 8, and of the upper 4 ? 

Ans. 527.7888. 

4. If a cask, which is composed of two equal conic frus 
turns joined together at their larger bases, have its bung di 
umeter 28 inches, the head diameter 20 inches, and the length 
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40 inches, how many gallons of wine will it contain, there 
being 231 cubic inches in a gallon? Ans, 79.0613. 

PROBLEM VII. 

To find the surface of a sphere. 

RULE. 

Multiply the circumference of a great circle hy the diameter, and 
the product will he the surface (Bk. VI . Th. xxiii). 

EXAMPLES. 



I. What is the surface of the sphere 
whose centre is C, the diameter being 
7 feet? 

Ans, 153.9384 sq, ft. 



2. What is the surface of a sphere whose diameter is 24 ? 

Ans. 1809.5616. 

3. Required the surface of a sphere whose diameter is 
7921 miles. Ans. 197111024 sq.miles. 

4. What is the surface of a sphere the circumference of 
whose great circle is 78.54? Ans. 1963.5. 

5. What is the surface of a sphere whose diameter is IJ 
feet ? Ans. 5.58506 sq. ft. 

PROBLEM VIII. 

To find the convex surface of a spherical zone. 

RULE. 

Multiply the height of the zone by the circumference of a great 
circle of the sphere, and the product will be the convex surface 
(Bk. VI. Th. xxiv). 
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EXAMPLES. 



1. What is the convex surface of 
the zone ABB, the height BE being 
9 inches, and the diameter of the 
sphere 42 inches ? 



First, 42 X 3.1416= 1 31.9472 = circumference, 
height = 9 

surface =1187.5248 square inches. 

2. The diameter of a sphere is 12^ feet : what will 6e 
the surface of a zone whose altitude is 2 feet ? 

Ans, 78.54 sq, ft, 

3. The diameter of a sphere is 21 inches : what is the sur^ 
face of a zone whose height is 4^ inches ? 

Ans. 296.8812 sq, in. 

4. The diameter of a sphere is 25 feet and the height of 
the zone 4 feet : what is the surface of the zone ? 

Ans. 314.16 sq. ft. 

5. The diameter of a sphere is 9, and the height of a zone 
3 feet : what is the surface of the zone ? 

Ans. 84.8232. 

PROBLEM IX. 

To find the solidity of a sphere. 

RULE I. 

Multiply the surface hy one-third of the radius and the product 
will be the solidity (Bk. VI. Th. xxv)- 
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EXAMPLES. 

1. What is the solidity of a sphere 
Rrhose diameter is 12 feet? 

First, 3.1416 x 12 = 37.0992 = 
circumference of sphere. 

diameter = 12 

surface =452.3904 

one-third radius = 2 

Solidity =904.7808 cubic feet. 

2. The diameter of a sphere is 7957.8: what is its solidity! 

Ans. 263863122758.4778. 

3. The diameter of a sphere is 24 yards : what is its solid 
contents ? Ans, 7238.2464 cubic yds, 

4. The diameter of a sphere is 8 : what is its solidity? 

Ans. 268.0832. 

5. Tne diameter of a sphere is 16 : what is its solidity ? 

Ans, 2144.6656. 

RULE II. 

Cube the diameter and multiply the number thus found, by the 
decimal .5236, and the product will be the solidity. 



EXAMPLES. 

1 . What is the solidity of a sphere whose diameter is 20 ? 

Ans, 4188.8. 

2. What is the solidity of a sphere whose diameter is 6 ? 

Ans. 113.0976. 

3. ,What is the solidity of a sphere whuse diameter is 10' 

22* Ans. 523.6 



258 



A PPLICATION 



M e n 8 u r ation of the Round Bodies. 

PROBLEM X. 

To find the solidity of a spherical segment with one base 

RULE. 

I. To three times the square of the radius of the base, add the 
square of the height. 

II. Multiply this sum by the height, and the product by ths 
decimal .5236, the result will be the solidity of the segment, 

EXAMPLES. 

1. What is the solidity of the seg- 
ment ABD, the height BE being 4 
feet, and the diameter AD of the 
base being 14 feet? 

First, 

7^x3+4^=147+16=163: 

Then, 1 63 x 4 x. 5236 =34 1.3872 solid feet, which is the 
solidity of the segment. 

2. What is the solidity of the segment of a sphere whose 
height is 4, and the radius of its base 8 ? Ans, 435.6352. 

3. What is the solidity of a spherical segment, the diam- 
eter of its base being 17.23368, and its height 4.5 ? 

Ans, 572.5560. 

4. What is the solidity of a spherical segment, the diam- 
eter of the sphere being 8, and the height of the segment 2 
feet ? Ans, 4 1 .888 cubic ft, 

5. What is the solidity of a segment, when the diameter 
of the sphere is 20. and the altitude of the segment 9 feet ? 

Ans. 1781.2872 cubic ft 
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OF THE SPHEROID. 

A spheroid is a solid described by the roTolution of ui 
ellipse about either of its axes. 

If an ellipse ACBD, be re- 
volved about the transverse or 
longer axis AB, the solid de- 
scribed is called a prolate 
spheroid : and if it be revolved 
about the shorter axis CD, the solid described is called an 
oblate spheroid. 

The earth is an oblate spheroid, the axis about which it 
revolves being about 34 miles shorter than the diameter per- 
pendicular to it. 

PROBLEM XI. 

To find the solidity of an ellipsoid 

RULE. 

Multiply the fixed axis by the square of the revolving axis 
and the product by the decimal .5236, the result wUl be the re* 
quired solidity. 

EXAMPLES. 

1. In the prolate spheroid 
ACBD J the transverse axis 
AB=z90, and the revolving 
Kris CD =70 feet: what is 
til 8 solidity? 

Here, ^5=90 feet: 55^=70^=4900: hence 
ABx C5^X. 5236= 90 X 4900 X. 5236=2309^7.6 cubic feet, 
which is the solidity. 
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2. What is the solidity of a prolate spheriod, whose fixed 
axis is 100, and revolving axis 6 feet? Ans. 1884.96. 

3. What is the solidity of an oblate spheroid, whose fixed 
axis is 60, and revolving axis 100? Atis. 314160. 

4. What is the solidity of a prolate spheroid, whose axel 
are 40 and 50 ? Ans. 41888. 

5. What is the solidity of an oblate spheroid, whose axes 
are 20 and 10 ? Ans. 2094.4. 

6. What is the solidity of a prolate spheroid, whose axes 
are 55 and 33 ? Ans, 31361.022. 

7. What is the solidity of an^ oblate spheroid, whose axes 
are 85 and 75 ? Ans. 

OF CYLINDRICAL RINGS. 

A cylindrical ring is formed by 
bending a cylinder until the two 
ends meet each other. Thus, if a 
cylinder be bent round until the axis 
takes the position mon, a solid will 
be formed, which is called a cylin- 
drical ring. 

The line AB is called the outer, and ed the inner diameter. 

PROBLEM XII. 

To find the convex surface of a cylindrical ring. 

RULE. 

I. To the thickness of the ring add the inner diameter. 

II. Multiply this sum hy the thickness, and the produet hy 
9.8696, the result wUl be the area. 
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EXAMPLES. 

1. The thickness Ac, of a cylindri- 
«al ring is 3 inches, and the inner 
iiameter cd, is 12 inches : what is 
the convex surface ? 

Ac+cd=:3 M2 = 15: 
15 X 3 X 9.8696=444.132 square 
inches = the surface. 

2. The thickness of a cylindrical ring is 4 inches, and the 
inner diameter 18 inches : what is the convex surf\ice ? 

Ans. 868.52 sq, in, 

3. The thickness of a cylindrical ring is 2 inches, and the 
'nner diameter 18 inches : what is the convex surface ? 

Ans. 394.784 sq, in, 
PROBLEM XIII. 

To find the solidity of a cylindrical ring. 

RULE. 

To the thickness of a ring add the inner diameter 

-| • Jirlultijply this sum by the square of half the thickness, and 
Product hy 9.8696, the result will he the required solidity, 

EXAMPLES. 

fkf^ " VVIi2it is the solidity of an anchor ring, whose inner di- 

8^ ^''' ^^ Q inches, and thickness in metal 3 inches ? 

(>r^^ ^^Ji r then, 11 X (1)^x9.8696 =244.2720, which oa- 

^s tl3.c3 solidity in cubic inches. 

d X^li^ xxiner diameter of a cylindrical ring is 18 inches, 
^o ^^i €2lcijess 4 inches : what is the solidity of the ring ? 

Ans. 868.5248 ctibic inches 
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3. Required the solidity of a cylindrical ring whose thick- 
ness is 2 inches, and inner diameter 12 inches ? 

Ans. 138.1744 cubic m 

4. What is the solidity of a cylindrical ring, whose thick- 
ness is 4 inches, and inner diameter 16 inches ? 

Ans. 789.568 cubic m. 

5. What is the solidity of a cylindrical ring, whose thick 
ness is 8 inches, and inner diameter 20 inches ? 

Ans, 

6. What is the solidity of a cylindrical ring whose thick- 
is 5 inches, and inner diameter 18 inches ? 
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••99 
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2837 

3421 5557 
6776 6911 
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4082 
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3 146 
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•410' -- 
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3487 

4799' 4o44 
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7700! 7844 
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1172 
2706 
4235 
5758 
7276 
8789 
•296 
1790 
3295 
47B8 
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7756| 
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2839 
4387 
5910 
7428 
8940 
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3445 
4936 
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2700 
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3484 
4813 
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4946 
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3445 
4869 
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2073 
4335 
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2966 
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•341 


•447 


•3541 107 
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0^67 
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1936 


0979 


io36 


U93 
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1298 
2J6o 


i4o5 


i5ii 


1617 
3678 


106 


4r>9 


1723 
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:jo42 


2148 


2466 


2572 
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410 
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3|02 


3207 


33 1 3 


34IQ 
4475 


3525 
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3736 
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411 


3842 


3c.U7 
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4264 


4370 
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4646 
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5*45 
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4897 
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53iQ 


5434 
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5634 


5740 
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6895 
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U 
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l6u5 
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3431 
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3o42 


3M6 
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420 
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3456 


3559 


3663 


3766 


3869 


4076 


4t79 


io3 
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4282 
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4591 


4695 
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4901 
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54J:: 
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io3 
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6648 
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8i85 
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7366 
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7^71 
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7878 
B900 
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99 
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3i56 


3354 
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98 
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6993 
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9^ 
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98 


445 
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9043 
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97 
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9^32 


953o 
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97 
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1.124 J 61 a 

Jj^7| 3375' 

4166 4^54 

^44 5i3i 

Sgjg' 6007 

f>loi\ 633o 

76/j^j 77^3 

^5351 6623 

E3|o4| ojoi 

•27tl -^-' 
Ji36 



l4iw! 35 1 3 3607! 

43&0 44^ 4^4^! 

5299 5393 1 54^7 j 

62 J7 63JIJ 6414 

7173; iiiAf j}b^ 

Biot>\ 8109: 8293 

90J3! 91 if I 93 J4 

9967I *%o •i53 

089^1 096S] 1080 

lifii 1913 aoo5 

3744 3836 ?9;f9 

3A66| 3758 3»1o 

45f!&; 4677 1 J7'&9 

55o3 5^95j 56^71 
&4»9 
7333 



9(55 9346 
•^3 •i54 



6^ri; 6603 
74^4? 75«^ 
83 J&' 84^7 

9337 




0970 
JS74 
3777 
3677 
457* 



6306 

7o5g 

96(39 

i3f>i 
?r4i 

39^6 
3K36 
4665 

5301 



1999 
3-ji 

6191 



]?:f3 
3066 

3Q47 

3^07 

4665 
6376 



7144; 7539 

'»6 8o3i 

t46' S931 

094| 9779 

i3K>j 1470 
3339 ail 3 
3070] 3i54 
3910, 3994 
4749' 4H33 
55B6 5669 



to6a 
1^4 

3767 
M 466«T 
5473 5563 
636»| 6458 
7261 1 7351 
6t53 Bin 
904a| 9i3i 
993o| ^lo 

J 700' 17S9 
7583] 2671 
3463 353 1 
4343 443o 
S219 5307 
6094! 6i8? 
6968 7o55 



S709 
9578 
•444 
i3q9 



793^ 
87g6 
9664 
*53r 
1395 



a J 7^' ^™ 

3o3J. 3u9 

3art3 3<)79 

4731) 4837 

5607! 5693 

bifil'. 6547 

73i5; 7400 

8[66l 8a5] 

9(115' 9100 

9863; 9943 

0710 0794 

1^54' i639 

3397 iJ4Bi 
33: 

407S 
4916 
5753 



3393 
4]6a 
5oao 



•a4> 
ii5i 

ao*5 

475A 

5653 
6547 
7440 
831 J 
9330 
•107 

i&P 
3759 
3639 
4517 
5304 
6369 
7'4ii 
8014 
8883 
9751 
•617 
14S3 
3344 
33oS 
4065 
49^3 
5778 
6633 
7485 
8336 
cjt85 
•♦33 
0879 
1734 

3407 

43 i6 
5o84 



5836 5930 



94 

9i 

94 I 

94 

93 

93 

92 

9^ 

ga 

91 , 

91 

91 

91 i 
9" 
90 
90 

90 
90 



S9 
89 



ti3 

86 
86 
86 
86 
S6 
85 
65 
85 
85 
85 
65 
84 
84 
84 
84 
84 
84 



A TAB LK OF LOGARITHMS FROM 1 TO 10,000. 



[N. 





I "" 


'2"" 


3 i 4 1 5 


6 


' 7 


8 : 9 

1 


"D, 


520 


716003 60871 6170 


6a54 6337, 6421 


6304 


6588 


667 1 1 6754 
7004! 7587 
8336- 8419 


83 


521 


6838 t.)ii' 7004 


7088, 7171, 7354 
792c! 8oo3, 8086 
8751] 8334 8917 
93B0 9663 9745 


7338 


7421 
^233 


8J 


522 


Itll iM^. '^J 


8J69 
9000 


33 ! 


623 


^9083 


9165 


9248 


Bl ' 


524 


9331 9ii4i 9^97 


9828 


99 'A 


9994 


••77 
I 0903 


83 


525 


720139 Oii2! oJ23 


04071 0490 0373 


o655 


'itl 


0321 


83 


525 


0986 


io'>a: ii5i 


1233' i3i6 1398 


1481 


1646 


172?^ 


8t 


527 


18II 


1:59.1- 1975 


2o58 2140' 2222 


23o5 


1387 


3469 


3552 


83 


52« 


2634 


27i6^ 3798 


2881! 29^3; 3o45 


3i37 

3943 


3309 


3391 


3374 


82 


?29 


3456 


3m; 36ao 


37021 3784I 3866 
45s2i 46c4| 4685 


4o3o 


4112 


4194 


B2 


53o 


724276 


4i58' 4U0 


itl 


4849 


493 1 


5oi3 


3a 


53 1 


5095 


5176' 5258 


5340! 5422I 55o3 


5667 


574S 

6364 


5830 


52 


532 


•5912 


5.)if-]. 6075 


6i56 b23B' 6320 


6401 


6483 


6646 


82 


533 


6727 


6 bin-;. 6B9O 


69721 70531 7134 


7216 
8029 


7297 


l\^, 


7460 
8373 

90^4 


81 


534 


7341 


yCv^J 7-J04 


7^85; 7866! 7948 

^m\ s^-s; ^7^9 

9io8- 9489' .9:170 


8110 


3i 


535 


8354 


8iJ3 


tM 


884T 


8922 


ooo3 


8j 


536 


9i65 


92^6 


9327 
•i36 


9651 


9732; 98 13 


9B93 


Si 


?^7 


9974 


••55 


•a 17, •iyS 


•378 
1186 
1991 


•45q 
ri66 
3072 


•540: •621 


:?o^ 

23 13 


81 


538 
539 


^'U% 


0%! 
1069 


0944 

1759 


1034 1103 

r33o! 1911 


13471 1438 

^l52 3233 


81 
81 


54o 


732394 


2.i74 


2555 


2635! 3715 


11$ 


3876 


2956 3o37 


3117 


80 


541 


3197 


3i78 


3358 


3438 


35i8 


3679 


3759 3839 
4560 4640 


39^9 


80 


54^ 


■ llll 


4u79 


4 160 


4240 


43 20 


4400 


USii 


4720 


80 1 


543 


4HH0 


4960 


5o4o 


5 1 20' 520O 


tl]t 


5359 5439 


5319 


80 


544 


5599 


5679 


5759 


5838 


5918: 5998 


6157 6237 


63n 
7u3 


60 


H' 


6397 
7193 


6J76 


6556 


6635 


6715 6793 
75 ir 7590 
B3o5 8384 


6874 


6954 7o34 


80 


546 


7:27a 


7353 
8] 4^ 


7431 

8235 


7670 


7749 7829 


7908 


79 


547 


If. 

9572 


8;j'>7 


84^3 


8543 8622 


B701 


79 


548 


8H{,o 


«9'iV 


9018 


9097 9171 
9889! 9968 


9256 


9^331 9414 


9493 

•2^4 


79 


549 


9'jji 


973' 


9SI0 


"47 


•126 


•203 


79 1 


500 


74o363 


U2 


032l 


cX>00 


0678 
1467 


n 


0336 


09i5 


l^i 


1073 


79 


55 1 


ll52 


nio 


l3o9 


1 388 


1624 


1703 


i860 


79 


552 


193Q 
2726 
35io 


2Qlbt 


2096 


2175 


2254 


2332 


3411 


4058 


3568 


2647 


7^; 


553 


2S04 


2882 


29^J1 


3039 
382I 


3ii8 


3196 
3980 


3353 


3431 


-H 


554 


3'm 


3667 


3745 

45^8 


3902 

4634 


4J36 


42l5 


7^ 


555 


4293 


Ail I 


4449 


4606 


47&2 


4340 


4919 


4997 


13 


556 


5075 
5855 


5iJ3 


523* 


5309 


5387 


5465 


5543 


5621 


5699 


till 


73 


557 


5^33 


60 [I 


6089 


6167 


6245 


63s3 


6401 


6479 


■7^ 


??^ 


6634 


6712 


679O 


6868 


6943 


7033 


7101 


in? 
^731 


7256 

m3 


7334 
Bno 


7« 


559 


7412 


826^ 


7567 


7645 


mi 


7800 


tit 


t^ , 


56o 


748188 


8343 


8421 


8576 


SBoB 


3335 


77 


56i 


8963 


9').io 


9iiti 


9195 


9372 


9350 


9427 


9504 


9582 


9659 


71 


562 


750^8 


9'^ii 


9B9I 


99^>3 


••45 


•133 


•200 


.377 


•354 


•43 1 


77 


563 


o3S6 


0663 


0740 
i5to 


0817 


0894 
1664 


0971 


ro48 


m't 


1202 


77 


564 


1270 
2048 


,i.j^6 


143 J 


1 587 


2509 


lBt3 


1995 


1972 


77 


565 


2125 


3 302 


3279 


2356 


2433 


2536 


2663 


2740 


71 


566 


2816 


2-^(^3 


297O 

45oi 


3o47 


3 1 23 


3300 


3277 


3353 


3430 


35o6 


17 


567 


3583 


3660 


38 13 


3899 


3966 


io43 


4119 

4883 


4190 
4960 


4273 


77 


568 


4348 


4423 


457B 


4654 


4730 


4807, 


5o36 


76 


569 


5ll2 


5[.:^g 


5^65 


5341 


5417 


5494 


5570 


5646 


572? 


5799 


76 


570 


755875 


5931 


6027 

678S 

83o6 


6io3 


61 Bo 


6256 


6332 


6408 


643i, 


6'Wy 


76 1 


P' 


6636 


6712 


6864 


6940 


,7016 


7092 


716S 


7244 
Raoi 


' 7320J 


76 1 


572 


7306 


I'Z 


7624 

8382: 


7700 


IIP 


7831 


'dU 


76 


573 


8i55 


im 


8609 


It] 


8336 


-6 


5-'4 


8912 

9668 


8988 


9o63 


91)9 


92t4 


9290 


9366 


9441 


9592 


^t 


575 


9743 


9819 


9^9S 


9970 


"45 


•l2t 


•196 


■372 


•347 


^? 


576 


760422 


049B 


0573 


0649 


0724 


07^9 


C875 


0930 


1025 


1 -oi 


^l 


577 


1 176 


12U 


1326 


14C12 


1477 


J 532 


1637 


1703: 1778 


[853 


75 


578 


1928 
2679 


2oo3 


2078 


21 53 


22;8 23o3 


^Zlii 


2433 3320 

3303 3278 


3604 


75 


579 


2754 


2839 


2904 


2978 3o53 


3128 
6 


J353,_75_| 


U-i:- 





1 "1 


a 


3 


4 


5 


1 " 


8 


9 


D. 1 



10 



▲ TABLE OF LOOAKITHlfB FROM I TO 10,000. 



saa 

, 5B4 

\ 5B5 

I, 586 

' !j«7 

I m 

Ipj 
sjs 

6^Jd 
ftol 
6oJ 

, bG5. 
I Ih36 
. ^1 

I m 

iJio 
6[t 
&ia 
iHl 

617 

6a *? 
bn 
6n 
6j1 

byt} 
637 

63o 
6^1 
633 

63^ 



I 



I 



4 j 5 



a 



'7&3i35 35ol 
7i56' 73lo; 



797*1 
b7J^ 



93771 

7701 Pi ^j 
779853 01726 

15871 l-!^Jf 

33s>, 7395 

30351 :ir2RI 

3756! %HtHi, 

53 h^! 

f»o,J7l 

7 iO'^ 



3578, J6d3 

4*36' Uoa 

50731 5147 

6d63' 66ift 

73u4 7379 

804&I 8i3o 

95a 5' ^"^fjt} 



0*>99 
t7i4 

3?oi 



1073 

3374; 
4^wf( 



5^46 

5y74 
6701 

7427 
77Wi^M, , 
HH7,i H£i,37 






7BoJi7' oj^^y 

I0I7! nth; 

I7[if>^ 1^37 

1473; ?is.i' 

3fi^f^' 2iit^ 

%->4 3r^75 

7B5i3o 5,^011 

6^4 J 611 s! 

6751 GH^a' 

74^ii 7:^1 

8f68. Hng 

iMi-^fl' HI. '39 









37i/n :\Hr}\> 

4,\HH. 455^1 

■)tft5j fia5-i 

6574 6644 

7^ia| 7337 

79f)Oi Hoao 

sSSi 87/0 

f5934r^ 9400 

i3C»39 009^ 

0717. 07M& 

J 404 (473 

1^774' 3^43 

3417. 3fiji 

4^*ai ^l^Sgl 

?_l 55oii 5069! 



4(>i>"jl 47J/» 
5393! 5463! 
6l3o| 6193! 

6H46 CMJtyl 
7173! 7644; 

r>mJ 1^)9 1 

9741 1 f^'^ii; 

04O1 I uSir 

n^r' )j53l 

189(7; to7l 

31b; 3403 

4n.l6 4n3' 

4760 4H3i. 

54ia 5543' 

6iHj| 6354' 

6H9I 6(j64 

-ho 2' 7'^"J' 

9L>i6 91^7 

97 i^ 3 979' 

(}4'i(i' o4f:?6 

iSlij 1901 1 
?53> S60j| 
3a3l 33o( 
3g]ltJ 4cK>Lj| 
4537! 4&97i 
5334 53nr 
6011; 6nH>^ 
67 13 6783, 
74^1 747^, 
S09SI 8167, 
87^^^^| eS5f^| 
9547! 

03J6 

0814 oga3i 

( 54 I 1 fiOfJ 

33^6^ S2g[5 

3r^l£>' 3979 

3594 1 3^&3 

^376; 4344, 

4y37| {>oa5 
5637 57051 



3737 
Ul^ 
Saai 
596a 
6710 
74^3 
8,04 
M4 

ujta 
]l4^' 

3343! 

4279! 
4^9 

mH\ 

6a<,5| 
6^^a 

77(7 
H441 
91 63 

98Hi5 

1 334 

3i7y 

4j^^9' 

5^r5 
633 51 

70.1.1; 
77 a 
«45l 

9ff3 
01^7 
» 369 
(07 1 



38oai 3S77; 

4530 AbH' 

5^96 5370' 

6041 61 13: 

6785 6859 

7537 7601 

^363 H3ij| 

9008 90^3 

97,^ti' 9«3o! 

i>iBA\ 05571 

laao; iaQ3 

2^9 1 3763! 

3431 1 3494! 

4i5a 4aa5i 

4S8a A^^J' 

5&10' 56831 

6i3S; 64n 



0167 



E 1 



ro7i 
367: 
337 1 
4070 
4767 

6i5ti 
6F(5a. 

7^4-1 ! 

H937, 

0i6; 

ti3a5{ 

?3(j3 

3047' 
3730 
4413 

'iorj3 
5773 



■I 

7064' 7^^7, 
77^y 7%a| 
B5j3 ti5S5' 
9J?36, Q3o8i 
91^57; "39 
0677; 0749 
1396] i4&fJ 
2ni' 3186 
3R3i! agoSi 
354&I 36 1 S 
4a6i 433a 
4'-^74 5o45 
56%| 5757 
6lij6j 6467 

7106. 7n7 

7?ii5: 7835 
H-J^i 8)93 

9^5 H (J 399 

9*^33, *»*4 

tj^t37 0707 

ijlij r4lO 

304t' yjii' 

371^' ^"^kS! 

4 139 4ati9j 

4836 4fif>6| 

5533 56oaj 

6aa7 63q7j 

7614' Ti'»?H3; 

63o3' B374. 
^9^6 9tj6-') 
9683' 9754, 
b3i3. 0443; 

io6v I? 39; 

34 i 2 aooo 
3ii6 3r84 
3798 3867 
44i^o A54y 
5i6i 5aagJ 
584 f ' ,V3 



469^^ 4774 
5d43 5530 

6933 7007 
t67Si 774* 
B4t6| 840O 
9? 56 J 9?3oi 
9894 1 99&81 
ij63j I 0705 
1 367 1 144a 
aiaa 3175 
iH3^\ 3908 
3567 1 3640 
4298; 4371 
5o28; 'iioa 
5756 5839 
6483 6556 
7109 7383 
7934 5*006 
86i3, 8730 
9JB0 9433 

0821 1 0893 
15401 161 3 
3a58i 33aol 
ao74l 3o4^ 
36H9, 3761 
44&3 447^ 
5n6 5187 
53a8' 5899 
65381 6609 
7348.; 7319 
7956,' S037 
8/>63 8734 
q369 9440 
*»74l •r44 
0778 1 0848 
U^ol t55(J 
:i\Hi\ 2353 
3:^83' 31553 
35flr 365 J 
437'J ^^40 
4976' 50451 
5673 574 < 
6366 6436 
70^0 7139 
'J7^^ 7S31 
8^3, 85(3 
9134 93^3 
9>^a3l 98ga 
o5iti <s56o 
iif)8' 1^66 
rRai iQ5a 
3568 3637, 
3351, 3]3r 
3935 4no3> 
/616 4685' 
51971 5365; 
5976; 6q44, 



4l»( 
4848 

633^« 



708a 74 



7S33 
8564 
93a3 
"ia 
0778 
nu 
;!348 
3981 
3713 
4444 
5i73 
5oo3 
663^9 

7354 

8079 
8 Boa 
9534 

•n^ 

□965 
1684 
9401 
3117 
3833 
4546 
5359 
597i> 
6680 

8098 
8894 
g5io 
■?i5 
0918 
)6ao 

3333 
3033 

3721 
A4iB 
5ii5 

38 1 

65o5 

7T98 

tr. 

9373 
9961 

0648 
13.35; 

S031 

37..1| 



75 

75 

74 



74 
74 
74 
7^ 
7i 

^ 
73 

73 

7^ 

^^ 
73 

7J 

73 

n 
73 
7a 

7? 

73 

7t 
7a 
71 
71 
71 
71 
7t 
71 
71 

7> 
7r 
7& 

70 
70 
70 
7<* 
70* 
70 
70 

5 

S2 
69 
69 I 



iJjLl 



3389I 68* i 

407 J I 68 

47531 6S 

5433 6& 

6n3 6S 





A TABLE 


OF LOGARITHMS FROM 1 


TO 


10,000. 


11 


N. 

640 


1 , 


' 


3 


4 
6i5i 


5 


6 1 


7 


» 


9 


D. 


806180 


6248 


63 [6 


6384 


65i9 


6587 


6655 


6723 


67QO 


6B 


641 


6858 


6926 


6994 


7061 


7129 


7197 


7364 


7332 


7400 
8076 


68 


642 


7535 


7603 


83.16 


773S 


7806 


8549 


79'^t 


8oo3 


63 


643 


8211 


^3 


B4U 


8481 


S616 


86S4 


8751 


83iB 


67 


644 


8886 


90:^1 


9a8S 


9i56 


9223 


9390 

99O4 


935B 


9425 


9492 


67 


645 


9560 


9627 


9694 


9762 


9^29 


9896 


"3i 


••98 


•i65 


67 


646 


810233 


o3oo 


oVn 


0434 


o5rii 


o56g 


ob36 


0703 


0770 


0337 


67 


647 


0904 
1575 


0971 


10^9 


Iig6 


in-^ 


1340 


i307 


1374 


\Ul 


67 


648 


1642 


n^9 


1776 


1S43 


tgio 


J 977 


2044 


21 n 


2178 


67 


649 


2245 


23l2 


2379 


2445 


25l2 


2-J79 


2646 


37.3 


2780 


2847 


67 


65o 


812913 


2980 


3o47 


3114 


3ifji 


3347 


33i4 


338 1 


3443 


35i4 


67 


65 1 


3581 


3648 


3714 


3781 


384S 


3914 
458 1 


3981 


4o43 


4ti4 


4181 


67 


662 


4248 


43i4 


43Si 


4447 


43i4 


4647 


47 U 


47B0 


4R47 


U 


653 


4913 


4980 


5046 


5n3 


fng 


5346 


5312 


5378 


5445 


55ii 


654 


5378 


5644 


57n 


5777 


5^4-3 


Snio 


5976 


6042 


6109 


6175 


66 


655 


6241 


63o8 


6374 


6440 


65o6 


6373 


6639 


6705 


677 i 


6338 


66 


656 


6904 


6970 


7016 


710a 


7169 


7335 


7.301 


n 


7433 
8094 


7499 


66 


657 


7D65 
8226 


7631 


p:^ 


77^4 


7330 


1^1 


7962 


B160 


66 


6d8 


8292 
8951 


8424 


8490 


862a 


86H3 


8754 


8320 


66 


659 


8885 


9017 


9m 


9'49 


931 5 


92R1 


9346 


9412 


9478 


66 


660 


819544 


9610 


967^ 


974 1 


9807 


9S73 


993^ 
o'j^5 


"•4 


*"70 


•i36 


66 


661 


820201 


0267 


o3:iJ 


0395 


0464 


o53o 


0661 


0727 


0792 


66 


662 


o858 


0024 


t^ 


1 1 30 


1186 


12:>1 


i3i7 


1382 


1443 


66 


663 


i5i4 


17 io 


1775 


\m 


1906 


1972 


2037 


2io3 


65 


664 


2168 


2i^r:) 


2364 


2430 


2495 


256o 


2626 


369; 


2756 


65 


665 


2822 


2887 


20 "j^ 


3oi3 


3cjB3 


3i43 


321 3 


3379 


3344 


3409 


65 


666 


3474 


3539 


36n5 


3670 


3735 


3tjoo 


3865 

45 16 


393Q 


3996 


4061 


65 


^l 


4126 


4i9« 


42 56 


4321 


4336 


445 1 


4581 


4646 


4711 


65 


668 


4776 


4841 


4006 
55:)6 


4971 


5o36 


5ioi 


5 166 


5g3i 


5396 


5361 


65 


669 


5426 


5491 


5621 


5686 


5731 


5Hi5 


5SRo 


5945 


6010 


65 


670 


826075 


6140 


6204 


6269 


6334 


6399 


6464 


6528 


6593 


6653 


65 


^J' 


6723 


6787 


68 "J2 


6717 


69S1 


7046 


7111 


7175 


7240 


73o5 


65 


J72 


t:^ 


7434 


7409 


7563 


7628 
^273 


7692 


7757 


7821 


7886 


7951 


65 


673 


8080 


8144 


B2fH) 


8338 


8402 


8467 


353 1 


ED95 


64 


674 


8660 


8724 


87-^9 


B853 


B918 
956i 


39S2 


9046 


9m 


9175 


9239 


64 


675 


9304 


9368 


94 J3 


9497 


9625 


2^^^ 


9754 


93i9 


98.S2 


64 


676 


9947 


••11 


••75 


•139 


•204 


•268 


•396 


*46q 


•535 


64 


677 


830D89 


0653 


07 « 7 


ofBx 


0843 


':m 


0973 

i6f4 


io37 


1102 


1 166 


64 


678 


I230 


1934 
2573 


i358 


IA22 


t4S6 


1678 


1742 


\Ho6 


64 


679 


1870 


igr,H 


2062 


2126 


21^9 

2828 


2353 


23i7 


2381 


2445 


64 


680 


832509 


26^7 


^700 


2764 


2892 


2056 
3593 


3o2o 


3o33 


64 


681 


3i47 


32II 


3275 


333S 


3402 


3466 


353o 


3657 


3721 


64 


682 


3784 


3848 


3q.j 

454^ 


3Q75 


4039 


41 o3 


4 166 


423o 


4 29 J 


4357 


64 


683 


44<2i 


4484 


4^311 


4675 


i?,i 


4802 


4366 


4939 


4993 


64 


684 


5o56 


5l20 


5is.i 


5347 


5310 


5437 


5500 


5564 


5627 


63 


685 


5691 


5754 


58 [7 


5B8( 


5^44 


6007 


6071 


61 3i 


t^V. 


6261 


63 1 


680 


6324 


6387 


64 J I 


65U 


6377 


6641 


6704 


6767 


6894 


63 1 


687 


6957 


7020 


7gK3 


7146 


7210 


7273 


7336 


7399 


7462 
8093 


7525 


63 


688 


7D88 
8219 


7652 


nv5 

834^» 


777S 


7641 


im 


7967 


ao3o 


63 


689 


8282 


340S 


8471 


8597 


8660 


8723 


8786 


63 : 


690 


838849 


8912 
9541 


897^ 


9033 


9101 


9164 


^ 


o545 


9352 


94i5 


63 


691 


947« 


9604 


9667 


9729 


979^ 


9981 


"43 


63 


692 


840106 


0169 


02]2 


0394 


0317 


0430 


048^ 


0608 


0671 


63 


693 


0733 


0796 


08 "q 


0931 

1 547 


09H4 


1046 


1109 


T17^ 


1234 


1297 


63 


694 


i359 


1422 


H^-^ 


t6io 


1672 


n3S 


1797 


l36o 


iV^ 


63 


C95 


1985 


2047 


2110 


2172 


2235 


2297 


a36o 


2422 


2434 


62 


696 


2609 
3233 


2672 


27.14 


2796 


235q 
34S2 


2921 


2983 


3o46 


3ioS 


3170 


6a 


^ 


3295 


3317 


3430 


3544 


36o6 


3669 


373i 


379J 


61 


3855 


3918 
4539 


3of^o 
46a I 


404^ 


4104 


4166 


4329 


4291 


4353 


44i5 


62 


699 


4477 


4664 


4726 


47B8 


4850 


4912 


4974 


5o36 


6a 


N. 





I 


2 


3 j 4 


5 


6 


7 


3 


9 


D. , 



12 


A TAULK 


OP 


LOOAKIIHMS FROM 1 


TO 


10,000. 






1 1 


"5^ 


3 1 4 1 5 I 6 


7 S 


9 


D. 
6a 


845098 5 160 


5a 34 5346 54o8l 5410 


553a 5594 


5656 


701 


37181 ^1^0 5Hi3 5904 5966 60^8' 6090 
blir £399 6i6i' 6^^3 6585 ttibl 6701* 


6j5i 61 i3 


6175 


6a 


702 


6770 6S3a 
7338 744Q 
80Q4 8066 
8620 868a 


6894 


63 


^q3 


6955 7qi7 7079 7141 72as 7364! l3a6 


75T1 
8ta3 
8743 


6a 




7^731 7'^3i' 7696I 77^a 7^19 
BHJ9 8331' 8315 b37i 8433 


C! ^ 


61 
63 


T06 


BBool 8S66 


8938 89^ 9031 


9113 9174 


9235, 9=97 
9S49' 99N 


9358 




70-T 
708 


9419' 9iSr 
85ooiJ 0091 


9^42; 9604 9^j65 


9716 97^8 


097^ 




oi5tj 0217 0279 


o34o 0401 


0462! P?34 o585 




709 


ofjifj 0707 


0769 o83o o8gi 


0953; J0l4 


1073 


ii36| ,,97 




710 


85iaxS tlia 


i38i J442 i5o3 


1 564' 1635 


1636 


1747 


1809 




711 


1H70 ir)3r 


1993 ao53 21 u 


2173 2236 


2297 


2i58 


3419 




7" 


14^0 3J4t 


2602 2663 2724 


3785 2846 


lU 


203 


3 0*0 




713 


309^ 3l^G 


3a II, 3373 3133 


3394 3455 


ill 


3637 




714 


36ybl 37^9 


3d2o| 38di 3941 

442^1 4498 4549 


4uo2| 4o^>3 


4124 


4345 




7i5 


43t>6 4l6i 


4610I 4670 


473 1 


479J 


4^32 




716 


49ri 4974 


5ul4 


3095 5i56 


5216 5277 
5832, 5883 


5337 


5398 


5459 




7*7 


53^9! aawoi 5fiio 


5701 5761 
63o6 6366 


5943 


6oo3 


6064 




71S 


6ia4 6185 


6245 


6427! 6487 


6348 


6608 


'6666' 60 1 


719 


80733?' 7]!;! 


68 5o 60 ro 6070 


7o3i 709 J 


7133 


731^ 


7272 


60 


730 


74331 iiO 7374 
8o%l 8h6. 8176 


7^^341 7694 


7755 


781 5 

8417 


7875 


6a 


731 


g?^? 


7f>rp 


8336 8297 


8357 


8477 
9078 


60 


733 


8397 


8657 1 8718 8778 


SUM. 8898 


8^58 


9018 


60 


72J 


t^iSH 


919^ 


93^8 9318 9379 


9439' 9499 


9^59 0619 


t]l 


60 


7a-t 


„.'''^'?'> 


97'?9 


nSin- on 18 997 H 


••38' ••9?J 


•i58 


•ai8 


60 


735 


86oJl^ 


o3.j8 miH 03 18 037S 


0637 1 0697 


0757 


0817 


0877 
147^ 


60 


736 


09J7 


0996 JOlilv 1116 1176 


12361 139^ 


i355 


141^ 


60 


737 


i5J4 


i3tji 1&54 1714 n73 


i833| 1893 


1952 
2549 


3013 


2072 


6d 


73B 


ri3i 


^ifjr 


223(i &3io a3-o 


243o! 3489 


2608 


3668 


60 


739 


172^ 


^7^7 


2847; 2906 2966 


3oa5j 3o83 


3 144 


3304 


3363 60 1 


730 


803J23 


J,l«2 


3ii2i 330I 3361 


3630 3680 


3739 


3799 


3358 


59 


731 


39'7 


3977 


4o36 4096 ,4i55 


4214 4374 


4333 


43^2 


4452 


59 


■'^^ 


d)! I 


4:170 


463o| 4^>89 4748 


4808' 4867 


4936 


5o45 


^ 


73J 


3104 


5i^3 


52221 0282 5341 


5400' 5459 


5319 


5^78 


5617 


55 


7^4 


56o6 

62^7 


3733 


58i4! 5874 5933 


39(^2' 6o5j 
65^3 6643 


6110 


6169 


6228 


55 


"^^? 


G3i6 


64<>5; 6465 j 6324 


6701 


6760 


6819 


59 


736 


6S7d 


6r^37 


6996' 7035 7114 


7173 7233 


78^ 


7350 


7g 


59 


7^7 


74<J7 


7336 


7--)«5 7644 77o3 


7763 7821 


It^ 


59 


738 


8036 


8ii5 


8174 8233 8293 


83'Jo 8409 


8468 


5; 


739 
740 


8644 
869232 


8703 
9290 


8763, 8821 8870 
934g' 9408 9466 


8933 8997 
9325 9^^4 


9o56 
9643 


9114 
9701 


9i]3 
9760 


u 


741 


9^^!*^ 


9877 


9935 9994 ••:i3 


•ill -170 


•33S 


•287 


•345 


u 


74a 


870404 


040 2 


o:f2i, 0379' o63H 


0696 0755 
1581 1339 
1863 1923 


o8r3 


0873! 0930 
U36 j5i5 


743 


%l 


1047 


U06 1164 1233 


1398 


53 


744 


16 Ji 


ihcffi' 174S, i8o6 


It 


2040 2093 

2632 ^681 


58 


745 


S!fj& 


23l3 


22 23, 23Jl- 2389 


2448 a5o6 


53 


746 


3739 


3797 


aSaa' 29i3i 2072 


3o3o 3o88 


3146 


3304 326a 


58 


]tl 


3J2I 


3379 3437! 3495, 3553 


36n 3669 


3727 

43o8 


3785 3844 


58 


3902 


3960 
4540 


4018, 4076, 4i34 


4192 4250 


4366 4424 


58 


749 


44a2 


4598, 46561 4714 


4772 4830 


48S8 


4945 5oo3 


58 


7^0 


87506J 


5119 


5t77 5235 5393 


535i 5409 


5466 


5?24 558a 


58 


7^ 


5640 


569^ 


37.% 39 1 3 5871 


Itl^ ^ 


6045 


6l03 


6160 


58 


7^3 


6ai8 


6276 


6333 6391, 6449 


6622 


6680 


6737 


58 


^^^ 


6795 
7371 


6B53 


69T0 6968 7026 


708J 7141 


7199 


7^56 


73 14 


58 


'^li 


ixhf 74^7' pa 760a 7659 7717 


W^ 


7332 


^464 


58 


1 '^f ? 


m 


8004 


8063 8119 ^177 8234 S293 
8637 8694 8752 8800 8866 
93 1 1 n3'3H n325 n38J qi^O 


8407 


57 


756 


B579 


8934 


8981 
o555 


9039 


57 


1 


9oq6 Qi5J 


9^97 


012 


S7 


g6^ 9726 97^4 98 ii 989S 9<3)6 "i3 


"70 


•127 


•i85 


37 


759 


88024a 0299 o356; Oil 3 0471 o52S o585 


064a 0699 


0756 


57 


N, 





[ 


^ i 


' 1 i -._5_.l ^ 


7 '■ B 


9 







▲ TABLE 


OF LOGARITHMS FROM 1 


TO 


10,000 


15 


nT 





I 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


760 


880814 


0871 


0928 


0985 


1042 


1099 


ii56 


I2l3 


1271 


i328 


5? 


761 


1385 


1442 


I4Q9 
2060 


1 556 


i6i3 


1670 


1727 


llli 


1841 


24^8 


57 


762 


io55 

2525 

3oo3 
366i 


2013 


2126 


2i83 


2240 


3434 


241 1 


57 


763 
764 


258i 263a 
3i5o 3207 


2695 
3264 


2752 
3321 


2809 
3377 


2923 

4o?9 

4625 


2980 
3548 


3o37 
36o5 


^ 


765 


3718 


3775 
4342 


3832 


3888 


l^i 


4002 


4ii5 


ii 


57 


766 


4220 
4795 


4285 


4399 


4455 


4569 


4682 


57 


]U 


4852 


4909 


4965 


5022 


5078 


5i33 


5193 

5757 
6321 


5248 


57 


5i6i 


5418 


5474 
6039 


553 1 


5587 


5644 


5700 


58i3 


5870 
6434 


U 


769 


5926 


5o83 
6547 
7111 


6096 
6660 
7223 


6i52 


6209 
6773 
7336 


6265 


6378 


770 

77' 


886491 
7034 


6604 

7167 


6716 
7280 


6829 


6885 

7449 
801 1 
8573 
9134 


6942 
7505 
8067 
8629 


5^ 

8123 

8685 


56 
56 


773 


7617 
8179 


fit 


773o 
8292 
8853 


llTs 


7842 
8404 


8400 


56 
56 


''H 


8741 

9^02 

9862 


93?8 
99.8 


8909 


8965 


9?2' 


•107 


9190 
9750 
•309 
0868 


9246 


56 


Vil 


9414 


mi 


••86 


9582 
•141 


2t?! 


9806 
•365 


56 
56 


vl 


890421 


".tll 


o589 


0645 


0700 


0756 

i3i4 


0812 


0924 


56 


0980 

i537 


1091 


1 147 
i7o5 


1203 


1259 
1816 


1370 


1426 


1482 


56 


780 


l^ 


1649 
2206 


1760 
2317 
2873 


1872 


1928 


io83 
2540 


3i?i 


56 


892095 
265 1 


2262 


2373 


24:9 2484 
298D 3040 
35/jo, 3595 
4094! 4i5o 


56 


781 


2707 


2762 

33i8 


2818 


2929 


3096 


56 


^?? 


3207 


3262 


3373 


3429 


3484 


3631 


3706 


56 


783. 


3762 
43i6 


38i7 


3873 


3928 


3984 

4538 


4039 
459i 


42o5 4261 


55 


784 


4371 


4427 


4482 


4648 4704 


4759I 4S14 


55 


7?? 


4870 


4925 


4980 


5o36 


5091 


5146 


5201 


5257 53i2 


5367 


55 


786 


5423 


5478 


5D33 


5588 


5644 5699 


5734 
63o6 


5809 5364 


5920 


55 


7?7 


5075 
6526 


6o3o 6o85 


6140 


6195 


625i 


636i 6416 


6471 


55 


788 


658 1 


6636 


6692 


6747 


6802 


6837 


6912 6967 1 7022 


55 


789 


7077 


7i32 


7187 


7242 


7297 


7352 


7407 


7462 

80F2 

856 1 


Uf, til 

86i5| 8670 


55 


790 
79» 


X^ 


7682 
8231 


7737 
8286 


lit 


llU 


7902 
8451 


Itl 


55 
55 


792 


8725 


8780 


8835 


8890 
1077 


8944 


8099 
9547 


9o54| 9109 
9602 9656 


9164; 9218 


55 


793 


9273 


9328 


9383 


9492 
••39 

o586 
ii3i 


9711; 9766 


55 


794 


9821 


9875 


9930 


••94 


•i4qI ^203 
0695: 0749 
1240' 1295 


•258; •3i2 


55 


?^ 


900367 


0422 
0968 


0476 
1022 


0640 
1186 


0804: 0859 
1349 1404 


55 

55 


?^ 


1458 


ID13 


1 567 


1622 


1676 


1731 


1783! 1840 
232o! 2384 


1894 1948 


54 


2oo3 


2o57 


2112 


2166 


2221 


2275 


2438, 2492 


54 


222 


2547 


2601 


2655 


2710 


2764 


2818 


2873; 2927 29811 3o36 


54 


'1^ 


3 144 


3199 


3253 


3307 


3361 


3416; 3470! 3324. 3578 


54 


801 


3687 


3741 


lit 

4878 


3849 


3904 


3958; 4012 4066, 4120 


54 


802 


4174 


4229 


4283 


4391 
4932 


4445 


4499: 4553 46071 4661 
5o4o, 5094 5i4H| 5202 
558o, 5634 5688, 5742 


54 


8o3 


4716 


4770 
53io 


4824 


4986 


54 


804 


5256 


5364 


5418 


5472 


5326 


54 


8o5 


5796 
6335 


5850 


5904 


5958 


6012 


6066 


6119' 6173, 6227 6281 
6658; 6712 6766, 6820 


54 


806 


6389 


6443 


^573 
8110 


655 1 


6604 


54 


809 


6874 
7411 
7949 


P 

8002 


6981 


7089 
7626 
8i63 


7143 
7680 
8217 


7196I 7250 
77J4, 7787 
8270I 8324 


73o4 
7841 
8378 


7358 

IX 


54 
54 

54 


810 


90848d 8539 8592 


8646 


8699 8753 


88011 8860 8914 


XI 


5i 


811 


9021 9074 9128 


9181 


923d; 9280 
9770I 9823 
o3o4' o3d8 


9342 9396 9449 
9877 9930! 9984 


54 


812 


9556 9610; 9663 


9716 


••37 5} 


, 8i3 


910091 0144 0197 
0624 0678 0731 


025l 


0411 0464; 03 18 


057 i| 53 


814 


0784 


o838, 0891 


0944 0998; io5i 


1104, 53 


8i5 


ii58i 1211. 1264 


i3i7 


i37i| 1424 


U77 


i53o' 1584 


1637 


53 ' 


816 


1690I 1743 no7 


i85o 


1903 1 1956 


2009 


2o63 


2116 


2169 


53 


818 


2222 


2275; 2328 


238i 


2435 


2488 


2541 


2594 


2647 
3178 


2700 


53 


2753 


2806I 285Q 


2913 


2066 


3019 


3072 


3i25 


323i 


53 


819 


3284 


3337 


3390 


3443 


3496 


3549 


36c2 


3655 


3708 


3761 


53 





I 


2 


3 


4 


5 


6 


7 


8 


9 


D. 



u 



A TA&LB OF noOARITHMS FROM T TO 10,000: 



820 





3867 3920 


3 j- 4 


5 ; & ' 7 1 8 1 9 i r>. 


9i38i4 


"3973' 4026 


407a Atli 4»S4i i?37 4290 53 
4608 4660 471 3» ^i6(y 4819' ^"3 


821 


4343 


4396 4449 


43021 4555 


822 


4872 


4925 4977 


5o3o: 5o83 


5i36i 5(39 5241 


5294; 5347 53 1 


823 


5400 


5453 5dod 


5558i 56ii 


5664| 5lt6 5760 


5H22 5875 


53 


824 


5927 


5980 6o33 
65o7 655o 
7a3i 7085 


6o85 


6i38 


6191 


6243 6396 


6349 6401 


53 


825 


6454 


6612 


6664 


67.7 


6770 6832 


6-^73 6927 


53 


820 


6980 
7506 


7i38 


7190 


7243 


739^5' 7348 


7400I 7453 


53 


827 


7558 761 1 
So83 8i35 


7663 
8188 


7716 


7768 


7^20 7873 


84 5o! 85o2 


52 


828 


8o3o 


8240 


8293 


8;r:) Hhi 


5i 


829 


8555 


8607 8659 
91 3o 9183 


8712 


8764 


8816 


8 -■.9 Boat 


8973! 9026 


52 


83o 


919078 


9235 


9287 


93401 9; /J 9444 


9496; 9549 


52 


83 r 


960. 


9653 9706 


9758 


9810 


9862' 9f.i4 9967 


••19 ••71 


52 


j 832 


920123 


0176 0228 


0280 


o332 


o384! c>ll6 0489 


oiijii 0593 


52 


833 


0645 


0697 0749 
1218 1270 


080-1 


0853 


0906: og5H loio 
1426 I47^i i33o 


1062 1114 


52 


! 834 


1166 


r322 


1374 


i132! 1 634 


52 


835 


1686 


1738 1790 


1842 


1894 


1946 iqq^ 2050 2t02j 2 1 54 


52 


836 


22o6| 2258 23 10 


2362 


2414 


2466I 25i8| 2570 3622 2674 
2085' 3o37 30^9 3Eio: 3192 
35o3| 35^5 3607 3fj58 3710 


52 


837 


2725, 2777 2829 


2881 


2933 


52 


838 


3244 3296 334H 


3399 


345r 


52 


839 


3762I 38i4 3865 


39.7 


3969 


40211.4072 4r2i 4176 4228; 52 


840 


924279 4331 4383 


4434 


4486 


45381 4^^ 4641 46.>3i 47441 52 


841 


4790 4848 ASqq 
53i2 5364 54i5 


4951 


5oo3 


5o54 5io6 5i57 5209' 5261 i 52 


842 


5467 


55i8 


5570; 5621 5673' 5i2D: 5776; 52 


843 


5828 5879 393. 


59S2 


6o34 


6o85| 6i37 6iya 6:?4o 6291 


5* 


644 


6342 1 6394 644^ 


6497 


6548 


6600 6651 6705 6754 68o5 


5r 


845 


6857, 690S 6939 


701 1 


7062 


71141 7ii''5 7316 7368 7319 


5i 


846 


*72z?' 7422 7473 


7524 
8037 


7576 


7627 7673 773o! 1781 1 7832 


5i 


847 

848 


7883, 7o3d lyiibr 


8088 


8140, 919I 824^ ^293 8345 
8652' B7o3 8754 8^00 8857 


5i 


8396 8447 8498 


8549 


8601 


5r 


849 


8908 


8959 9010 


906, 


9112 


9 1 63: 931 5 9266 9^17 9368 


5i 


8do 


929419 


9470 9521 


'.III 


9623 


9674I 972 5 9776; 9S27: 9879 


5i 


85 1 


9930 


9981 ••32 


•i34 


2,85; *336 -287! •338 


•389 
0898 


5i 


852 


930440 


0491 o542 


0592 


0643 


0694 


0745 0796 1 C1-S47 


5i 


Soy 


0949 


1000 io5i 


1 102 


ii53 


1204 


:354 i3a5] i356 


1407 


5i 


854 


1458 


1 509 1 56o 


1610 


1661 


I7I2 


1763 1814' r%5 


1915 


5i 


855 


1966 


2017 2068 


2118 


2169 


2220 


2271 23a2| 2^72 


2423 


5i 


856 


2474 


2524 2575 


2626 


2677 


2727 


277*^ 2>^2o] 2^79 


. 2930 


5i 


857 


2981, 3o3i 3oS2 


3i33 


3i83 


3234 


3285 3333 


33S6 


3437 


5r 


858 


3487 3538 3589 


3639 
4145 


3690 


3740 


379' 3841 


3892! 3943 


5i 


?^9 


3993, 4044 4094 


4195 


4246 


4^0 4317 


4397 


4448 


5i 


860 


934498; 4549 4599 


465o 


4700 


4751 


4'-.'i 4^52 


4go2 


4953 


5o 


86 1 


5oo3i 5o54 5 104 


5i54 


52o5 


5255 


cJ:;o6 5356 


5406 


5457 


5o 


862 


5507 5558 56o8 


5658 


5709 
6212 


5759 


5^00 5h6q 


5910 


5960 


5o 


863 


601 1, 6061 61 11 


6162 


6262 


6u.J 6363 


64 1 3 


6463 


5o 


864 


65i4 


6564 6614 


6665 


6715 


6765 


6:ii5 6365 


6916 


6966 


5o 


865 


''Vo 


■7066 71 17 


7167 
7668 
8169 


7217 


7267 


7-1 n, 73^7 

8320! S370 


7418 


7468 


5o 


866 


7518 
8019 


7568; 7618 
8069 8119 


7718 


7769 


7919 


7969 


5o 


^ 


8219 


8269 


8420! 8470 


5o 


8520 


8570, 8620 


8670 


8720 


8770 


8'^7rt! 8870 


^920 


8970 


5o 


869 


9020 


90701 9120 


9170 
0168 


9220 


927Q 


932i>' 9359 


9iro 

9.7[8 


l^ 


5o 


870 


939519 


9560! 961Q 
00681 0118 


9719 
0218 


9769 


9819 9869 


5o 


t^' 


940018 


0267 
0765 


o3t7 0367 


0417 


0467 


5o 


l^ 


o5i6 


o566 0616 


0666 


0716 


08 1 5 o865 


0915 


0964 


5o 


873 


1014 


1064 1 1 14 


ii63 


12l3 


1263 


I3i3 i3/i2 


14 [2 


1462 


5o 


I'^i 


i5ii 


i56i! 1611 


1660 


I7IO 


1760 


1809 l-^:""} 


1909 


1958 


5o 


M 


2008 


2058; 2107 


2157 


2207 


2256 


23o6 3355 


a4o5 


2455 


5o 


876 


25o4 


2554 26o3 


2653 


2702 


2752 


2801 ^85 1 


2Q01 


2950 


5o 


876 


3ooo 


3049! 3oo9 


3148 


3I9S 


3247 


3207 3346 


3396 


3445 


59 


'^ 


3544 3593 


3643 3692 
4137' 4186 


3742 


3tvI 3841 


3Roo 


3939 
4433 


59 


879 


4o38 4088 


4236 


4285 4335, 43^4 


59 


N. 





I 2 


^3 i 4 


5 


6 i 7 1 8 


__?_ 


_P^ 
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N. 



88o 
8di 
882 
883 
884 
885 
886 
887 
888 
889 I 

891 I 

892 i 

893 I 

894 i 

895 , 
896 
897 

898 ; 

899 I 

900 I 

901 I 

902 1 

903 j 

904 1 

906 I 

907 1 
908 
909 
910 
911 
912 
913 

9.4 

915 

916 

9»7 
918 
919 
920 
921 
922 
923 
924 

I 923 
I 926 

I 927 
928 
929 
930 
931 
932 

1 933 
934 
935 

936 
937 
938 

N. 



944483' 
4976; 
5469 
6961 
645*? 
6943 
7434 
7924 
84i3! 
8002! 

949J90: 
9S78 

9Do365 
o85i 
1338 
1823 
23o8 
2792 
3276 
3760' 

9^42431 
4725I 
5207 
5688 1 
6i68i 
6649! 
71281 
7607 
8086 
8564 

959041 
95i8 
9995 

960471 
0946 
1421 
1895 
2369 
2843 
33i6 

963788 
4260 
473 1 

5202 
5672 
6142 
661 I 
7080 
7548 
8016 

968483 
8900 
9416 
9882 

970347 
0812 
1276 
1740 
22o3 
2666 



453 2 I 458 

5o25j 5074 

55i8; 5567 



6010 
65oi 
6992 
7483 
7973 
8462 
8951 
9439 
9926 
0414 
0900 
i386 
1872 
2356 
2841 

3323 

38o8 
4291 
4773 
5255 
5736 
6216 
6697 
7176 
7655 
8i34 
8612 
0089 
9566 
••42 
o5i8 
0994 
1469 
1943 
2417 
2890 
3363 
3835 
4307 
4778 
5249 
5719 
6189 
6658 

712' 

759: 
8062 
853o 
8996 
9463 
9928 
0393 
o858 

l322 
1786 
2249 
2712 



60 59 

655 1 
7041 
7532 
8022 
85ii 

8999 
9488 
9975 
0462 
0949 
I 43d 
1920 
24o5 
2889 
3373 
38d6 
4339 
4821 
53o3 
5784 
6265 
6745 
7224 

8181 

8659 
9137 
9614 
••90 
o566 
1041 
i5i6 
1990 
2464 
2937 
3410 
3882 
4354 
4825 
5296 
5766 
6236 
6705 
7173 
7642 
8109 
8576 
9043 
9509 
9975 
0440 
0904 
1J69 
i832 
2295 
273^ 



463 1 1 4680! 

5i24 5173I 

56i6 56651 

6108; 6i57j 

6600 6649' 

7090 7140! 

758i 763o 

8070; 8119* 

856o' 8609 1 

9048 9097 

9536 9585 

••24, ••73. 

o5ii! o56o| 

0997 1046 

1483 i53^ 

1969 2017 

2453 2502 
2938 2986 
342 1 1 3470 

3005, 3953! 
4387 1 4435 
4869' 4918 
535i 5399 



5832 
63i3 
6793 
7272 
775i 
8229 
8707 
9185 
9661 
•i38 
06 1 3 
1089 
1 563 
2o38 

25] I 

2985 

3457 

3929 

4401 

4872 

5343 

58i3 

6283 

6752 

7220 

7688 

8i56 

8623 

9090 

95d( 

••2 

0486 

0951 

I4i5 

1879 

2342 

2804 



588o 
636 1 
6840 
7320 

7799 

87?? 
9232 

V2 

066 

ii36 

1611 

2o85 
2559 
3o32 
35o4 
3977 
4448 

4919 
5390 
586o 
6329 
6799 
7267 

8203 
8670 

9i36 
9602 
••68 
o533 
0907 
1461 
1925 
2388 
285 1 



47391 

5272' 

57i5; 
6 SO]' 
66gS 
7i8tj 

libt 
8657! 
9146 
9^34 
•i3i: 
o6otf 
1095 

1 53^0! 
2066 

235o 

3o34' 
3li8| 
4001 

A'M 
4^66 1 

544?! 
5938 
6.iog' 

6^m 

7363 

8.4o3 
9:280 

97571 
•233 
0709 1 
11K4I 

1658] 

2(33' 

2606' 
3079! 

3553 
4034 

4it)5 
4966 
54^7 

637^ 
6S.15 

73 U 

7783 
8249 
8716 
9iS3 

9649 
•114 
0379 

i5o8 
1971 
2434 
2897 

ft 



6 [ 7 ■ 

4779' 4Ba3 
5a7j 5I31 
57M 5Wt3 
62561 63o5 
6747 6796 
7338' 7387[ 

8717 

871161 
9195 

•170 
0637; 

1639 

an4 



67531 

9M4' 
9731! 

•3(0 

0706; 

'677! 
2r63 
3647 
3a^ 



3^661 36i5 



453 a 
5oi4 
5ig^ 

5976 
6457 
6936 
7416 

7W94 

&B5o 
gl28 

•2H0 
0756 
i33r 
1706 
7tRo 

3t(51 

3)26 
35r^ 

J407J 
454a 

5oi3 

5m 

5954 
6^33 
6893 
7361 

85 g6 

8703 
g3 3q 

tl, 

0636 
JC90 
]5^4 
aoiB 
USi 
3943 



4098 
45^0 
5o6j 
5543 
&074 
65o5 
6984 
74^4 
79 J 2 

sUi 

8R98 
9373 
9B53 
•3jW 

oEoi 
t379 

n5i 

2231 

2701 

3ni 

3646 
4tiS 
45qo 
5o6i 
553 1 
600 r 
6470 
6939 
740S 
7875 
8343i 
SBio 
9276 
9743 
•307 
c^7i 
Tr37 
t6oi 
3d64 
a 517 
3989 



s I H 
4B77; 4937] 

mT 5912. 

6354 6403 
6845 6S94! 
733^ 73S5i 
7836^ 7875 
83 1 5 fo64 
SS04! S853 
9392 9341' 
q-iHa 9S39I 
•267 -lie' 
0754 o3o3 
ia4t>| J 2^9 

n^& 1775 

33 J I 3lf|0 
2696 3744! 

3]8o 33^8, 
3663, 3711 1 
4146 41941 
4628 4677' 
5no| 5i58 
5^3 56'jo' 
6072 Gi2o! 
^■553, 6601 j 
7033; 7080, 
75ia| 7559 
7990 mm 
8468, 85i6| 
B946I 8g94 
94^3 947 T 
99UO g947 
•J 76 "433 
oSjil 0899 
t326 1374 
1801 1 i8i& 

3375, 3322 
3748, 3795 

333 1 1 3^58 
36o3 3741 
4l65, 4^13 
4637 m-i 
5io8 fli55 



557B 
6oiS 
65i7 
69 S6 
7454 
W2 
839a 
88% 
g33j 

97^9 
•a 54 



5635 
6(395 
6f)64 
7033 

7501 

79^>9 
8436 
8903 
9369 

9ft35| 

•3po! 

07195 0763. 

16471 i6q3| 

mo 31 57 

3573 3619, 

3o35 3oH2 



49 

49 
49 
49 
49 
49 
49 
49 
49 
49 
49 
49 
49 
49 

43 
48 
4S 
48 
48 
48 
48 
48 
48 
48 
48 
48 
48 
48 
48 
43 
43 
48 
47 
47 
47 
*7 
47 
41 
47 
47 
47 
47 
^7 
47 
47 
47 
47 
47 
47 
47 
47 

46 
46 
46 
46 
4& 
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N. 

940 
94 1 
942 
943 
944 
945 
946 
947 
948 

949 
930 
961 
062 
953 
954 
955 
956 

9d8 
959 
960 
961 
962 
963 
964 
965 
966 

96^ 

969 

970 

97 » 
972 

973 
974 
975 
976 

977 
978 

979 
980 
981 
982 
983 
984 
985 
986 
987 
988 
989 
99© 

991 
992 
993 
994 
995 
996 

99? 
999 

N. 



3i74 
3636 



96. 



99033 



3220 

3682 i 
4143; 
4604 
5064 
55'24i 
5983! 
6442' 
6900 
7358 
7815, 
8272, 
8728, 
9184; 
9639 
0994 
o549 
ioo3; 
1456; 

2062, 
2814 
3265 
37i6| 
4167 

4617! 
5067, 
55i6| 
5965 
64i3| 
6861 

7756| 
8202, 
8648 



33i3 

3774 

4233 
4696 



3359 

3820 

4281 
4742 



9565 



9049' 9094 
9494 953qI 
993o 9983 1 
o3b3, 0428, 
08271 08711 
1270' i3i5| 
1713' i758j 
2 1 56 ^200 
2598 '>f^^'i' 
3039' 
3480 
3921 
4^61 
4801 
5240 
5679 
6117 
6555 

74Jo; 

630] : 
8739 
9174 
9609 



5 1 56 5202 
56i6 5662 

6075 61 2! 

6533 6579 

6992 7037 

7449 7495 1 

7906 7952 

8363 8409! 

881Q 8865| 

92p 93211 

97^; -9776 

oi85 023i 

0640 1 o685 

1093 1 139 

i547 1592 

2000 2045 

2452 2497 

2904 2949 

3356 3401 

3807' 3852 

4257! 43o2 

4707; 4752: 

5i57 5202 

56o6; 565 1 

6o55 6100' 

65o3 6548 

6o5i 6996 

7398 7443 

7845 .7890 

8291, bJ 

8737 1 8782 

9i83 9227 

9628 9672 

••72! •117 

o5i6j o56i 

0960; 1004 

i4o3{ 1448 

1846: 1890 

2288' 2333 

2730' 2774 

3172, 3216 

36i3, 3657 

4o53. 4007 

44q3j 45^7 

4oJ3| 4977 

5J72| 5416 

58 II 5854 

6249 6293 

6687 6731 

7124 7168 

7561 1 76o5 

79981 8041 

8434 8477 

8869 8oi3 

93o5 9J48 

9739' 9783 



Zd 



34o5 
3866 

4327 

4788 
5248 
5707 
6167 
6625 
7083 
7541 

84D4 
8911 
9366 
9821 
0276 
0730 
1184 
1637 
2090 
2543 
2994 



345 1 
3oi3 
4^74 
4834 
5204 
5753 
6212 
6671 

pi? 

8043 
85oo 
8956 
9412 

9867 

0322 

0776 
1229 

i683 

2i35 

2588 

-^^ 3o4o 

3446 349 



3897 
4347 
4797 
5247 
5696 
6144 
6593 
7040 
7488 

lt\ 

8826 
9272 

9717 
•161 
o6o5 
1049 

io35 

2377 
2819 
3260 
3701 
4141 
458 1 
5o2i 
5460 
5898 
6337 
6774 
7212 
7648 
8o85 
8521 
8o56 
9392 
9826 



3942 
4^92 
4842 
5292 
5741 
6189 
6637 
7085 
7532 

8871 
93i6 
9761 
•206 
o65o 
1093 
1536 
1979 
2421 
2863 
33o4 
3745 
4i85 
4625 
5o65 
55o4 
5942 
638o 
6818 
7255 
J692 
8129 
8564 
9000 
9435 
9870 



8 



3959 
4420 
4880 
5340 

6717 
7175 
7632 

8o8< 
854< 
9002 
9457 

0J67 
0821 
1275 
1728 
2181 
2633 
3o85 
3536 
3987 
4437 
4887 
5337 
5786 
6234 
6682 
7i3o 

8024 
8470 
8916 
9361 
9806 
•25o 
0694 

i58o 

2023 

2465 

3?48 

3789 
4229 
4669 
5io8 
5547 
5986 
6424 
6862 

72( 

8172 
8608 
9043 

9479 
9913 



8 



3543 
4oo5 
4466 
4926 
5386 
5845 
63o4 
6763 
7220 
7678 
8i35 
8591 
9047 
95o3 
9958 
0412 
0867 

l320 

1773 

2226 

3i3o 
358i 
4o32 
4482 
4932 
5382 
5830 
6279 

6727 
7175 
7622 
8068 
85i4 
8960 
94o5 
9850 
•294 
0738 
1182 
1625 
2067 
25o9 
2951 
3392 
3833 
4273 
47i3 
5i52 
55oi 
60J0 
6468 
6906 
7^43 

W,% 

8652 
9087 
9522 
9957 



D. 

46 

46 
46 
46 
46 
46 
46 
46 
46 
46 
46 
46 
46 
46 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
40 
43 
45 
45 
45 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
44 
43 



A TABLE 

OF 

. LOGAEITHMIC 
SINES AND TANGENTS 

FOB EYSBT 

DEGREE AND MINUTE 
OF THE QUADBANT. 



Remark. The minutes in the left-hand colmnn of 
each page, increasing downwards, belong to the de- 
grees at the top; and those increasing upwards, in the 
right-hand column, belong to the degrees below. 
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(0 


DE0RBE8.) ▲ TABLE OF lOQAUtTHMIC 




□ 


■ 000000 


D, 


Cosine 


D. 


Tang, 


U. 


J Cotan^. 






1 ■ 000000 




0-000000 




1 Iiifliiite. 


60 


I 


6-463726 


5oi7T7 


000000 


00 


6-463726 


Son 


:i] 


i3-53627il 5o 
i 2i524il 58 


s 


76^755 


3934 


«5 


oootjoa 


■00 


764736 


2934 


3 


940^47 


2oBa 


3i 


000000 


■ 00 


940847 


2082 


'3i 


059153I 67 


4 


7^o657et6 


i6i5 


u 


000000 


*oo 


7.065786 


l6i5 


■n 


12-934214 56 
837304. 55 


5 


ie.2696 


i3i9 
11 15 


oooooo 


'00 


162696 


]3i9 


1 

■54 


6 


341877 


75 


9-999999 


'01 


241878 


110 


753122 54 


I 


308824 
366816 


966 
852 


53 
54 


9^^>9V9 
999999 


■01 


3o3325 
366817 


t. 


6on75: 53 
633183' 5a 


9 


417968 


762 


63 


999990 
999998 


Of. 


41797c 


762 


'63 


582030 5t 


ro 


463725 


689 


88 


• 01 


463727 


689 


'88 


536273 5o 

12 ■4948801 40 
457091 48 


11 


7'5oan3 


620 


81 


9 99999** 


'01 


7 "505120 


629 


'81 


1-2 


5429t>6 


579 


36 


9f^>997 


'01 


542909 


579 


33 


i3 


57766B 


536 


41 


^99997 
999996 


'01 


577672 


536 


42 


422328] 47 


M 


609B53 


499 


38 


■ 01 


6o(jB57 


499 


^ 


390143 


46 


l5 


639Bi6 


467 


14 


999996 


.01 


639820 


43^ 


36oi8a 


45 


i6 


667^43 


438 


81 


999995 


-OJ 


667849 


82 


3321 5i 


44 


;^ 


694173 


4i3 


72 


999995 


'01 


694179 


4i3 


73 


305821 


43 


7iti997 


391 


35 


999994 


*oi 


719C04 


391 


36 


280097 


42 , 


19 


742477 


371 


27 


999993 


*0I 


742484 


371 


28 


2575t6 


41 


so 


764754 


353 


i5 


99^>993 


'01 


764761 


35 1 


36 


;i35239, 40 1 


21 


7-7^^?43 


336 


72 


9-9'^99^?-? 


*01 


7^785951 


336 


73 


12 -214349 
193845 


'^ 


22 


bob 14^ 


321 


75 


999991 


*0I 


8oCji55 


321 


76 


23 


«jS45t 


3o^ 


oS 


997990 


'Ol 


825460 


3o8 


06 


174540 
l56o56 


ll 


U 


843t>34 


2(^> 


U 


999989 
999988 


-02 


843044 
861674 


2^3 


49 


25 


861662 


283 


*02 


90 


138326 


35 ; 


26 


878695 


273 


n 


999933 


-02 


878708 


373 


Ts 


121292 


34 


S 


89508:1 


263 


23 


99998J 
9999H6 


'02 


895099 


263 


25 


104901 


33 


910379 


2l3 
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910894 
926134 


254 


01 


089106 


32 


;^ 


936119 


245 


9999R5 


*02 


245 


40 


073366 


3i 


3o 


9.ioBi2 


S37 


33 


999983 


02 


940858 


237 


35 


039142 


3o 


3r 


7.9^5082 


229 


8n 


9-9999^^ 


'02 


7 955100 


229 


81 


12-044900 


^ 


J2 


963870 


22a 


73 


999981 


'02 


968889 
982253 


222 


75 


o3iiii 


33 


982-233 


ai6 


08 


999980 


-02 


216 


10 


0^747 


^7 


34 


9(^5 198 

■T. 0077^7 


20 1 


81 


999979 


-02 


995219 


12 


83 


004781 


26 


35 


90 


999977 


^02 


8-007309 
020040 


33 


11-99^191 


23 


36 


O20Q-Ji 


19H 


3r 


9CJ9976 


^02 


.98 


u 


ll 


o3 J 9 1 9 


■93 

18S 


Q7 


999975 


-02 


031945 
043527 


% 


o5 


a3 


043501 


PI 


999973 


'02 


o3 


956473 


22 


^9 


054781 


|R3 


25 


999972 


'02 


054809 


!83 


27 


945191 


21 


40 


065776 


178 


72 


999971 


*02 


o65i8o6 


ns 


74 


934194 


20 


4E 


8-076000 


•7-i 


41 


9-9999^>9 


'02 


8.076531 


174 


44 


N-97U69 
9i3oo3 


;? 


4^ 


0369^^35 


170 


3i 


99f^/j3 


.02 


086997 


170 


34 


41 


097 1 y3 


166 


39 
65 


Q9?M6 


-02 


097217 


166 


42 


90^783 

fa 


1? 1 


.H 


1 07 1 67 


162 


999964 


'o3 


107202 


162 


68 


16 


i5 


116926 


.59 


ct8 


<?99963 


'o3 


1(6963 
126510 


i5g 


10 


l5 , 


#> 


J 2647 1 


f5^ 


66 


999961 


-o3 


i55 


63 


873490 


^1 


ii 


1 338 to 


i52 


38 


9999^ 

999958 


■o3 


i3585i 


t52 


41 


864149 


li 


1449^3 


149 


24 


oJ 


144^96 


'.ii 


27 


855004 


it 


49 


153907 


M6 


22 


999956 


-03 


1539:^2 


27 


846048, ri I 


5o 


{62681 


143 


33 


999954 


-o3 


i637-.7 


143 36 


837273 to ] 


5i 


8^712^0 


i4o 


54 


9-9999^2 


'o3 


8.171328 


140 57 


11-823672 


r: 


Da 


179713 


i37 


86 


99995C! 


'03 


\W.^ 


'MX 


820237 


53 


1879^5 


i35 


29 


999948 


*o3 


81 1964 
8o3844 


2 


54 


196102 


t32 


80 


999946 


-o3 


196166 


i32'84 


55 


204070 


r3o 


4r 


999<?44 


'o3 


204126 


i3o'44 


705874 

7S8047 


5 


56 


211895 
219581 


128 


lO 


999942 


.04 


211953 

2I0it 


128^14 


4 


^S 


125 


87 


99994<? 


.04 


1I5-90 


t^ 


3 


227134 


123 


72 


999938 


*04 


227195 


I 33 '76 


3 


a2 


234557 
241855 


121 


64 


999936 


-04 


234621 


121-68 


765379 


1 


60 


119-63 


999934 


'04 


241921 


119-67 


758079 


^ 




Cosine 


IX 


Sine 


8»*^ 


C'^tnng. 


B. 


Tangr. 


M. 
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M. 


Sine 
8^24!'855 


D. 


Cosine | I>. | Tang. 


D. 


Cotang. 1 


119. 


63 


9.999934 


•04 8.241921 


119-67 


11-758079' 60 




249033 


117. 


68 


999932 


•04 249102 


117-72 


750898 59 
743833 58 




260094 


IlD- 


80 


999929 


•04 256165 


115-84 




263042 


ii3. 


98 


999927 


•04 263ii5 


114-02 


736885, 57 




269681 
276614 


112- 


21 


^99923 


•04 269956 


112-25 


730044I 56 




HO- 


5o 


999922 1 


•04 276691 


110-54 


723309 55 


6 


283243 


108. 


83 


999920 ; 


.04 283323 


108-87 
107-26 


71^677 54 


I 


289773 


\ll 


21 


999918, 


.04^ 289866 


• 710144 5J 


296207 


65 


9999'? 


•04 296292 


io5-70 


703708 52 
697360; 5i 
691116* 5o 


9 


302546 


104 


i3 


999913 


•04 302634 


104.18 


lo 


308794 
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66 


^„,.„,^ 


•04 308884 


102-70 


II 


8. 3 14904 


101 


22 


9-^vW^] 


•o4; 8.3i5o46 


101-26 
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678878I 48 


12 


321027 

327016 


^ 


82 


m^/^> 


•04 321122 


99.87 


i3 


47 


wm-^ 


•04' 327114 
.o5 333025 


98.51 


672886 


47 


14 


332924 


u 


14 


9M^j^ 


97.19 
94-65 


666975 


46 


i5 


338753 


86 


^wH4>7i 


•05; 338856 


661144 45 


i6 


344304 


94 


60 


^^H^iV 


.o5 344610 


655390 44 • 


\l 


35oi8i 


93 


38 


gg*^y.>i| 


.o5 3502H9 


93.43 


649711' 43 


355783 


92 


;i 


i^=jH^>3,. 


.o5 3558oD 
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>9 


36i3i5 
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91.08 


630570! 41 


20 


366777 


?o 
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.o5^ 366895 
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21 


8.372171 


9-W^479' 
9W^7oi 


.o5: 8.372292 


11.627708I 39 
622378I 38 


22 


377499 


87 


72 


.o5 377622 


87-77 


23 


382762 


86 


67 
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.o5 382889 


86.72 


617111' 37 
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24 


387962 
393101 


85 


64 


(ilijV^70 


.o5; 388092 


85-70 


25 


84 


6i 
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.o5 393234 


84.70 


6067661 35 
60 1685' 34 


26 


398179 


83 


66 
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.o5i 398315 


83.71 


11 


4o3i99 


82 


7» 
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82.76 
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408161 


81 


U 
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?9 
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80 
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3i 


3o 
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79 


96 
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418068 


80-02 


581932 


3o 


3i 


8.422717 


79 
78 


°? 


9-9»>/biiH 


.06 


8.422869 
427618 


79.14 
78.30 


11.577131 


29 


32 


427462 


9'^^H44 


.06 


572382I 28 


33 


432156 


77 


40 


9<^K4l 


.06 


43231 5 


77.45 
76.63 


567685' 27 


34 


436800 


76 


57 


9(/9K3f^ 


.06 


436962 
44i56o 


563o38i 26 


35 


441394 


75 


77 
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.06 


75-83 


558440' 25 


36 


445941 


74 


99 


^%mi 


.06 


4461 10 


75.05 


553890 


24 


ll 


450440 


74 


22 




.06 


45o6i3 


74.28 


549387 


23 


454893 


73 


46 


.06 


455070 
459481 
463849 


73.52 


544930 
540519 


22 


39 


459301 
463665 


72 


73 
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.06 


72.70 
72.06 


21 


40 


72 


00 


9t^r^^i6 


.06 
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20 


41 '8.467985 


71 


29 
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.06 


8.468172 
472454 


71.35 
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li 


42 


472263 


70 


60 
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.06 


70-66 


527546 
523307 
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43 


« 


69 


91 


.06 


s 


68.65 


17 


44 




24 


f^pQl 


.06 


16 


45 


4S4848 


59 




.07 


514960 
5io83o 


i5 


46 


488963 


67 


?f 


•07 


» 


68.01 


14 


tl 


493040 


67 




.07 


67.38 
66-76 


506760' i3 1 


497078 
5oio8o 


66 


^g 


.07 


497293 


502707 


12 


49 


66 
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.07 


501298 
505267 


66-15 


498702 


II 


5o 


5o5o45 


65 


48 
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•07 


65-55 


494733 

11.490800 

486902 


10 


5i 

52 


516726 
52o65i 


64 
64 


89 
3i 




.07 
.07 


8.500200 
613098 
516961 


64-96 
64.39 


I 


53 


63 


75 


.07 


63-82 


483o39 


7 


54 


63 


>9 


971:^76 1 


• 07 


520790 
524586 


63-26 


479210; 6 
476414; 5 


55 1 524343 


62 


64 




•07 


62-72 


56 


528102 


62 




•07 


528349 


62-18 
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u 


531828 


61 


58 


999748 


.07 


532080 


61-65 


467920I 3 


535523 


61 


06 


999744; 


.07 


535779 
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59 


539186 
5438I9 


60 


55 


999740 


.07 
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60-62 


460553 I 


60 


60 


04 
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543084 
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! Cosine 


1 Sine " 1 


88° 


Cotang. 


D. 


Tang 
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DEGREES.) A TABLE OF LOOUUTHMIO 




M. 




Sine 


D. 


Cosine 


D^ 


Tang. 


D. 


Cotang. 


8.542819 
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9.999735 


.07 


8.543084 


60.12 


11.456916 60 
453309I 59 
449732] 58 
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I 


546422 


59.55 


999731 


.07 
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550268 
553817 
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2 
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999726 
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52.66 


3 


58.58 


999722 
999717 
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4 


557054 


58.11 
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58.19 
57.73 


5 


56o54o 


57-65 


999713 


.08 
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6 
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<S 
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57.27 


I 


567431- 


56-74 


9<n^"4| 


.08 


567727 


56.82 
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56-30 
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574520 
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9 


574214 


55-87 
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5i 


10 

II 
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.08 


8.m 
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49 


12 
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i3 


587469 
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» 


54-27 
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408949 46 


U 
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999670 
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i5 


593948 
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i6 
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\l 
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.08 
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6o34«9 
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»9 
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51.49 
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22 
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23 
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24 
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999619 


•09! 622343 
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25 


624963 


U 


999614 


.09' 625352 


49-81 


26 


627948 


999608 


.09 628340 


>-47 
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11 
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49.04 


999603 


.09! 63i3o8 


368692 


33 


48.71 
48.39 
48.06 


999597 
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365744 
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32 


29 


636776 
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48.48 


3i 


3o 


.09' 640003 
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48.16 
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3o 
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47-75 


9.999581 


47-84 


It 


32 


643428 


47-43 


999575 


•09 645853 
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351296 
348463 


33 


648274 
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999570 


•09 648704 
.09; 65i537 


47-22 


ll 


34 


65iio2 


46.82 


999364 


46.91 


35 


653911 


46-52 


999558 


.10. 654352 


46.61 


345643 


25 


36 


636702 


46-22 
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•lol 657149 


46.31 


342851 


24 


ll 


639473 
662230 


43.92 
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.10, 659928 


46-02 


340072 


23 


43-63 


90-- til 


•10! 662689 


45.73 


337311 


22 


39 


664968 
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8.670393 


45.35 


9< 55i 


.10 


665433 


45.44 


334567 


21 


40 


45.06 


9( 19 


.10 


668160 


45.26 


331840 


20 


41 


44-79 


9.9( H 


.10 


8.670870 


44-88 


11.329130 
326437 


;? 


42 


673080 


44-5i 


9(. , :j8 
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673563 


44-6i 


43 
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44-24 
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.10 


676239 


44.34 


323761 


\i 


44 


678405 
681043 


43.97 


9(ry>06 


• 10 


678900 
681344 


44-17 


32 1100 


45 


43.70 


9<;/>>0 


•10 


43.80 


3 18456 


i5 


46 


683665 


43-44 


9< ' >3 


.10 


684172 


43.54 


3i5828 


14 


% 


686272 


43-18 


9<.-i7 


.10 


686784 


43.28 


3i32i6 


i3 


688863 


42-92 


9C ,Ji 


•10 


689381 


43.03 


310619 


12 


49 


691438 


42-67 


9( 75 


.10 


691063 
694529 


42-77 
42.32 


3o8o37 


II 


5o 


8-6^?43 


42-42 


9( ,0 
9*9<,/->^ 


.10 


3o547i 


10 


5i 


42-17 


.11 


8.697081 


42.28 


11.302919 
3oo383 


t 


52 


701589 


41.92 
41.68 


999456 


.11 


699617 


42. o3 


53 


999450 


•II 


702139 
704646 


iV.ll 


ffi 


I 


54 


704090 


41-44 


999443 


•11 


55 


706577 


41. 21 


999437 


.|i 


707140 


41-32 


292860 


5 


56 


709049 


40-97 


999431 
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709618 


41-08 
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285465 


4 


ll 
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7l3032 
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40-74 
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999424 
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2 


59 


40-29 
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•11 
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40.40 


283028 


I 


60 
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999404 _ 
Sine n 


.11 


40.17 
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M. 


Cosine 


Cotang. 


D. 


Tang. 
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Sine 
8.718800 


D. 


Cosine 


D. Tang. 


B. 


Cfttang. 1 


40.06 


9.999404 


.11 8.719396 


40.17 
39.95 


11.280604 60 


1 


721204 


39.84 


999398 


.11 721806 


278194 5o 
275796 58 


2 


723595 


39.62 


999301 
999384 


. 1 1 724204 


39.74 
39.62 


3 
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39.41 


. 1 1 726588 


273412 57 
271041I 56 


4 
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999378 


•JJ 728^59 
'M ?3366] 


39.30 


5 


999371 


t^ 


2686831 55 


6 


733027 


38-77 
38.57 
38.36 


999364 


266337 


54 


I 


735354 


999357 


•12 740626 


38.68 


264004 


53 


737667 


999350 


38-48 


261683 


52 


9 


739969 


38.16 


999343 


38.27 


259374 


5i 


lb 


8.74453? 


37.96 


999336 


•12 742922 


38.07 


257078; 5o 


II 


Vrt 


9.999329 


•12 8.745207 
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11-254793 

252521 


it 


12 


746802 


999322 


•12 747479 


i3 


749055 


37.37 


99q3i5 


M2 749740 


37-49 


25o26o 47 
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U 


751297 


37.17 
36.98 


999308 


.12 751989 


37.29 


i5 


753528 


999301 


.12 758668 


. 37.10 


/45773 


45 


i6 


& 


ItX 


999294 
999286 


36.92 
36.73 
36.55 


243547 
241332 


44 

43 


760151 


36.42 


999279 


.12 760872 


239128 42 


»9 


762337 


36.24 


999272 
999265 


.12 763o65 


36-36 


236935 


41 


20 


7^4511 


36.06 


.12 765246 


36.18 


234754 
11-232583 


40 


21 


8-766675 


35.88 


9.999257 


'M ''^,'4^ 


36. 00 


^ 


22 


768828 


35.70 


999250 


35.83 


230422 


23 


770970 


35.53 


999242 


Wl OT 


35.65 


228273 


11 


24 


773101 


35.35 


999235 


35.48 


226134 


25 


775223 


35.18 


999227 


.13 775995 


35.31 


224005 


35 


26 


777333 


35.01 


999220 


.i3 7781 14 
.i3 780222 


35.14 


221886 


34' 


11 


779434 
781524 


34-84 


999212 


lUl 


215592 


33 


34.67 


999205 


•13 782320 


32 


29 


7836o5 


34-51 


999107 
999189 


.|3 784408 


34-64 


3i 


3o 


^ 785675 


34-3i 


.i3 786486 


34-47 


2i35i4 


3o 


3i 


8-787736 


34- 18 


9.999181 


.i3 8.788554 


34-31 


11*211446 


It 


32 


789787 
791828 


34-02 


999174 


.13 790613 


34- 15 


209387 
207338 
2o5299 

203260 

201248 


33 


33.86 


999166 


.i3 792662 


It^ 


27 


34 


793859 


33.70 
33.54 


999158 


.i3 794701 


26 


35 


795881 


999 i5o 


.i3 796731 


33.68 


25 


36 

37 
38 


797894 
799897 
80 1 892 


33.39 
33.23 


999»42 
999*34 


M ffl 


33.52 
33.37 


24 

23 


33.08 


999126 


.i3 802765 


33-22 


22 


39 


803876 


32.93 


Q99118 


.13 804758 


33.07 


195242 


21 


40 


8o5852 


32.78 
32.63 
32.49 
32.34 


9991 10 


.i3 806742 


32'. 92 


193258 


20 


41 

42 

43 


8-807819 
81 1726 


9.999102 


.14 812641 


32.78 

32-62 

32-48 


!l. 191283 
I§93i7 
187359 


17 


44 


813667 


32.19 
32.05 


999077 
999069 


.14 814589 


32.33 


185411 


16 


45 


815599 


.14 816529 


32-19 
32-05 


183471 


i5 


46 


817522 


31.91 


999061 


.14 818461 


i8i53o 
179616 


i4 


% 


819436 


til 


999053 


.14 820384 


31.91 


i3 


821343 


999044 


.14 822298 


til 


175795 
11.172008 


12 


49 


823240 


tn 


999036 


.14 824205 


II 


5o 


825i3o 


999027 


.14 826103 


3i.5o 


10 


5i 


8.827011 


3l*22 


9.999019 


.14 8.827992 
.14 829874 


31.36 


I 


52 


828884 


3i.o8 


999010 


31.23 


170126 


53 
54 


830749 
832607 
834456 


30.95 
30.82 




.14 831748 
.14 8336i3 


3i.io 
30.96 
30.83 


168252 

166387 


I 


55 


30.69 
30.56 


.14 835471 


164519 


5 


56 


836297 
838 I 3o 


998976 


.14 837321 


30.70 
30.57 
3o-45 


162679 4 
160837 3 


U 


30.43 


998967 


.i5 839163 


839956 


3o.3o 


998958 


.i5 840998 
.i5 842825 


159002 a 


59 


841774 


30.17 


998950 


30-32 


157175 I 


6b 


843585 


3o.oo 


998941 


.i5 844644 


3019 


155356 



M. 




Cosine 


D 


Sine 


860] Cotang. 


D. 


_Taa|j. 



22 


(1 


DKOftRBS.) A TABLK 


OF LjGARIThMIC 




M. 


Sine 


I). 


Cosine 
9.908941 


D. 

•ID 


Taii^. 


3o.i9 


Cotang. 1 
I |. 155356 60 





8-843585 


3o.o5 


8.844644 


I 


845387 


29.92 


998932 


•ID 


846455 


3o 


07 


153545 So 
i5i74o 58 


s 


847183 


19-80 


99^923 


.|5 


84S260 


29 


95 


3 


or^'j'T 


j.^.ni 


." .'4 


• i5 


85oo57 


29 


82 


149943 57 
14B154 56 


4 


&5o75t 


50O5 





.i5 


85 1846 


29 


70 


S 


835^35 


39.43 


... ^6 


.i5 


853628 


29 


58 


146372. 55 


6 


054391 


39.31 


9 'J' >7 


.i5 


855403 


29 


46 


14-4597 54 


I 


856oi9 


a9"i9 


i^9'-'-78 


.i5 


858^32 


29 


35 


142820: 53 


857>k)j 


9c,-n7 


97" -'Q 


.i5 


29 


23 


141068 


52 


9 


85y546 


28. «6 
afi-^4 


9h/^ »o 


.i5 


860686 


29 


II 


139314 


5i 


10 


mia«3 


9./-^-oi 


• 15 


862433 


It 


00 


137567 


5o 


11 


S. 8610 14 


3H-73 


9- 9.) ;i 


.i5 


8.864173 


88 


II -135827 


S 


11 


R6.i73S 


9.y^ ^ 12 


.i5 


865906 
867632 


28 


u 


134094 


j3 


Br.»6435 


19 ^5o 


q-vs- !3 


'i6 


28 


132368 


47 


Id 


BtjRlfti 


2a ^a8 


9^'^ 13 


.16 


869351 


28 


54 


I 3 0649 


46 


i5 


8fig8fiS 


9Q^s,>4 


.16 


871064 


28 


43 


128936' 45 


it 


Btii'^^ 


78-17 
2Hoi 


9c>^-i5 


.16 


872770 
874469 


28 


32 


ii723o, 44 


n 


873331 


9.>^^H5 


.16 


28 


21 


125531 1 43 


i8 


87493^ 


^U^' 


f)Hi^'-i6 


.16 


876162 


28 


II 


123838 42 


'9 


87^^11 


.6 


.16 


877849 


28 


00 


I22]5l| 41 


tQ 


8782^3 


17.73 


»7 


.16 


879529 


27. 


89 


1 2047 1 1 40 


tl 


8ft7g9W 


37. 63 


.' . • • 17 


.16 


8-881202 


27 


11 


II 118798 


It 


33 


8^1607 

H83a53 


37 '5a 


r^r- 18 


.16 


882869 


27 


117131 
1 1 5470 


23 


af'^^ 


9.J--I8 


.16 


884530 


27 


58 


ll 


n 


SHjgoJ 


37-31 


9<r--M8 


.16 


886 1 85 


27 


47 


Ii38i5 


aa 


SS6rJ43 


37-31 


9h^v-„8 


.16 


887833 


27 


37 


112167 


35 


a^ 


SSS174 


37^ rr 


')ft---)9 


.16 


889476 


27 


27 


iio524 


34 


^^ 


BSg^oi 


37*00 


9'/^' ^9 


.16 


891112 


27. 


»7 


108888 33 


Sf?i42i 


76 -So 


9g^i'.^9 


.16 


892742 


27- 


07 


107258. 32 


!' 


P93033 


,j.js.,»9 


•n 


894366 


26. 


t] 


I05634 3i 


3o 


ftgdM'J 


3(^.70 


9,-j^' 19 


• 17 


8-897^96 


26 


104016 


3o 


3( 


3-^0346 


9'r)if-lg 


• 17 


26 


77 


II -102404 


It 


39 


Bq7fi4a 


3601 


f}ir']g 


• 17 


899203 


26. 


67 


100797 


3a 


899433 


16-41 


9i/-J9 


• 17 


900803 


26. 


58 


099197 


27 


34 


70 10 (7 
go 3 596 


26-31 


9ii'- ^9 


• 17 


902398 
903087 
905570 


26. 


48 


097602 


26 


35 


36-33 


99^: .»9 


•n 


26 


38 


096013 


25 


36 


.^a.ii6o 


36-13 


9'j^"'>9 


• 17 


26. 


29 


094430 24 1 


u 


90.7 J(i 


36 -o3 


9ijs-.i8 


• 17 


907147 


26 


20 


09^853 


23 


r;ii7397 


55-I54 


• 17 


908710 
910285 


26 


10 


091281 
o8g7i5 


22 


h 


9t>^>i.i3 


9.1^^ -..-,8 


* '7 


26 


01 


21 


Ao 


91^40 J 


75-75 
71.66 


9rj^o8 


• 17 


91 1846 


25 


U 


20 


41 




9^q')^-3 


•n 


8-913401 


25. 


11.086599 


\t 


^; 


a5.56 


9^/-^ -^57 


• 17 


914951 


25 


n 


o85o49 
o835o5 


43 


gilt^aa 


2T.4-F 


9^/H"'27 


■M 


916495 
918034 


25. 


\l 


44 


9l6)"iO 


aV38 


9f^H"ii6 


25. 


56 


081966 


dS 


918073 


3'5*39 


9E/^;.>6 


.18 


919568 


25. 


U 


080432 


l5 


46 


9"9^9,s 


iS'SO 


9-;^...»5 


•'? 


921096 


25 


078904 
077481 


14 


IS 


gsiiol 


?T-r3 


9r/;J5 


.18 


922619 
924136 


25 


3o 


i3 


933610 


3J-o3 


9'>'-' ^ M 


.18 


25 


21 


075864 


12 


^? 


934[ra 
9^5609 


34 -Qi 

34*^6 


9N'-^ ■,>4 
99^^,13 


.18 
.18 


925640 
927156 


25. 
25. 


12 
o3 


074351 
072844 


II 
10 


5i 


3.937100 


34*77 


9-9<3^m2 


.18 


8-928658 


24- 


t 


11-071342 


? 


!; 


o3.S5.'^7 


74-fi9 


9r;^;h 


.18 


93oi55 


24- 


069845 
068353 


53 


9.1oci^ S 


34 60 


99:-.!! 


.18 


931647 


24- 


78 


I 


54 


93114^ 


7403 


90"^: 10 


.18 


933 1 34 


24- 


70 


066866 


55 


9J3ni5 


34 -d3 


9'f'- ■ »9 


.18 


934616 


24- 


61 


065384 


5 


56 
57 


93U^r 


34-3^ 
34 -J? 


9c,^■.^8 


.18 
.18 


ffl 


24- 
24- 


53 
45 


063907 
062435 


4 
3 


^2^^^^ 


34*19 


99 s ■'.6 


.18 


939032 


24- 


37 


059D06 


a 


^ 


gJMHuo 


3411 


99^3)5 


.18 


940404 
941933 


24- 


3o 


1 


60 


94019b 


34'o3 
D. 


99^344 


.18 


94- 


21 


o58o48 





1. CoBme 


Sm« 


850 


Cotang._ 


Zl 


~ 


^Tftng;^_ 


.Ml. 





SINES AND TANGENTS 


. (5 DRGRBES.) 




2 


"IT. Blue 


D. 


Cosine 


_D. 1 Tang. 


1 ^-^ 

34-21 


Cotang. 1 


v8* 940296 


24 -03 


9.998344 




19 8.941952 


II .058048' 60 


I 


941738 


23.04 
23.87 


998333 




19 943404 


24 


i3 


056596 


5? 


3 


943174 


998322 




19 944852 


24 


o5 


o55i48 


3 


944606 


23.79 


9983.1 




19 946395 


23 


97 


053703 


u 


4 


946034 


23.71 
23.63 


998300 




19 


947734 


23 


r. 


o52266 


5 


947456 


998289 




19 


949168 


23 


o5o832 


55 


6 


948814 
950287 
951696 


23.55 


998277 




19 


930597 


23 


•74 


049403 


54 


I 


23.48 


998266 




19 


932021 


23 


66 


047979 
046559 


53 


23.40 


998255 




19 


953441 


23 


60 


52 


9 


953100 


23.32 


998243 




19' 954856 
19 956267 


23 


5i 


045144 


5i 


10 


954499 


23-25 


998232 




23 


44 


043733 


5o 


II 8-9')5«94 


23.17 


9.998220 




19 8-957674 


23 


37 


11.042326 


il 


12 


957284 
958670 
960052 


23*10 


^ 998209 




19 959075 


23 


2I 


040925 
039527 


i3 


23.02 


'S^i 




19 960473 


23 


ii 


14 


22. 95 

22.88 




19 961866 


23 


14 


o38i34 


i5 


961429 


998174 




19 963255 


23 


07 


036745 


45 


16 


962801 


22.80 


^98163 




19 964639 


23 


00 


03536 1 


44 


\l 


964170 
965534 


22.73 

22.66 


998151 

998139 




19 966019 

20 961394 
20 968766 


22 
22 


^ 


033981 
032606 


43 
42 


19 


966893 


22.59 


998128 


22 


79 


o3i234 


41 


20 


968249 


32-52 


99SI16' 


20 970133 


22 


ll 


029867 


40 


2 1 8.969600 


22.44 


9.998104, 


20 8-071496 
20 972855 


22 


II.O28504 


39 


22 ! 970947 


22-38 


998092 


22 


57 


027145 
023791 


38 


23 1 972289 


22. 3l 


998080 


20 974209 


• 2 


5i 


u 


24 1 973628 


22.24 


998063 


20 975560 


22 


44 


024440 


25 


974962 


22.17 


998056 


20 976906 


22 


37 


623094 


35 


26 


976293 


22-10 


99^^044 


20 978248 


22 


3o 


021732! 34 


^l 


977619 


22 03 


998032 


20 979386 
20 980921 


22 


23 


020414 33 


28 


97^941 


21-97 


998020 


22 


17 


019379' 32 


?9 


« 


21.90 
2l-8> 


998008 


20 982251 


22 


10 


017749; 3i 
016423, 3o 


3o 


997906 
9.997980 


20 983577 


22 


04 


3i 8-982883 


21.77 


20 8-984899 


21 


97 


ii-oi5rioi: 20 
013783) 28 


32 


984189 


21-70 
21-63 


997972 
997959 


20 986217 


21 


91 


33 


985491 


20 987532 
20 988842 


21 


84 


012468J 27 
01 11 58 26 


34 


^a 


21-57 


997947 


21 


78 


35 


21-50 


997935 


21 990149 


21 


ll 
58 


009831 25 


36 


» 


21-44 
21-38 


997922 
997910 


2i, 991451 
21 992750 


21 
21 


008549 24 
007230; 23 
005955; 22 


991943 


2I-3I 


»j 


21 994045 


21 


52 


39 


993222 


21.25 


21, 995337 


21 


46 


004663^ 21 


40 


994497 


21-19 


997872! 


21' 996624 


21 


40 


003376: 20 


41 18-995768 


21-12 


9.997860: 


21, 8.997908 


21 


34 


11-002092 10 
000812 18 


42 


997036 


21-06 


»! 


21 i 999188 


21 


27 


43 


998299 


21-00 


21 9.000465 


21 


21 


20.999535! 17 


44 


999560 


20-94 
20-87 


997822 




21! 001738 


21 


i5 


998262 


16 


45 


9 -000816 


997809 




21 1 oo3oo7 


21 


S 


996993 


i5 


46 


002069 
oo33i8 


20-82 


997797 
997784 




21 1 004272 


21 


995728 


14 


S 


20-76 




21 005534 


20 


97 


994466 


i3 


004563 


20 "O 


997771 




21 006792 


20 


^5 


993208 


12 


P 


oo58o5 


20-64 


9977^8 




21 


008047 
009298 


20 


991953 


11 


5o 


007044 


20-58 


997745 




21 


20 


80 


990702 


10 


5i '9.008278 


20-52 


9.997732 




21 9.010546 


20 


u 


10.989454 


g 


52 ' 


009310 


20-46 


997719! • 


21 01 1790 
2ii oi3o3i 


20 


988210 


53 


010737 


20-40 


997706; 
997680 


20 


62 


986969 


I 


54 


01196a 


20-34 


22' 014268 


20 


56 


985732 


55 


oi3i82 


20.29 

20.23 


22 oi55o;4 


20 


5i 


984498 
983268 


5 


56 


014400 


997667 
997654 


22, 016732 


20 


45 


4 


u 


oi56i3 


20.17 


22! 017959 
22 019183 


20 


40 


982041 


3 


016824 


20.12 


997641 


20 


33 


980817 


3 


59 


oi8o3i 


20-06 


997628 


22 020403 


20 


28 


9783^0 
. Tung. 


I 


60 


019^35 


20-00 


997614 




22 021620 


20 


23 





Cosine 


D. 


Sine 


S40. Cotar^g. 


p. 


M. ^ 



14 


(6 DEGREES.) A TABLE 


OF LOGARITHMIC 




M. 


Sine • D 




Cosine 


D. 


Tang. 


D. 


Cotang. 







9.019235 ao- 


00 


9.997614 


.23 


9^02l620 


30.23 


10-978380 


60 


I 


020435 19 


t 


997601 


.22 


022834 


20-17 


977166 


5^ 


9 


021632 19 


997588 


•22 


024044 


20.11 


97D956 


3 


022825 19 


84 


997574 
997561 


•22 


02525l 


ao.o6 


W 


ll 


4 


024016 19 


78 


.22 


026455 


20.00 


56 


5 


025203 19 


2? 


997547 


.22 


027655 
028852 


19.-95 


972345 


55 


.6 


026386 19 


W534 


•23 


19.79 


971148 


54 


I 


027567 19 
028744 19 


6i 
57 


997520 
997507 


.23 
.23 


o3oo46 
o3i237 
032425 


M 


53 

52 


9 


029918 19 


5i 


997493 


.23 


19.74 
19.69 


5i 


10 


031089 19 


47 


997480 


.23 


033609 


966391 


DO 


11 


9.032257 19 


41 


9.997466 


.23 


Klt^ 


19.64 


10-965209 


ii 


12 


033421 19 


-36 


997452 


.23 


19-58 


964031 


i3 


034582 19 


.30 


997439 
997425 


.23 


037144 


19.53 


962856 


ii 


'^d 


035741 19 


-25 


•23 


o383i6 


19.48 


961684 


iS'^ 


036896 19 


.20 


9974" 


•23 


039485 


19.43 


96o5i5 


45 


i6 


o38o48 19 
039197 19 


-i5 

• 10 


& 


.23 
.23 


04065 1 
041813 


19.38 
19.33 


« 


44 
43 


040342 19 
041485 18 


-o5 


& 


.23 


042973 


19-28 


957027 


42 


>9 


.99 


.23 


044 I 3o 


19-23 


955870 


41 


30 


042625 18 


t 


997341 


.23 


045284 


19.18 


954716 


40 


21 


9-043762 18 
044S95 18 


9-997327 


•24 


9-046434 


19.13 


10-953566 


It 


22 


.84 




•24 


047582 
048727 


19.08 


952418 


23 


046026 18 


:?? 


•24 


19.03 
18.98 


951273 


U 


24 


047154 18 


•24 


95oi3i 


23 


048279 18 


.70 


qr2Ji 


.24 


18.93 
18-89 


W 


35 


26 


049400 18 


-65 


9,-:)7 


•24 


o52i44 


34 


11 


o5o5i9 18 
o5i635 i8 


.60 


9^-^12 


•24 


053277 


18.84 


946723 
945593 
944465 


33 


.55 


9,--'j8 


•24 


054407 
055535 


18-79 


32 


?9 


002749 18 


• 5o 


9^,- -14 


•24 


18-74 


3i 


3o 


o5385o 18 
9-054966 18 


•45 


9.,- 199 
9.91.M i5 


•24 


056659 


18-70 


943341 


3o 


3i 


•41 


.24 


9-057781 
058900 


18-65 


10-942219 


It 


32 


©56071 18 


• 36 


9i-r7o 


•24 


\tn 


941100 


33 


057172 18 


31 


9c,- 1 )6 


•24 


060016 


937760 


27 


34 


058271 18 


•27 


grri i' 


•24 


061 i3o 


18. 5i 


26 


35 


059367 18 


-22 


9rii7 


•24 


062240 


18.46 


25 


36 


060460 18 


:;] 


9ri <2 


•24 


063348 


18.42 


c)V.f62 


74 


ll 


o6i55i 18 


90-98 


•24 


064453 


18.37 
18-33 


gry^il 


23 


062639 18 


.08 


l^r-^3 


.25 


065556 


9^ii.l4 


22 


39 


063724 18 
064^06 17 


.04 


9rr''>8 


.25 


066655 


18.28 


9I !ll5 


21 


40 


.99 


9«,^i/)3 


.25 


067752 
9-068846 


18.24 


9]ri48 


20 


41 


9-065885 17 


•04 


9-9"" ^9 


.25 


18.10 
i8.i5 


109:1 1 )4 


\t 


42 


066962 17 


■.^ 


9i-''M 


•25 


069938 


9J...r-if)2 


43 


o68o36 17 


9,,- ,.>9 


.25 


071027 
072113 


18-10 


9:^^';73 


]l 


44 


069107 17 
070176 17 


.81 


9'^'"^')4j 


•25 


18-06 


9^-s37 


45 


•77 


, 9 ^■■■^^^9, 


.25 


073197 
074278 
075356 


18-02 


9."-.so3 


i5 


46 


071242 17 


.72 


9/.y>4i 


.25 


n-97 


(^.■-■i2 


14 


4-' 


072306 17 


-68 


9*/-ri9 


•25 




i/^ ;''14 


i3 


4S 


073366 17 


-63 


9./-J4 


.25 


076432 


9.iv>8 


12 


49 


074424 17 


■.n 


■ 9(..-;19 


.25 


077505 
078576 


17-84 


f)>.'\-)5 


11 


5o 


075480 17 


9(. .>4 


.25 


17.80 


9jr ;M 


10 


5i 

52 


9.076533 17 
077583 17 
07toi 17 


-5o 
.46 


9-9< ^9 

9< 14 


.25 
.25 


9.079644 
080710 


17.76 

17.72 


iom>: .1)6 


t 


53 


42 


g<. i8 


.25 


081773 


\nl 


f;l^2J7 


7 


54 


079676 17 


-38 


9,-: 13 


.25 
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55 


080719 17 
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5 


56 
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li 
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4 


U 
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o83832 17 
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21 
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59 
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\l 
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6o 
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I 


086922 
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17.34 
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ll 


3 
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17-04 


996720 
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17-30 


3 


17.00 
16.96 
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092266 


17.27 


57 


4 
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996688 
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17.22 


56 


5 
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55 


6 
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54 


2 
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16.84 
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53 


» 
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996610 


.26 


5i 


10 


096062 


16^68 


9^594 


.26 
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15 
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42 


19 
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20 
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890441 
10.880444 


40 


21 
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26 
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11 5507 
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33 
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996134 


.28 


127172 
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84 
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81 
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6 
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78 
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846731 
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14 


75 
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154174 
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53 


I 50686 


14 


72 


995610 
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52 


9 
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14 


60 
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5i 
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II 
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63 
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4I 
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U- 


60 
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i3 
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14 


57 
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14 


\niii 
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54 
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839543 
838653 
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14 


5i 
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45 


16 
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14 


48 
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44 


\l 


14 


45 
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.3i 
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14-76 
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43 
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42 
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835992 


42 


>9 
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14 


It 
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14 


33 
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22 
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14 


3o 
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23 


163743 
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14 


27 
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u 


24 


14 


24 
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25 


165454 
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22 
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.3i 


170157 


14-53 


35 


26 

11 
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i3 
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33 

32 


^9 
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10 
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3i 


3o 
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9-170547 
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S 
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.32 
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3o 


3i 
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It 


32 
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02 
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33 
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^ 
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.32 


177084 
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U 


34 


173070 
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& 
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177942 
178790 
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14-28 


822058 


35 


173908 
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94 


.32 


14-25 


821201 


25 


36 


174744 
175578 
176411 


i3- 


86 


995089 


.32 


14-23 


820345 


24 


ll 


i3. 
13. 


& 


•32 

.32 


i8o5o8 
i8i36o 


14-20 

14-17 


810492 
818640 


23 
22 


39 


177242 


i3- 


83 


6^5032 


.32 


182211 


i4-i5 


817789 


21 


40 


178072 


i3. 


80 


9950 I 3 


.32 


i83o59 


14-12 


816941 


20 


41 


9.178900 


13. 


77 


9.994993 


.32 


9-183907 


14.09 


10-816093 


17 


4Q 
43 
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i3. 


74 


994974 
994953 


.32 
.32 


184752 
185597 
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815248 
8i44o3 


44 


181374 


i3 


994935 


.32 


186439 


14-02 


8i356i 


16 


45 


182196 
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.33 


187280 
188120 
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812720 
811880 


i5. 


46 


i83oi6 


i3. 


64 


.33 


14 


tl 


183834 


i3 


61 


994877 


.33 


188958 


13-93 
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i3 
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i3 


^ 


994857 


.33 


189794 
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13-89 
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810206 


12 


49 
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i3 


994838 


.33 


190629 
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II 


5o 
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i3 


53 


994818 


.33 
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10 


5i 
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i3 


5i 
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806876 


I 


52 
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i3 


48 


994779 
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.33 


193124 


i3-8i 


53 
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i3 


46 
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193953 


13-76 


806047 


.1 


54 


i3. 


43 


994739 


.33 
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55 


i3 


^\ 


994719 


.33 
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13-74 
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5 


56 
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i3 


38 


994700 
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803570 
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U 
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i3 
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33 
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.33 
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2 
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i3 


3o 
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9*199713! 


13.61 


10-800387 
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9 
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.33; 
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U 


3 
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u 


I 
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994540 
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55 


6 
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I 


;^ 
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994479 
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53 


9 
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5i 


10 
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5o 


It 
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% 


13 
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13^99 
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i3 
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M 


13^94 
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i5 
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45 


i6 

;3 
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994395 
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3U193 
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i3-34 
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43 


«9 
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J2.83 
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41 


ao 
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4p 


Ui 


9.210^60 
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05 
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3? 


aa 
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aa 
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994130 
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781858 


37 


34 
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994130 


-35 
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i3-o5 
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36 


25 
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i3-o3 
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35 


36 

11 

a9 
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.35 
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33 
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.35 
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32 
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^ 
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3o 


3i 
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12-90 
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aa 
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as 
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774071 
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34 
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35 
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36 
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993875 


06 
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ll 
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12-67 
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] a - [ 


993^40 


■37 


343354 


12-38 
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992967 


-33 


353710 
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99^044 
993931 


-38 
.38 


360146 
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11-94 
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41 
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54 
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03 
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739137 
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40 


21 
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53 
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993853 
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29 
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So 
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23 
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46 
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-39 
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363717 
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U 


25 
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44 
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'39 
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73557a 


35 


2& 
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42 


992759 


i5 
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734863 


34 


?s 


41 
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-39 


365847 
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734153 


33 
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39 
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366353 


733445 


32 
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11 


993666 
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367261 
367967 
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ii-7i 
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3i 
3o 
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33 
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.39 


9-268671 
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^U 


Z2 
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2633^1 ri 


3i 


9i;i6i9 
993596 


'39 


369375 
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3J 


3o 


.39 


270077 
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U 
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38 


993572 


■^9 
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35 
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36 


& 


*39 


271479 
273178 


35 
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34 


'39 


11.64 
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24 
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32 


99a5oi 
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11-62 


727134 


33 


30 


« 


'4o 273573 
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726437 


23 
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266733 11 
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19 
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31 
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41 


\l 
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20 


4^ 
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i3 
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26940a II 


n 


993359 
993335 
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\i 
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il 


08 
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Mo 
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i5 
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06 
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993363 


.40 
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11-47 
1IM5 


4 


i^S 
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o5 


.40 
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3^4 sa 


730199 


i3 
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o3 


993339 
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7i33a6 


12 


S 
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01 
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Mo 
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II 
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^ 
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ro 
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9-283343 
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10-717458 
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I 


S2 


96 
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2B3335 


11-36 
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376024 10 


94 
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41 


383907 
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716093 


I 
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376681 10 


92 
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992069 


Ml 
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11-33 
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55 


317337 10 


% 


■41 


385368 


11-31 
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5 
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993044 


'41 
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U 
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MI 
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713376 


3 
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2^599 10 
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Ml 
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11-36 
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3 


84 
83 


991971 
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MI 
MI 


f^ 
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11-33 


7120^^ 
711343 
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1 
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1 Sine 
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Co tang. 
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Sine 
9.280599 


D. 
10.82 


Ct)sine 


D. 


Tang. 
9-288652 


D. 
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Cotang. 
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9-9«)i947 
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I 


281248 


10.81 
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991897 


•41 


280326 


11.22 
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2 


281897 


10.79 


•41 


289999 
29067 1 


11-20 


3 


282544 


10.76 


991873 


•41 
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4 
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283836 


991848 
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291342 
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5 
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55 


6 


284480 
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54 


I 
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9«.J ^'I'i 
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53 


285766 
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5i 


10 
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99rjai 
99 U9^ 


•42 
•42 


30^38 


10-96 
10-95 


700020 
699362 
69B705 


43 

42 


>9 


10.51 


99^ i-?^ 


•42 


9.302607 


10.93 


41 


20 


10.50 


99JiiB 


•42 


1092 


10.697393 
696730 


40 


21 


'•» 


10.48 


9-991 ;J3 


•42 


10-90 
10-89 


^ 


22 


10. 46 


9f^i ^n 


•42 


3o326i 


23 


295286 


10.45 


90^1 111 


.43 


303914 
304567 
3o52i8 


W'sl 


U 


24 


295913 
296539 


10.43 


9gs.U6 


•43 


6^5433 


25 


10.42 


99(3^1 


•43 


10-84 


694782 


35 


26 


297164 


10.40 


9^)11195 


•43 


3o5869 


10-83 


694131 


34 


11 


297788 


10-39 


991 J70 


•43 


3o65io 
307168 


10-81 


693481 


33 


298412 


10-36 


99i'^'i^'i 


.43 


io-8o 


692832 


32 


29 


299034 


()in :»iH 


•43 


307815 
3o8463 


10.78 


692185 


3i 


3o 


299655 


10.34 


9<ji I'^l 


•43 


10.77 
10.75 


691537 


3o 


3i 


9 -300276 


10-32 


9*9<;i i'^1 


•43 


9.309109 


10.690891 


It 


32 


300895 


10. 3i 


9911^1 


•43 


a^ 


10.74 


600246 


33 


3oi5i4 


10.29 
10.28 


99 1 1 1 5 


.43 


10-73 


ll 


34 


302l32 


991090 


.43 


3 11042 


10.71 


35 


.302748 


10.26 


99106* 


.43 


3ii685 


10.70 
10.68 


25 


36 


3o3364 


10.25 


99ro33 


•43 


312327 


687673 


24 


ll 


lilv^ 


10.23 
10.22 


99roia 
9909% 


.43 
.43 


f^^ 


10.67 
10.65 


687033 
686392 

685753 


23 
22 


39 


3o5207 


10.20 


990960 


.43 


314247 

314885 


10.64 


31 


40 


3o58i9 


10.19 


99(39^4 


•44 


10.62 


685ii5 


20 


41 


9 '306430 


10.17 
10.16 


9'99^iicS 
99oHfl2 


•44 


9.315523 


10-61 


10-684477 


;§ 


42 


307041 


.44 


3i6i59 
316795 
3 17430 
318064 


10-60 


683841 


43 


3o765o 
308259 


10.14 


990^55 


•44 


10-58 


683205 


17 


44 


10.13 


» 


•44 


10.57 
10-55 


682570 


16 


45 


308867 


10. II 


•44 


681936 
68i3o3 
680671 


i5 


46 


ir^x 


10. 10 
10.08 


990777 
990750 


•44 
•44 


318697 
319329 


10.54 
10-53 


14 
i3 


3 10685 


lO-O-T 
10. OD 


990724 


•44 


320592 


10. 5i 


680039 
679408 
678778 


13 


f^ 


311289 


990697 


•44 


10. 5o 


11 


5o 


3 1 1893 


10-04 


990671 


•44 


321222 


10.48 


10 


5i 


9.312495 


io-o3 


9-990644 


.44 


9-321851 


10.47 
10.45 


10-678149 


? 


52 


3 J 3097 
313698 
314297 


10-01 


990618 


•44 


322479 
323io6 
323733 


677521 


53 
54 


10-00 

9-98 


99o565 


.44 
•44 


10.44 
10.43 


676894 
676267 


I 


55 


314897 
3 1 5495 


997 


990533 


•44 


324358 


10-41 


675642 


5 


56 


9-06 


99o5ii 


.45 


324983 
325607 


10-40 


675017 
674393 
673769 


4 


ll 


316092 
316689 


9-94 


990485 


.45 


10-39 


3 


9-93 


990458 


.45 


326231 


10-37 


2 


^ 


317284 


9.91 


990431 


.45 


326853 


10-36 


673147 
672525 


I 


6o 


317879 


9.90 


990404 


.45 


327475 


10-35 





1 CoBine 


D. 


Sine 


T80 


Cotan^.. 


■ D. 


Tang. 


M. 



•0 



(12 DIOaKU.) A TABLE OF LOGARITHMIC 



TTI Bino 



9 

10 

II 

13 

i3 
14 
i5 
i6 

\l 

»9 

20 
91 
22 
33 
24 
25 
26 

II 
It 

3i 

33 

33 
34 
35 
36 

ll 

39 
40 
41 
43 
43 
44 
45 
46 

% 

5o 
5i 
52 
53 
54 
55 
56 

U 



3i7»79 
31S47J 
319066 
319658 
320249 
320840 
32i43o 
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335482 
336093 
336702 
337311 
337919 
338527 
339133 
339739 

9-340344 
340948 
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9.352287 
352876 
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354053 
354640 
355227 
3558i3 
356398 
356982 
357566 

9.358149 
358731 
359313 
359893 
360474 
36io53| 
36i632' 

3622l0i 

362787I 

363364 



D. I Cotang.r ' 



Siue 7T° Couwg. 



10.35 
0.33 

iO-33 

[o*3o 

It 

0-36 
0.35 
;o-34 

0-33 
[0>3I 
0-30 

.19 

0.17 

[0*i6 
o-i5 
o-i3 

0-13 

11 

_ 10 

0-08 
0-07 
io-o6 
:o-o4 
io-o3 
10-02 
0-00 

t^ 

9-97 
9.96 
9.94 
9.93 
9.92 
9.91 

m 

9-85 
9-83 
9.82 
9.81 
9.80 
9.79 

9- 71 
9.76 
9.75 
9-74 
9.73 
9.71 
9.70 

9-65 
9-63 
9-62 
9-61 
9-60 

"dT" 



•672536 
671905 
671385 
670666' 

670047' 
669430I 

6688i3| 
668197I 
667582 
666967 
666354 

10-665741 
665 I 39 
664518 
663907 
663298 
662689 
662081 
661473 
660867 
660261 

IO-659656 
659052 
658448 
657845 
657243 
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644773 
644107 
643602 
643018 
642434! 
io.64i85il 
641369 
640687 1 
640107, 
63q526j 
638047 I 
638368 
637790 
637213 
636636 



5 
4 
3 

3 

1 

^ O 

Taag. |i r 



u 

55 
54 
53 

53 

5i 
5o 

1? 
il 

45 
44 
43 
43 
41 
40 

ll 

35 
34 
33 
33 

3i 
3o 

ll 

35 

34 

23 
33 
31 
30 

;? 
\i 

i5 

14 
i3 

13 
II 
10 
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5o 


12 
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9.46 
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9.44 
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i5 
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8 


93 
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9.43 
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45 


i6 
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8 


92 
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& 
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626936 


44 


\l 
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8 


91 
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9-41 


43 
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988193 
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373629 
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374756 


9.40 
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42 


>9 


362356 
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89 


.50 


tU 


625807 


41 


30 


362889 


8 


88 
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.50 
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21 
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8 


11 


9.988103 
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^ 


22 


363954 


8 
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.50 


375881 


624119 
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23 


364485 


8 


84 
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.50 


376442 


9.34 
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34 
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8 


83 


988013 


.50 


377003 


9-33 
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621878 


25 


365546 


8 


82 


987983 


.50 


377563 
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35 


26 


366075 
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81 
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.50 


9.31 


34 


U 
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8 


80 
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.50 
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9.30 
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33 
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8 


79 


987802 


.50 
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32 


29 
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8 


77 
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I'^ti 


620203 


3i 


3o 


8 


76 


987832 


.51 


9-36 


619646 


3o 


3i 


9-368711 


8 


75 


9.987801 


.51 


9-380910 


10-619090 
618534 


It 


32 


369236 


8 


74 


987771 


.51 


381466 


9.35 


33 


369761 


8 


73 


987740 


.51 


382020 


9-24 


617980 


11 


34 


370285 


8 


72 


987710 
987679 


.51 


382575 


9-33 


617425 
616871 


35 


370808 


8 


71 


.51 


383129 


9.23 


35 


36 


37i33o 


8 


^ 


987649 


.51 


383682 


9.31 


6i63i8 


24 


U 


371852 


8 


987618 


.51 


384234 


9.30 


615766 


23 


372373 


8 


U 


987588 


.51 


384786 


9-10 
9.18 


6i52i4 


22 


39 


372894 


8 


Z'l 


.51 


614663 


21 


40 


373414 


8 


65 


.51 


9.17 
9.15 


614112 


30 


41 


9.373933 


8 


64 


'•» 


.51 


9-386438 


io.6i3562 


;§ 


42 


374452 


8 


63 


.51 


386987 
387536 
388084 


9-14 


6i3oi3 


43 


376003 


8 


62 


987434 


.51 


9-13 


612464 


]i 


44 


8 


61 


987403 


.52 


9-13 


61 1916 
611369 


45 


8 


60 


987372 


.52 


388631 


9.11 


i5 


46 


3765ig 
377035 


8 


5? 


987341 


.52 


389178 


9-10 


610822 


14 


% 


8 


987310 


.52 


389724 


9.00 
9.08 


610276 
609730 


i3 


I'A^ 


8 


U 


98724? 


.52 


390270 


13 


49 


8 


.52 


390815 


9.07 
9-06 


600 I 85 
608640 


II 


5o 


378577 
9.379089 


8 


54 


987217 


.52 


391360 


10 


5i 


8 


53 


9.987186 


.52 


9.391903 


9-o5 


10-608097 
607553 


? 


52 


379601 
38oii3 


8 


52 


987155 


.52 


392447 


9.04 


53 


8 


5i 


987124 


.52 


%l^. 


9-o3 


60701 1 
606469 


I 


54 


380624 


8 


5o 


0^M"^2 


.52 


9-03 


55, 


38ii34 


8 


S 


9S7 n6 1 


.52 


394073 


9.01 


6o5o27 


5 


56 


381643 


8 


9870.10 


.52 


394614 


Q'OO 

h 


6o5386 




ll 


382152 


8 


2 


9>i6fn.S 


.52 


395154 


604846 




382661 


8 


98&g^7 


-52 


l& 


604306 




59 


383 168 


8 


45 


986g36 


-52 


l:V> 


603767 




66 


38*675 
Cosine 


8 


44 


986^04 


-52 


396771 


6o32'J9 






~~~: 


D.. 


Sine 


T6oi Cotang. 


D. 


Tf^ .^J 



25* 
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J£i 


8ine 


D. 


Cosine 


1>. 


Tang. 


D. 


Cotang. 






I 

2 


9.383675 
384182 
384687 


8.44 
8.43 
8-42 


986841 


.52 

.53 
.53 


397846 


8.96 
8.^6 
8.95 


10.603229 
602691 
602 1 54 


60* 


3 
4 


385192 
385697 


8-41 
8-40 


986800 
986778 


.53 
1^ 


398383 


8.94 
8.93 


601617 
601081 


ti 


5 


386201 


8^3? 

112 


986746 


.53 


8.93 


600545 


55 


6 

I 


386704 
387207 

38871 1 


986651 


.53 


399090 
400524 
401 o58 


8.91 
8.00 


600010 


54 
53 

52 


9 

10 


8-35 
8.34 


986619 

986587 

9.986555 


.53 
.53 


401591 
402124 


8^87 
8-86 


^P 


5i 
5o 


II 


9*389211 


8.33 


•53 


9*402656 


10-597344 


n 


13 


3897 1 1 


8.33 


986523 


.53 


403187 
403718 


8.85 


596813 


i3 


390210 


8.3i 


986491 
986459 


.53 


s-?^ 


596282 


tl 


14 


390708 


8.30 


.53 


404249 
404778 
4o53o8 
405836 


8.83 


595751 


i5 
i6 


391206 
391703 


8.28 
8*2? 


986427 
986395 
986363 


.53 
.53 
.54 


8.82 
8.81 
8.80 


595222 
594692 
594164 


4^ 
44 
43 


8.25 


986331 


•54 


406364 


8.75 


593636 


42 


19 

20 


3936^5 


8.24 
8.23 


& 


•54 
•54 


406892 

407419 

9.407945 

408471 


593108 


41 
40 


21 
22 


9-394179 
394673 


8-22 

8.21 


9.986234 
986202 


.54 
.54 


10.592055 

Pi? 


ll 


23 


395166 


8.20 


986169 


.54 


408997 
409521 
410045 


8.74 


U 

35 


24 
25 


395658 
396150 


8.10 
8.18 


986137 
986104 


.54 
•54 


§•74 
8.73 


i^ii 


26 

11 


396641 
397132 


8.17 
8.17 
8.16 


986072 
986039 


.54 

.54 


410569 
411092 


8.72 
8.71 


s 


34 
33 


39S1U 


986007 


•54 


4ii6i5 


8.70 
8.69 

8.68 


32 


29 


8.i5 


985974 


•54 


412137 

412658 


587863 


3i 


36 


398600 


8.14 


985942 


•54 


587342 


3o 


3i 

32 

33 


9-399088 
399575 
400062 


8.i3 
8.12 
8.11 


985843 


.55 
.55 
.55 


9-4i3i79 
413699 
414219 
414738 


8.67 
8.66 
8.65 


10.586821 

586301 
585781 


It 


34 


400549 
401035 


8-10 


985811 


.55 


8.64 


585262 


35 


8.09 
8.08 


985778 


.55 


41 5257 
415775 


8.64 


584743 


25 


36 


401 520 


985745 


.55 


8.63 


584225 


24 


U 


4o2oo5 
402489 


8-07 
8.06 


985712 


• 55 
.55 


416293 
416810 


8.62 
8.61 


583707 
583190 


23 
23 


39 


402972 


8-05 


.55 


417326 


8.60 


582674 
582158 


21 


40 


403455 


8-04 


9856 I 3 


.55 


417842 
9.418358 


8.5? 


20 


41 


9 '403938 


8-0^ 


9.985580 


.55 


10.581642 


\t 


42 


404420 


802 


985547 


.55 


418873 
419387 


i:iZ 


581127 
58o6i3 


43 


404901 


8.01 


985514 


.55 


]l 


44 


405382 


8-00 


985480 


.55 


419901 


8.55 


5795?? 


45 


4o5862 


7.99 


985447 


.55 


420415 


8.55 


i5 


46 


406341 


7.98 


985414 


.56 


420927 


8.54 


w 


14 


tl 


406820 


]'ll 


985380 


.56 


421440 


8.53 


i3 


407299 


985347 


.56 


421952 


8-52 


578048 


13 


n 


408254 


7-94 


985314 
985280 


• 56 
.56 


422463 

422974 

9.423484 

4245o3 


8.5i 
8.5o 


577537 

577026 

10.576516 
576007 


II 
10 


5i 

53 


9- 408731 
409207 


7-94 
7.93 


9.985247 
98521 3 


.56 
.56 


8^4? 


? 


53 


409682 


7.92 


985180 


• 56 


8.48 


575407 
574989 


1 
6 


54 


410157 


7.91 


985146 


• 56 


425011 


8.47 
8.46 


55 


4io632 




9851 i3 


• 56 


425519 


574481 


5 


56 


41 1 106 


7*89 


985045 


• 56 


426027 


8.45 


.573973 


4 


u 


411519 

4l2052 


7.80 


.56 


426534 


8.44 


573466 


3 


7.87 


985011 


• 56 


427041 


8.43 


572955 
572453 


a 


59 


412024 


7.86 


984978 


.56 


428052 


8.43 


I 


60 


412996 


7-85 


984944 


56 


8.4a 


571948 





U 


Oonine 


JD. 


Bine 


Tfio 


OotaofT. 


D. 


Tang. 


M. 
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ss 


M. 




Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Ootang 


60 


9.412906 


7-85 


9.984944 


1^ 


9.428052 


8.42 


10-571948 


I 


7-84 


981^76 


1'^ 


428557 


8.41 


571443 


u 


a 


7-83 


1^ 


429062 


8.40 


570938 


3 


414408 


7-83 


984842 


1^ 


429566 


8.39 
8.38 


570434 


u 


4 


414878 


7.82 


984H08 


17 


430070 


569930 


5 
6 


415347 

4i58i5 


7.81 
7.80 


984774 
984740 


•P 


430573 
431075 


8-38 
8.37 
8.36 


56^925 


55 
54 


I 

9 


416283 




084706 
984672 
984637 
984603 


1^ 


43i577 


568423 


53 


416751 
417217 


•P 


432079 
432580 


8-35 
8.34 


567921 
567420 
566920 


52 

5i 


10 


417684 

O'4ioi5o 

4i86i5 


17 


433080 


8.33 


5o 


II 

12 


7-75 
7-74 


'•» 


•P 


9-433580 
434080 


8.32 
8.32 


10.566420 
565920 


ii 


i3 


419079 


7.73 


984500 


17 


434570 
435078 


8.3i 


565421 


ii 


14 


419544 


7-73 


984466 


■u 


8.3o 


564922 


i5 


420007 


7.72 


984432 


435576 


8.29 
8.28 


564424 


45 


i6 


420470 
420033 
42i3o5 
421857 
4223i8 


7.71 


Q84363 


•58 


436073 


563927 


44 


\l 




• 58 


437S? 
437563 


8.28 


563430 


43 


984328 


.58 


8-27 
8.26 


562933 


42 


'9 


984294 
984259 


.58 


562437 


41 


20 


7-67 


.58 


438o59 


8.25 


561941 


40 


21 


9-422778 
423238 


l.U 


9.984224 


• 58 


g.438554 


8.24 


10.561446 


^ 


22 


$^^5 


.58 


439048 


8.23 


560952 


23 


423697 
424106 


7-65 


• 58 


439543 


8.23 


560457 


u 


24 


7-64 


984120 


• 58 


440036 


8.22 


559964 


25 


424615 


7-63 


984085 


.58 


440529 


8.21 


558486 


35 


26 


425073 
425530 


7.62 


984050 


.58 


441022 


8-20 


34 


11 

29 


7-61 


984015 


.58 


44i5i4 


8.19 


33 


425987 
426443 


7.60 
7.60 


983981 
983946 


.58 
.58 


442006 
442497 
442988 


8.19 
8.18 


It!,"^ 


32 

3i 


36 
3i 


426809 
9-427354 


lU 


9839II 
9.983875 


• 58 
.58 


8.17 
8.i6 


557012 

10.556521 


3o 

,1 


32 


427800 
428263 


]:U 


983840 


.59 


8.16 


556o32 


33 


9838o5 


'^ 


444458 


8.i5 


555542 


11 


34 


428717 


7-55 


9837^5 


•?9 


444947 
445435 


8.14 


555o53 


35 


429170 


7-54 


.59 


8.i3 


554565 


25 


36 


429623 
430075 


7.53 
7.52 


983700 
983664 


1 


445923 
44641 1 


8.12 

8-12 


554077 
553589 


24 

23 


43o527 
430978 


7.52 


983629 


.59 


446898 
447384 


8.11 


553102 


22 


39 


7.51 


983594 
983558 


'P 


8*10 


552616 


21 


40 


431429 


7.50 


^9 


447870 
9.448356 


8.09 


552i3o 


20 


41 


9.431879 


7-49 


9.983523 


.59 


8-09 
8.08 


10.551644 


\l 


42 


432329 
432778 


ni 


983487 


.D9 


448841 


55ii59 


43 


983452 


i^ 


449326 


8.07 
8.06 


550674 


n 


44 


433226 


n 


983416 


.59 


449810 


550190 


16 


45 


433675 


983381 


1^ 


450294 


8.06 


549706 


i5 


46 


434122 
434560 
435016 


7-45 
7.44 

7-44 


983345 
983300 
983273 
983238 


.59 
.60 


451743 


8.o5 
8-04 
8-03 


540223 

548740 
548257 
547773 


14 
i3 
12 


49 


435462 


7-43 


.60 


452225 


8-02 


II 


5c 
5i 


435908 
9.436353 


7-42 
7-41 


983202 
9.983166 


.60 
.60 


452706 


8.02 
8-01 


547294 
10.546813 


10 

t 


52 


436798 


7.40 


983 i3o 


.60 


8-00 


546332 


53 
54 


437242 
437686 
438129 


7-40 


983004 
983o58 


.60 
.60 


454148 
454628 


7-99 


545852 
545372 


I 


55 


083022 


.60 


455107 


544893 


5 


56 


438572 


]:ll 


982986 


•60 


455586 


'vV> 


544414 


4 


57 


439014 


982950 


.60 


456064 


543936 


3 


58 


439456 


7.36 


982914 
982878 
982842 


.60 


456542 


7.96 


543458 


a 


60 


440338 


7.35 
7-34 


•60 
.60 


457019 
457496 


7.95 
7-94 


542981 
542504 







Cosine 


D. 


Sino ' 


r4o 


Coteng. 


D. 


Tan^. 


M. 
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If. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Ck>tang. 







9-440338 


7-34 


9.982843 


.60 


9.457496 


7-94 


to. 542504 


60 


I 


440778 


7.33 


982805 


.60 


458926 


7.93 


542027 




3 

3 


44i3i8 
441658 


7.33 
7.31 


982769 
982733 


.61 
.61 


7.93 
7.93 


541 55i 
541075 


4 


443006 
443535 


7.31 


982606 
982660 


•61 


459400 


7.91 


540600 


5 


7-3o 


.61 


459875 


7.90 


540135 


55 


6 


443973 


'rll 


982624 


.61 


460349 
460823 




539651 


54 


2 


443410 


982587 


*6i 


7.89 


S?'77 
538703 


53 


443847 


7.37 


^255i 


.61 


461297 


7.88 


52 


9 


444384 


?:S 


982514 


.61 


461770 


7.88 


538330 


5i 


K> 


444720 


982477 


•61 


462242 


]:U 


537758 


5o 


11 


9-445i55 


7.35 


9.982441 


.61 


9.462714 


10-537386 
536814 


^ 


13 


445590 


7-24 


982404 


.61 


463 186 


7-85 


i3 


446025 


7.33 


982367 


.61 


463658 


7-85 


536343 


ii 


14 


446450 
446893 


7.23 


982331 


•61 


464129 


7-84 


535871 


i5 


7-33 


982294 
982257 


.61 


464599 


7.83 


535401 


45 


i6 


447336 


7-31 


•61 


465069 


7.83 


534931 


44 


\l 


448191 


7.30 
7-30 


982220 
982183 


.62 
.63 


465530 
466008 


7.83 
7.81 


534461 
533992 
533524 


43 

43 


<9 


448623 


7.10 
7.18 


982146 


•62 


466476 


7.80 


41 


30 


449054 


982109 


•62 


466945 


7.80 


533o55 


40 


31 


9.449485 


7.17 


9-982072 
982035 


.63 


9-467413 


?:^? 


K>. 532587 


u 


33 


45S45 


7.16 


.62 


467880 
468347 


532120 


33 


7-16 


&, 


.62 


7-78 


53i653 


u 


34 


450775 


7.15 


.62 


468814 


I'll 


531186 


35 


451204 


7-14 


981924 
981886 


•62 


469280 


530720 


35 


36 


45r632 


7-13 


.62 


469746 


7.75 


530254 


34 


11 


453060 


7-13 


981849 


.62 


470211 


7.75 


529789 
10.5279J2 


33 


453488 


7-13 


981812 


.62 


470676 


7-74 


33 


39 


4530I5 
453343 


7-11 


981774 
981737 


.62 


471 141 


7.73 


3i 


3o 


7.10 


•62 


471605 


7.73 


3o 


3i 


9-453768 


7-10 


9-981699 


•63 


9-472068 


7.73 


It 


33 


454194 


?:S 


981662 


•63 


472532 


7.71 


527468 


33 


454619 


981625 


•63 


& 


7.71 


527005 
526543 


V, 


34 


455044 


7-07 


981587 


•63 




35 

36 


a 


?:S 


981549 
981512 


.63 
•63 


473519 
474381 


526081 
5256,0 


35 

34 


!3 


4563i6 


7'o5 


98JS6 


.63 


474842 


525158 


33 


456739 


7 -04 


.63 


475303 


7.67 


524607 


33 


39 


457162 


7-04 


$\^. 


.63 


475763 


]-^ 


524237 


31 


40 


9 -458006 


7.03 


.63 


476223 


523777 

10.533317 

522858 


20 


41 


7.03 


9-981323 


.63 


9.476683 


7-65 


\t 


43 


458437 
458848 


7-OI 


981285 


.63 


477142 


7-65 


43 


7.01 


981247 


.63 


» 


7-64 


532399 


\l 


44 


459268 


J.OO 


981309 


.63 


7-63 


521941 


45 


459688 


981171 
981133 


•63 


478517 
478975 
4794J3 


7.63 


531483 


i5 


46 


460108 


.64 


7.62 


531025 


14 


49 


460537 
460046 
46i364 


6.98 


981095 
981057 
981019 


-64 


7.61 


530568 


i3 


^:?2 


.64 
.64 


48o34D 


7.61 
7.60 


530111 

519655 


12 
11 


5o 


461783 


6.95 


980981 


.64 


480801 


7.59 


10.51874? 


10 


5i 


9-463199 
463616 
463o33 


6.95 


9.980943 


.64 


9-481357 




I 


53 

53 


6.94 
6.93 


» 


.64 
.64 


481713 
483167 


.7^57 


5i8388 
517833 


54 


463448 


6.93 


980827 


.64 


482621 


?:S 


5^7^^? 


55 


463864 


6*92 


980789 


.64 


483075 


5 


56 


464279 


6*91 


980750 


.64 


483529 


7.55 


516471 


4. 


u 


464694 
465 I 08 


6.90 


980712 


.64 
.64 


483982 
484435 


7.55 

7-54 


5i6oi8 
5 15565 


3- 
2 


59 


465523 


6*09 


.64 


484887 


7.53 


5i5ii3 


I 


60 


465935 


6*88 


980596 


.64 


485339 


7.53 


5 I 4661 







OoBine 


D. 


Sine ' 


rso 


Cotang. 


D. 


Tang. 1 





SINKS AND TANGENTS. 


(17 DBGKEES/ 


) 


85 


M.I 


Sine 


D. 1 


Cosine 


D. 


Tauor. 
'9.485339 


D. 


Cotang. 




! 


9-455935 

466348 


6.88 


'•» 


.64 


7.55 


10.514661 


60 


1 


6-88 


.64 


485791 


7.52 


514209 
5i3758 
5i33o7 


u 


a 


466761 


6.87 
6.86 


980519 


• 65 


486242 


7.51 


3 


467173 

46i5S5 


980480 


• 65 


486693 


7-5i 


?I 


4 


6-85 


980442 


•65 


487143 


7.50 


512857 


56 


5 


467(^96 


6-85 


980403 


.65 


« 


7-49 


512407 


55 


6 


468407 


6.84 


980364 


.65 


'a 


IWfol 


54 


I 


468S17 


6.83 


980325 


.65 


488492 


53 


46tj:37 


6-83 


980286 


.65 


488941 


7-47 


5iio59 


52 


9 


46^6^7 


6.82 


980247 
980208 


.65 


489390 
489838 


?.1J 


5io6io 


5i 


10 


470CJ4f> 


6.81 


.65 


610162 


5o 


II 


9*470455 


6.80 


9.980169 


.65 


9-490286 


7.46 


10.509714 


1? 


12 


47^^863 


6.80 


980130 


.65 


490733 


7-45 


5o8373 


i3 
U 


471271 
471679 


t?? 


980032 


.65 
.65 


491 180 
491621 
492073 


7-44 
7-44 


ii 


i5 


47?o66 


6-78 


980012 


• 65 


7-43 


5a7927 


45 


id 


473493 


Ul 


979973 


.65 


492519 
492965 


7-43 


507481 


44 


\l 


472%a 


m 


.66 


7.42 


5o7o35 


43 


i73:ioi 


6.76 


.66 


493410 


7.41 


506590 


42 


19 


4737 1 CI 


6.75 


.66 


493854 


7.40 


5o6i46 


41 


20 


474ii5 


6.74 


979816 


.66 


494290 
9.494743 


7.40 


5o57oi 


40 


21 


9-474519 
474Q23 


6.74 


9.979776 
979737 


.66 


7.40 


lo.5o5257 


^ 


22 


6.73 


.66 


495186 


?1§ 


504814 


23 


6.72 


& 


.66 


495630 


504370 


U 


H 


Arn^a 


6.72 


.66 


496073 


7-37 


5o348? 


20 


476 i 33 


6.71 


979618 


.66 


4965i5 


7.36 


35 


26 

27 


476536 

47693a 


6*70 

6.69 


979579 
979539 


.66 
.66 


496557 
497399 


5o3o43 
5o26oi 


34 
33 


2b 

?9 


i773atJ 

477"?4i 


6.60 

6.68 


979499 
979459 


.66 
.66 


497841 
498282 


7.35 

7-34 


5o2i5q 
601718 


32 

3i 


3o 


47^143 


6.67 


979420 


.66 


498722 


7.34 


601278 


3o 


3i 

32 


9 478542 

47B9i2 
479342 


n 


9.979330 
979340 


:^ 


9.499163 
499603 


7.33 
7.33 


io.5oo837 
5oo397 
499958 
499519 


ll 


33 


6. 65 


979300 


.67 


5ooo42 


7.32 


ll 


ii 


479741 


6.65 


979260 


.67 


5oo48i 


7.31 


35 
36 


4Baiio 
4S0139 


6.64 
6.63 


979220 
979180 


.67 


500920 
5oi359 


7.31 
7.30 


499080 
49S641 


25 

24 


ll 


|??^1 


6.63 


979140 


.67 


50223d 


7.30 


498203 


23 


6.62 


979100 


.67 


lit 


497765 
497^28 


22 


39 


481731 


6.61 


979059 


.67 


502672 


21 


40 
41 


9'4^2^i5 


6.61 
6.60 


979019 
9.978979 


1^ 
.67 


5o3io9 
9.503546 


7.28 
7.27 


496891 
10.496454 


20 


42 

43 


483!i6 


6.59 
6.5o 
6.58 


31 


•67 
.67 


503982 
5o44i8 


III 


496018 
495582 


44 


4^3712 


.67 


504854 


7-25 


495146 


16 


45 


4^4^07 


6.57 


978817 


.67 


505289 


7-25 


494711 


i5 


46 


4S4501 

43439^ 


6.52 
6.55 


978^6 


1^ 


5o5724 
5o6i59 
506593 


7.24 
7.24 
7-23 


494276 
493841 
493407 
492973 
492540 


i4 
i3 

13 


i9 


485683 


6.55 


.68 


507027 


7.22 


II 


5o 


486075 


6.54 


978615 


.68 


507460 


7.22 


10 


5i 

52 


9MiiGi67 
4B6860 


6.53 
6.53 


9.978574 
978533 


.68 

•68 


'titd 


7.21 
7.21 


10.492107 
491674 


% 


53 


487251 


6.52 


978493 
978452 


.68 


508759 


7.20 


491241 


I 
5 


54 


437643 
488034 


6.5i 


.68 


509191 


7.19 


t'l 


55 


6.5i 


97841 1 


.68 


509622 


]:\t 


56 


488424 


6.5o 


978370 


.68 


5ioo54 


4 




488814 


6.5o 


97^339 
978288 
978247 
978206 


.68 


5 I 0485 


7.18 


3 


489204 
489503 


6.49 
6.48 
6.48 


.68 
•68 
.68 


510916 
5ii346 
511776 


]:\l 

7.16 


489084 
488654 
488224 


2 

I 





Cosine 


D. 


Sine 


T«<^l Cotang. 


D. 


Tang. 


M. 



86 



(18 DKGIIKE8.) A TABLE OF LOGARITHMIC 



'm; 


Sine 


D. 


Cosine 
9.978206 


D. 


Tang. 


B. 


Cotang. 


60 





9.489982 
490371 
4907D9 


6.48 


.68 9-5II776 


7.16 


10.488224 


I 


6.48 


978165 


•68 


5l2206 


7.16 


487794 


U 


7 


6-47 
6.46 


978124 


.68 


512635 


7-i5 


487365 


3 


49N47 


978083 


•69 


5i3o64 


7-14 


486o36 
486507 


U 


4 


49i53i 


6.46 


978042 


•69 


5 13493 


7.14 


5 


491922 
492308 


6.45 


978001 


.69 


51392, 
5I4J49 


7-13 


486079 


55 


6 


6.44 


977959 
9-77918 


•69 


7-i3 


485651 


li 


I 


492695 
493081 


6.44 


•69 


514777 


7.12 


485223 


53 


6.43 


9— .77 


.69 


5i520i 


7.12 


484796 
48436Q 
483043 


52 


9 


493466 


6.42 


9-T-15 


•69 


5i563, 


7. II 


5i 


10 


493851 


6-42 


9-^7.74 


.69 


5i6o57 


7.10 


5o 


II 


9-494236 


6.41 


9.9':-7b 


.69 


9.516484 


7-10 


io.483di6 


49 


12 


494621 


6.41 


9- : " 1 1 


.69 


516910 


7.09 


483090 


48 


i3 


495oo5 


6.40 


9"""'3'> 


.69 


517335 


U 


482665 


ii 


14 


495388 


6.39 


g^-f ^i 


.69 


611761 
518185 


482239 
48i8i5 


i5 


495772 
496164 
496537 

496919 
497301 


6.37 
6.37 
6.36 


977J0O 


.69 


7 -08 


45 


i6 


977544 
9775o3 
977461 


.70 
.70 
•70 


5i86io 
519034 
519458 


7-06 


481390 
480066 
480542 


44 
43 
42 


»9 


977419 


.70 


519882 


7-05 


480118 


41 


20 


497682 
9.498064 


6-36 


9&I 


.70 


52o3o5 


7-o5 


479695 


40 


21 


6.35 


•70 


9.520728 


7-04 


10.479272 
478849 


^? 


22 


498444 


6.34 


977293 


.70 


52ii5i 


7-03 


3d 


l3 


498825 


6.34 


977231 


•70 


521573 


7.03 


478427 
478005 


ll 


14 


499204 


6.33 


977209 


•70 


521995 


7-03 


j5 


499584 


6.32 


977167 
977125 


.70 


522417 
52283^ 


7.02 


477583 


35 


.6 


499963 
5oo342 


6-32 


•70 


7.02 


477 » 62 
476741 
476320 


34 


■'2 


6.3i 


977083 


.70 


52325n 


7.01 


33 


500721 


6.3i 


977041 


•70 


523686 


7. 01 


32 


'■9 


501090 
501476 


6.3o 


976999 


•70 


524 lOo 


7.00 
6.99 


475900 


3i 


]o 


6.29 


976957 


•70 


524520 


475480 


3o 


l2 


9 -501 854 

50223l 


6-29 
6.28 


9.976014 


.70 
•71 


52577§ 


6:^ 


10.475061 
474641 


It 


13 


502607 


6.28 


•71 


6.98 


474222 


'll 


U 


502984 
5o336o 


b'-ll 


976787 
976745 


•71 


526197 


6.97 


4738o3 


15 


•71 


526615 


6.97 


473385 


25 


}6 


503735 
504110 


6.26 
6.25 


^?^ 


.71 
•71 


527033 
52745, 


6.96 
6.96 


472967 
472549 


24 

23 


504485 


6.25 


976617 


•71 


527868 
526285 


^95 


472132 


22 


h 


504860 


6.24 


976574 

976532 


•71 


6.95 


471715 


21 


40 


5o5234 


6-23 


•71 


528702 


6.94 


10.470881 


20 


(I 


9.5o56o8 


6.23 


9-976489 


•7» 


^ 52953? 


6.93 


\l 


(2 


505981 
5o6354 


6.22 


976440 


• 71 


6.93 


470465 


43 


6.22 


976404 


•71 


529950 
53o366 


6.93 


47oo5o 


n 


44 


506727 


6.21 


976361 
676318 


• 71 


6-92 


469634 


16 


45 


507099 


6.20 


•71 


53078, 


6.91 


16^8^4 


i5 


46 


507471 


6.20 


976275 


•71 


531196 


6.91 


14 


% 


507843 
508214 


6. 19 


976232 


.72 


53161, 


6.90 


468380 
467975 
467561 


i3 


6.19 
6.18 


976189 
976146 


.72 


532025 


6.90 
6.89 


12 


49 


5o8585 


•72 


53243o 

532853 

9.533266 


II 


5o 
5i 


.5o8o56 
9.509J26 


6.18 
6.17 
6.16 


976103 
9.976060 


.72 
• 72 


6.89 


10.466734 


10 


52 


509696 


976017 


.72 


53367^ 


6^88 


53 


5ioo65 


6.16 


s 


.72 


534092 


6.87 


465908 


I 


54 


510434 


6-15 


•72 


534004 


6.87 
6.86 


465496 
465o84 


55 


5io8o3 


6.i5 


.72 


534916 
535328 


5 


56 


511172 


6.14 


975844 


•72 


6.86 


464672 
464261 
463850 


4 


u 


5ii54o 
511907 


6.i3 
6.i3 


975800 
975757 


.72 
• 72 


535739 
536 1 DO 


6.85 
6.S5 


3 
2 


59 


512275 


6.12 


975714 
975670 


•72 


53656, 


6.84 


463430' I 
463028, 


fo 


51264a 


6.12 


.72 


536972 


6-84 
D. 




CMine 


D. 


Sifie 


T_|o 


Cota«g,_ 


Tang. 


•MJ 





SINES AND TANGENTS. 


(19 degrees/ 


1 


37 


M. 




Sine 


D. 


Cosine 


D. 


Tang. 


JD. 


Cotang. 




9< 512642 


6.12 


9-975670 


•73 


537792 
538202 


6.84 


10.463028 


60 


I 

2 


5 I 3009 
513375 


6.H 
6. II 


^nu 


•73 
•73 


6.83 
6.83 


- 462618 
462208 


u 


3 


513741 


6'io 


1^5530 

975452 
975408 


•73 


6.82 


461798 
461389 


u 


4 


514107 


6.09 


•73 


5386x1 


6.82 


5 
6 


514472 
514837 


A. 09 

6.08 


•73 
•73 


539020 
539429 


6.81 
6.81 


460080 
460571 
460163 


55 
54 


I 


5l5202 


6.08 


975365 


•73 


539837 
54024D 


6.80 


53 


5i5566 


6-07 


975321 


•73 


6.80 


459755 
45^47 

10.458532 


52 


9 

10 


5i593o 

516294 

9.516657 


6.07 

6.06 


& 


•73 
•73 


540653 
541 06 I 


6.79 


5i 
5o 


II 


6.o5 


'■& 


•73 


9-541468 


18 


la 


517020 


6-05 


•73 


^ 541875 
542281 


6.78 


458125 


i3 


517382 


6-04 


975101 


•73 


6.77 


457^19 


ii 

45 


U 
i5 


517745 
518107 
518468 


6.04 
6.o3 


975057 
975oi3 


:?^ 


542688 
543094 


t]l 


i6 


6.o3 


974969 
974925 


•74 


543499 


b'lb 


44 


\l 


518829 


6.02 


•74 


6.75 


456095 


43 


5I95?? 


6-01 


974880 


•74 


6.75 


455690 
455285 


42 


»9 


6.01 


974836 


•74 


544715 


6.74 


41 


20 


51991 1 


6-00 


974792 


•74 


545119 


6.74 


454881 


40 


21 


9-520271 


6-00 


9-974748 


•74 


9.545524 


6.73 


10.454476 


ll 


22 


52063 I 


5.99 


974703 


•74 


545928 
546331 


6.73 


454072 
453669 
453265 


-23 


520990 


IV^ 


974659 


•74 


6.72 


U 


24 


521349 


974614 


•74 


546735 


6-72 


23 


522066 


5.98 


974570 


•74 


547138 


6.71 


452862 


35 


26 


5.97 


974525 


•14 


547540 


6-71 


452460 


34 


11 


522424 


5.96 


974481 


•74 


547943 
548345 


6-70 


452057 
45i655 


33 


522781 


5.96 


974436 


•74 


6.70 


32 


29 


523 1 38 


5-q5 


974391 


•74 


548747 


6-69 


451253 


3i 


3o 


523495 
9-523852 


5.95 


974347 


•75 


549149 


6-1^ 


45o85i 


3o 


3i 


5-94 


9-974302 


■75 


9.549550 


10.450450 


U 


32 


524208 


5-94 


974257 


•75 


55^5^ 


6-68 


45oo4o 
449648 


33 


524564 


5.93 


974212 


•75 


6-67 


11 


34 


524920 


5-93 


974167 


•75 


550752 


6.67 
6.66 


449248 
448848 


35 


525275 


5.92 


974122 


•75 


55ii52 


25 


36 


525630 


5.91 


974077 
974032 


•75 


55i552 


6-66 


448448 


24 


ll 


525984 
526339 
526693 


5.91 


•75 


55io52 
552351 


6-65 


448048 


23 


5-90 


973987 


•75 


6.65 


447649 


22 


39 


1:^ 


973942 


•75 


552750 


6-65 


447250 
446851 


21 


40 


527046 


973897 


.75 


553149 
9.553548 


6-64 


20 


41 


9.527400 




9-973852 


•75 


6.64 


10.446452 


It 


42 


527753 
528io5 


973807 


•75 


553946 
554344 


6.63 


446054 


43 


5*88 


973761 


•75 


6.63 


445656 


\l 


44 


528458 


5-87 


973716 
973671 


.76 


554741 


6.62 


445259 


45 


528810 


5'Sl 


•76 


555i39 
555536 


6.62 


444861 


i5 


46 


529161 


973625 


•76 


6.61 


444464 


14 


S 


529513 


5.86 


973580 


•76 


555o33 
556329 
556725 


6.61 


444067 


i3 


529864 


5.85 


973535 


.76 


6.60 


443671 


12 


49 


53021 5 


5.85 


973489 


•76 


6.60 


443275 


II 


5o 


53o565 


5.84 


973444 


•76 


557121 


6.59 


442879 
10.442483 


lo 


5i 


g.53o9i5 


5.84 


'■&. 


.76 


9-557517 
558?o8 


6^59 


§ 


52 


531265 


5.83 


.76 


6*5? 


442087 


53 


53i6i4 


5.82 • 


973307 


•76 


441692 


I 


54 


53io63 
532312 


5.82 


973261 


.76 


558702 


6-58 


441298 


55 


5.8i 


973215 


.76 


559097 


6.57 


440003 ft 1 


56 

w 

59 


532661 
533009 


5.81 
5.80 


973169 
973124 


.76 


559491 
559885 


tu 


44o5oo 
440115 


3 


533357 
533704 


5.3o 
5.7§ 


« 


.76 

•77 


560279 
560673 
56io66 


6.56 
6.55 


43S27 


I 


6o 


534052 


972986 


•77 


6.55 


438934 


• 




Ooftine 


D. 


Sine 


TOO 


Cotaqg:. 


P. 


T««L- 


JfcJ 



38 



(20 DKOKEE8.) A TMMLE OF LOChAMTHMIC 



M. 


Sine 


D. 


CoBine | D. 


Tang. 


D. 


CotanjBT. 




o 
I 


9.534053 


5.78 


9.972986 
972040 
972894 


•77 
•77 
•77 


9.561066 

"^ 561459 

56i85i 


6.55 
6.54 
6.54 


10.438934 
438541 
43814Q 
437756 


6» 


3 

4 


5350O3 
535438 


m 


972848 
972802 


•77 
•77 


562244 
562636 


6.53 
6.53 


U 


5 
6 


535783 
536129 


5.76 
5.75 


972755 


•77 
•77 


563038 
563419 


6.53 
6-52 


55 


2 


536474 


5.74 


•77 


5638II 


6.52 


I3579? 


53 


5368i8 


5.74 


972617 


•77 


564202 


6.5i 


53 


9 


537163 


5.73 


972570 


•77 


5645q2 


6.5i 


435408 


5i 


10 


537507 


5.73 


972524 


•77 


564083 


6.5o 


435017 


5o 


11 

13 


9.537851 
53^104 
538538 


5.72 
5.72 


9.972478 
972431 


:?3 


^'5657?3 


6.5o 
6.49 


10.434637 
434237 


5 


i3 


5.71 


972385 


•78 


566i53 


6.49 


433847 
433458 


? 


14 


538880 


5.71 


972338 


.78 


566542 


6.49 
6.48 
6.48 


i5 
i6 


539233 
539565 


5.70 


972291 
972245 


•7? 
•7? 


566932 
ife732o 


433068 
432680 


45 
44 


19 


539907 
540249 


972108 
972 I 5i 
972105 


.78 
•78 
•78 


■ is 


6.47 
6-47 
6.46 


432291 
431902 
43i5i4 
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Cosine 
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SECOMHENDATIONS OF DAVEES' KATHEMATICS. 



Dayivs* Comuos of Mathematics are the prominent Text-Books in mod 
iff the Colleges of the United States, and also in the various SchociU aL i 
Academies throughout the Union. 

York, Pa., Aug. 28, 185a 

DanUff Serie% of MathemaUcs I deem the very best I ever saw. From a nnmbei 
of authors I selected it, after a carefal perusal, as a course of study to be pursued ky 
the Teachers attending the sessions of the York Co. Normal School— believing It also 
to be well adapted to the wants uf the schools throughout our country. Already two 
hundred schools are supplied with Davies' valuabTe Series ofArithmeticH ; and I 
Ailly believe that in a very short time the Teachers of our country en masse will b« 
engaged in imparting instruction through the medium of this new and easy methocf 
y{ analybis of numbers. A. R BLAIR, 

Principal of York Co. NormcU School. 

Jackson Union School, Miciiioan, Sept 25, 1S58. 
Mkssrs. A. 8. Barnks & Co. :— I take pleasure in adding my testimony in favor o! 
Davies'' Scries of Math.ematicH^ as published by you. We have used these works in 
this school for more than four years ; and so w^U satisfied are we of their superiority 
over anv other Series, that we neither contemplate making, nor desire to make, any 
change in that direction. Yours truly, E. L. KIPLEY. 

Nkw BKrrAiN, June \it7u, ISSS. 
Messrs. A. S. Barnes & Co.:— I have examined Dovien' Serunt of AritfimHica 
with some care. They appear well adapted for the different grades of schnol.s for 
which they are designed. The language Is clear and precise; each principle is 
thor«ighly analyzed, and the whole 8<) arranged as to facilitate the work of instrnc- 
tion. Having observed the satisfnction and success with which the <IiffMrent books 
have been ubed by eminent teacbern, it gives me pleasure to c<Mnmend them to others 
DAVID N. CAMP, Principal of Conn. Stats Normal School. 

I have long regarded Davies' Series of Matliematical Text-Books as far snperioi 
to any now before the public. "We find thein in every way adapted to the wants of 
the Normal School, and we use no other. A unity of system and method runs throusfh- 
out the (»eries. and cons^titutes one of its great excellences. Especially in the Arith- 
metics the autii«ir has earnestly endeavored to supply the wants of our Comnn)n and 
Union Schools : and his success is complete and undeniable. I know of no Arith' 
metics which exhibit so clearly the philosophy of numbers, and at the same tiine lead 
the pupil surely on to readiness and practice. A. 8. WELCH. 

From Pkof. G. W. Plympton, late of the State Normal School, N. T, 
Out of a great number of Arithmetics that 1 have examined during the past year, 1 
find none that will compare with Davien" JntellectitcU and Danies" Analytical and 
Practical Arithmetics, in clearness of demonstration or philosophical arrangement 
I shall with pleasure recommend the use of these two excellent works to those who 
go from our institution to teach. 

From C. Mat, Jr., School Commissioner, Keeiu, N. 11. 
I have carefully examined Dames'' Series of Arithmetics, and Higher Matlie- 
maiictt. and am prepared to say that I consider them £str superior to any with which 
I am acquainted. 

From Joii2( L. Campbbll, Professor of 3fathemaUcs, Natural Philosophy, and 
Astronomy, in Wabash College, Indiana. 

Wabash Collrob, June 22, IR.%8. 
Mkssrs. A. 8. Barnks As Co. :--Qi!Kti.kmkn : Every text-book on Science prop.»r1y 
con.sists of two parts— the philosophical and the illustrative. A proper comoiimtion 
of altstract reasoning and practical illustration is the chief excellence in ProC Daviw* 
Mathematical Works. I prefer his Arithmetics, Algebras. Geometrv, and Trigonom- 
etry, to all others now in use. and cordially rec«>mmend them to all who dei)ir«'> tbt 
advancement of sound learning, Yours, very truly, JOHN L. CAMPBELU 

Profkssors Maban, Bartlrtt, and Church, of the United States Military Academy, 
West Point, say of Davies^ University Arithmetic : — 
'* In the distinctness wiih which the various definitions are given, the clear and 
strictly mathematical demonstration of the rules, the convenient form and well-chosen 
m<ttter uf the tables, as well as in the complete and much-desired application of all to 
the business of the *• juntry, the University Arithmetic of Prof. Davies is si porior to 
toy other work of the kind with which we are acquainted '* 



RECOMMENDATIONS 

OF 

PAREEB & WATSOX'S BEADEBS 



I PBor. Frkdkbick S. Jrwkll, of the New York Sttxts formal School 
It srlvM me pleaenre to find in the N.Htlonal Series of Scbmil Headers ample k jm 
(br coDimendatitm. Fmm a brief examinHtion of ibetn, I am led to believe tiiiJ «ra 
kaye none equal to them. I hope they will prove as popular as tbey are excellent. 

From How. Thkodobk Frkunohotskn, President of RtUgere^ CoUeffA, N. J. 
A curHory exatninatlon leads me to the conchisinn that the nystem contnineil 10 
Iheee volniius de>erve«« the patronage of our scIiooIj*, and I have no doubt that il wUJ 
become extettsively used in the education of children and youth. 

From N. A. Hamilton, President of Teachertt' Union, Whitewater, Wis, 

The National Readers and 8pel1er I have examined, and carefully compared with 

others, and must pronounce ihem diM!lde<Uy superior, in respect to literary merit. 

style, nnd pri. e. The fri'adHtion is more coiu]»lete, and the series much more desirable 

for use in our 8cbo«)ls than Sanders' or McG uffey's. 

From PBor. T. F. Tbickstun, PrinHpal of Academy and Normal School, 
M^adtiille, Pa. 
I am mnch phased with the National Series of Readers after having canvassed 
their merits pretty thorougtily. The first of the seriet* especially plcnses me, becaune 
It affords the nu'ans of teaching the '■' icord 'method"' in an appropriate and natif^al 
manner. They all Are progressive, the rules of el<»cution are stated with clearneiis, 
and the selection of pieces is such as to please at the same time that they instruct 

Front J. W. Schrkmkruorn, A. B., Principal Coll. Institute, Jifiddletown, N, J. 
I con«»'der them emphatically the Readers of the present day, and I believe thtt 
(Cheir ii.trlnsic merit* will injure for them a full niea.snre of popularity. 

From Pktrk Roroxr, Pri7icipal Public School No. 10, Brooklyn, 
It gives me great pleasure to be able to bear my unqualifled testimony to the excel 
lenre ol" the National Series <»f Readers, by Pakkkk and Watson. The gradation of 
the b(M»k.s of iho series is very fine ; we have reading in its elements and in its highest 
Style. Tlje fine taste dis]»layed in the selections and in the collocation of the pieces 
1eH«'rves much prHi>e~ A distinguishing feature of the series is the variety of th« 
subject-matter and of the style. The practical teacher knows the value of this charaC' 
terisii.' for the develoi)meiit of the voice. The authors seem to have kept constantly 
in view tlie fnct that a readins-book is designed for children, and therefore they have 
snc<-eeded in fi»rming a very interesiiug and improving collection of reading-matter, 
liijihly adapted to the wants and purpoj.es of the school-room. lo short, 1 look upon 
the National Series of Ueaiiers as a great success. 

From A. P. Harrington, Principal of Union School, Marathon, N. T. 
These Readers, in my opinion, are tlie best I have ever examined. The rhetorical 
exerci.*es, in particular, are superior to any thing (»f tlie kind 1 have ever seen. I have 
had better success with uiy reading classt-'s Mnce I <MMiinienced training them on these 
than I ever met with before. TheniHiked vowels in the rending »'xercises convey to 
the reader's mind at once the astonishing fact that h<- iia> been accustomed to mispro* 
nounce more than one-third of the words of ilu* Kngli^h langunge. 

Fror% CnARi.Ks S. Halsev, Priti^ijtaf CoUfgiate Institute, Neiffton-, N. J. 

In thf simplicity and clearness with which the principles are stated, in the appro 

priatenffls <»f the selections for reading, and in the happy adaptation of the ditfeient 

parts of the series to each i)ther, these works are superior to any other text-books ob 

'hia subject which I have examined. 

From "William Travis, Principal of Union Softool, Flint, Mich, 
I h.'vo examined the National Series of Readers, and am delighted to find it so fai 
In R'i ance of most other series now in use, and so well adapted to the wants of the 
VA.' . Schools. It is uneqnaled in the skillful arrangement of the material used, 
betiiirul typography, and the general neat and inviting appearance of its several 
bo<.l.s I predict for it a cordial welcome and a general introduction by many of oiif 
most enterprising te&cbera. 



RECOMMENDATIONS 

OF 

€LABE'S ENGLISH GRAMMAR. 



We cannnt better set forth the merits of this wo»k than by qnotlng a part of a eom- 
manication from ProC F. 8. Jbwkll, of the New Turk State Normtil Sclioul, in whieb 
icbool this Grammar is now used as the text book on this subject : — 

** Clark's Systkm or Grammar is worthy of the marke<l attention of the friends oi 
education. Its points of ex(Hitlenoe are of* the most decided character, and will not 
80<in be snrpassed. Among them are — 

1st ** The Justness of it» jrround principle of classification. There is no simple, nhil* 
OBophicai, and practical clas-Mflcation of the elements of lansua^e, other than thtit bnilt 
on their use or office. Our tendencies hithfirto to follow the analosries of the classical 
laiifiruatrfs, and cliissify extensively according to forms, have been mischievous and ab- 
surd. It is time we corrected them, 

2d. *'Its thorough and y«>t simple and transparent annlysis of ttie elements of the 
lanjvuage according to its ground principle. Without siicli an analysis, no bri>ad and 
eomi>reliens1vc view or the structure and power of the languasre can be attained. The 
aKience of this analysis has hitherto precipitated the study^of Grammar upon a sarfacv 
of dry details and bare authorities, and useless technicalities. 

8d. " Its happy method of illustrating the relations of elements by diagrams. These, 
however un<-onth they may appear to the novice, are really simple and philoso|>hieal. 
Of their utility there can be no qnestion. It is supported by the usage of other bci* 
ences, and h:iH been demonstrated i)y experience in this. 

4th **The tendency of thfi system, when rightly taught and faithfully carried out, 
to cultivate habits of nice discrimination and close reasoning, together with ckill in 
Illustrating truth. In this it 1h not excelled by any, unless it be the mathematical kcU 
ences, and even there it ha8 this advantage, that it deal:< with elements more within 
the present grasp of the intelinct On this point I speak advl>e<Ily. 

5tn. -'The system is thoroughly progressive and practical, and as such. American In 
its character. It does not adhere to old usages, merely because tbev are veneratiy 
musty; and yet it does not discard things merely because they are old, or sre in un- 
important minutiee not prudishly perfect It does not overlook details and teclinicall- 
ties, nor does it allow them to interfere with plain philosophy or practical utili:y. 

** Let any clear-headed, Independent-minded teacher master the system, an'd then 
give it a fair trial, and there will be no doubt as to his testimony.^' 

A Testimonial from the Principals of ths Public Softools of Rochester^ N. T. 

We regard Clark's Grammas as the clearest in its analysis, the most natural and 

logical in its arrangement, the most concise and accurate in its definitions, the most 

systematic in design, and the best adapted to the use of schools of any Grammar «itb 

which we are acquainted. 

C C. MKSERVE, WM. C. FEQLE8, 

M D. ROWLEY, OlIN ATWATKR, 

C. R. BURltlCK, EDWARD WEBSTER, 

J. R. VOSBURG, 8. W STARKWEATHER, 

K R. ARMSTRONG, PHILIP CURTISS. 

Lawrencr iNSTrruTB, Brooklyn^ Jan. 15, 19S9. 
Messrs. A. S. Barniw & Co: — Having used Clark's New Grammar slnco ita publica- 
tfoii, I do most unhesitatingly recommend it as a work of superior merit By the U8« 
of no other work, and I have used several, have I been enabled to advance my puplte 
BO rapidly and thoroughly. 

The author hai*, by an Etymological Chart and a system of Diagrams, made Gram 
mar the study that It ought to be, interesting as well as useful. 

MARGARET S. LAWRENCE, PHnoipak 



WELCH'S ENGLISH SENTENCE. 

From Prof. J. R. Boisr, A. M., Professor of the Latin and Greek Languages ana 
Literature in the University of Michigan. 
This work belotips to a new era in the grammatical study of our own language. We 
hazard nothlnsr, in expressing the opinitm. that for severt*, searching, and exliMnsti>« 
analysis, the work of l*rofee8or Welch is second to none. His book is not intctulcd foi 
beginners, hut oul^* for advanced students, and by such only it will be understood an<! 
appre^^tated. 



DOAITEITU AnB BcnALLTS GEOaRAFHIES* 

THE HOST SUCCESSFUL SERIES EVXB ISSUED. 



RECOMMBNDATIONa 

A. B. Clakk, Principal of one of the lai^est Pablfo Schools In BronklTn. f«^s:-> 
*I have used over a thonsAnd copies of Monteith'B Manual of Geography since Iti 
adoption hj the Board of Education, and am prepared to saj it U the beat woik foi 
Inniur and Intermediate classes in our schools I have ever seen." 



T%e Sn'ifty in whole or in p*irt haa been adopted in ths 



Kew York State Normal School. 
Kew York City Normal Selnml. 
New *1er^ey State Normal School. 
Kentni'ky &iat»i Normal S- hool. 
Indinna Stare Normal School. 
Ohio *4'ate Normnl ScIjooI. 
Michigan State Normal School 
York County (P«.) Normal School 
Br(N)klyn Pt»lytechnio ln^litute. 
Cleveland Female Seminnry. 
Public Sch<»ol» of Mi'WMukio. 
Public 6fhoiiIs of iMttsbuinrh. 
Public ScluK>ls of LancHster, Pa. 
Public Schools of New Orleans. 



Public Schools of New York. 
Public Schools of Brooklyn, L. I. 
Public Schools of New Haven. 
Public Sihools of Toledo, Ohio. 
Public Sch(M)l8 of Norwiilk, Conn. 
Public Schools of Kichraond. Ya. 
Public Schools of Mndison, Wis. 
Public SchtKils of IndinnHpclis. 
Public Schools of Sprin$(field, Mass. 
Public Schools of Oolumbus. Ohio. 
Public Sch«Mil» of Ilartlord. Conn. 
Public Schools of Cleveland, Ohia 

And other places too numerous to 
mention. 



They have also been recommended by the Slate Superintendents of Illinois, 
IwDiANA, Wisconsin, Missouri, Noutii Carolina, Alabama, and by numertins 
Teachers^ AaM>ciations and Institutes throughout the country, and Hre in Kueccssful 
ase in a multitude of Public and Private Schools throughout the United States. 



lirom Prof. Wm. F. Phelps, A. M., Principal qfthe Kew Jersey State 
Noi-mal Sdiook 

Ternton. Jnne 17. IBW. 
Mraaits. A. S. Barnrs h Co. : — Grntlrmrn : It gives me much pioasnre to state 
that McNally's OeogrHphy has been used In this Institution f^om its (»^^nizaMon in 
1855. with great acceptatice. The author of this work has avoided on one hand the 
extreme of being ttM) menger, and on tiie otiier of going too much into detnil. whPe 
he has presented, in a clear and concise manner, all those leadins fitots of Descriptive 
Geography which it is imiiortant for the young to linow. The ni»ps are aocarate and 
well executed, the tvne clear, and indeed the entire work i» a decided success. I most 
oheerfnlly commend it to the profession throughout the country. 

Very 'ruly yours, WM. F. PHELPS. 

From W. V. Davis, Prinaipal of High School^ Lancnster^ Pa. 

Lancastvr, Pa., Jun^ M. 1858. 
Dkar Sirs: — I have examined your National G^graphioal S^r-ies with much 
care, and And them most excrllent works af their kind. They have been used in the 
various Public 8cho<il8 of this city, evej since their publloation, with icreat succet* and 
satisfaction to both pupil and teacher. All the Geografihies embruced in your series 
are well adapted to scluml purposes, and admirably cah'ulated to impart to the pupil, 
in a very attractive manner, a complete knowledge of a science, onnuaHy butniming 
more useful and important Their maps, i'lnstratlons, and typography, are unsur- 

Rnssed. One peculiar feature of McNally's Geography — and which will recommend 
; at once to every practical teacher— Ik the arfatiKement of its maps and leanms; 
each map fronts the particular lesson which it is designed to illustrate— thus enabling 
the scholar to prepare his ta.>k without that constant turning over of leaves, or re&<r- 
ence to a separate book, as is necessary with meet othur Geographies. Yours. Ac. 
Messrs. A. S. Barm as ^ Co., New York. Y. W. DAYISw 

From Cbarlxs Barnks, h^ie President State Teach^re" Avtodation^ and Superin^ 
tendent qfthe Public ScJioola at Neva Albany ^ Indiana, 

Mkisrs. a. S. Barnrs & Co. :— Drar Sirs: I have examined with considerablo 
eare the Series of Geographies published by you, an<l have no hesitation in saying 
that it Is a1t(»gether the best with wl ich I am acquainted. A trial of more than a 
year in thn Public Schools of this city has demonstrated that Cornell is utterly unfit 
br the school-room. Yours, dec G. BABNES. 



RECOMMENDATIONS 

OF 

MOHTEITH*S HISTOBT OF THE UNITED STATES. 



Tilts Tolnme Is deBfgned for youth, and we think the author has been nnnraaV / 
Bvocessfiil in its arrangement and entire preparation. Books of tbe same design a. 4 
too often beyond the Aill understanding of tbe scholar. As history is so much neg- 
lected in all our schools, the publication of such a work as this should be hailed with 
pleasure; for if scholars find their first studies of history pleasant, it will become a 
pleasure rather than a task. This is a book of 88 pages, and finely illustrated. It is in 
every way worthy of a place in every Public School in the State.— ifaintf Teacher. 

This is a most Capital work : Just the thing for children. Our boy commenced Jie 
Ktudy of it the day it came to hand. It is arranged in the catechetical form, and is 
finely Illustrated with maps, with special reference to the matter discussed in the text 
It begins with the first discoveries uf America, and comes down to the laying of iha 
Atlantic Telegraph Cable. Many spirited engravings are given to illustrate the work. 
It also contains brief Bioeraphies of all prominent men who have identified them- 
•elves with the history of this country. It is the best work of the kind we have 
oeen.— C/Mster County Times. 

♦ 

WILLABD'S HISTOBIES. 

J'rom Rbt. IIowari) Malcolm, D.D., President qf the UnhergUy qfL«wisbwrg. 

I have examined, daring the thirteen years that I have had charge of a College^ 
oiany School Histories of the United States, and have found none, on the whole, so 
proper for a text-book as that of Mrs. Willard. It is neither too short nor too long, 
all the space given to periods, events, and persons, is happily proportioned to their 
importance. The style is attractive and lucid, and the narrative so woven, as b(»th 
to sustain the interest and aid tbe memory of the student Candor, impartiality, and 
accuracy, are conspicuous tbronehout. I think no teacher intending to commence a 
history class will be disappointed in adopting this book. 

Mrs. L. H. Sioournkt, ^le distinguished Authoress^ writes : 
Mrs. Willard should be considered as a benefkctress not only by her own sex, uf 
whom she became in early years a prominent and permanent educator, but by the 
country at large, to whose good she has dedicated the gathered learning and faithful 
labor of life's later periods. The truths that she has recorded, and the principles that 
she has impressed, will win, f^om a future race, gratitude that cannot grow old, and a 
garland tliat will never fade. 

Danikl Wbbbtxb torotey in a letter to the Author : 
I cannot better express my sense of the value of your History o/ths United 8tate§, 
than by saying I keep it near mo as a book of reference, accurate in facta and dates. 



©WIGHT'S MYTHOLOGY. 

The mjrthology of the Grecians and Bomans is so closely interlinked with tbe ht8> 
lory and literature of the world, that some knowledge ot it is indispensable to any 
)?nolarIy fiimiiiarity with either that history or literature. We have seen no book so 
coi.renient in size that contains so fVill and elegant an exposition of mythology as tha 
one bef«»re us. It will be found at once a most interesting and a most nsefhl book to 
any one who wishes an acquaintance with the splendid myths and fables with which 
the great masters of ancient learning amused their leisure and cheated their fUth - 
ificAigan Journal o/£duea'<on. 
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